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Motivation and overview

• Obviously, the world is three-dimensional

• However, the gravitational stratification of the solar atmosphere
imposes an anisotropy in the vertical direction on the radiation field.
How important is lateral transport?
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• Obviously, the world is three-dimensional

• However, the gravitational stratification of the solar atmosphere
imposes an anisotropy in the vertical direction on the radiation field.
How important is lateral transport?

• Geometry and interpolation

• Non-LTE formalism, Partial Redistribution

• Examples:

◦ Use of line-of-sight magnetograms for measuring strong fields
◦ Equivalent width of Li i 670.6nm and abundance determination
◦ Linear polarization from continuum scattering
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Motivation and overview

• Obviously, the world is three-dimensional

• However, the gravitational stratification of the solar atmosphere
imposes an anisotropy in the vertical direction on the radiation field.
How important is lateral transport?

• Geometry and interpolation

• Non-LTE formalism, Partial Redistribution

• Examples:

◦ Use of line-of-sight magnetograms for measuring strong fields
◦ Equivalent width of Li i 670.6nm and abundance determination
◦ Linear polarization from continuum scattering

• Conclusions
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Lateral transport in an exponentially stratified
atmosphere

• In an exponentially stratified atmosphere, structures with a horizontal
scale of roughly less than one opacity scale height may show
multi-dimensional transfer effects (Jones 1986)
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Lateral transport in an exponentially stratified
atmosphere

• In an exponentially stratified atmosphere, structures with a horizontal
scale of roughly less than one opacity scale height may show
multi-dimensional transfer effects (Jones 1986)

• Let the opacity be given by κ(z) = κ0 exp(−z/H). At great depth
τ(z) =

∫
κ(z)dz ≈ Hκ(z).

• The optical extent of a structure with size L is: Lκ(z) = (L/H)τ(z)

• Horizontal transport becomes energetically important when the lateral
photon escape probability is equal or larger that the probability of
vertical escape: (L/H)τ(z) ≤ τ(z), or simply when L ≤ H.
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Multi-dimensional Radiative Transfer in Fluxtubes

• Stenholm & Stenflo (1977), A&A 38, 273

• Magnetic fluxtubes represented in cylindrical
geometry with Wilson depression

• Multi-dimensional Non-LTE radiative
transfer, two-level atom, core saturation
method

• “Our calculations demonstrate how plane-
parallel models may be completely inadequate
and non-physical representations of global
averages. The averages may be significantly
influenced by three-dimensional geometry of
small-scale structures.”
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Important Papers

• Mihalas, Auer & Mihalas (1978), ApJ 220, 1001: Two-dimensional
Radiative Transfer. I Planar geometry. “In actual fact, we have not
found a single instance of a significant difference between 1.5D and 2D
solutions of any periodic cases that we have considered.”
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Important Papers

• Mihalas, Auer & Mihalas (1978), ApJ 220, 1001: Two-dimensional
Radiative Transfer. I Planar geometry. “In actual fact, we have not
found a single instance of a significant difference between 1.5D and 2D
solutions of any periodic cases that we have considered.”

• Auer & Paletou (1994), A&A 285, 675, Two-dimensional radiative
transfer with partial frequency redistribution I. General Method

• Auer, Fabiani Bendicho & Trujillo Bueno (1994), A&A, 292, 599:
Multi-level radiative transfer with multi-level atoms: I ALI method with
preconditioning of the rate equations. “These illustrative multi-level
calculations in schematic inhomogeneous atmospheres demonstrate the
importance of properly including the effects of horizontal radiative
transfer and realistic atomic models.”

Han Uitenbroek, NSO/SP Multi-Dimensional Radiative Transfer y w ww wy p 7



Basic Radiative Transfer: Local Changes

Source function: Transport along a ray:

dIν
ds

= jν − ανIν

dIν
ανds

= Sν − Iν

Sν = jν/αν

Stot
ν =

∑
jν/

∑
αν

Stot
ν =

jc
ν + jl

ν

αc
ν + αl

ν

=
Sc

ν + ηνS
l
ν

1 + ην
, ην ≡ αl

ν/α
c
ν
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Equation of Polarized Radiative Transfer

'

&

$

%

Transfer Equation:

dI
ds

= −KI + j

'

&

$

%

I = (I,Q, U, V )†, (Stokesvector)

j = (jc + jlΦ)e0, e0 = (1, 0, 0, 0)†

K = αc1 + αcΦ, (Absorptionmatrix)
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Line Absorption Matrix

'
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$

%

Φ =


φI φQ φU φV

φQ φI ψV −ψU

φU −ψV φI ψQ

φV ψU −ψQ φI


B

x

z

x

γ

y

'

&

$

%

φI = φ∆ sin2 γ + 1
2(φ+ + φ−), φ∆ = 1

2

[
φ0 − 1

2(φ+ + φ−)
]

φQ = φ∆ sin2 γ cos 2χ

φU = φ∆ sin2 γ sin 2χ

φV = 1
2(φ+ − φ−) cos γ
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Formal solution in 1-D

'

&

$

%

Solution to transfer equation:

Iν(τν) =
∫ ∞

0

Sν(t)e−tdt
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Formal solution in 2- and 3-D
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Short-Characteristics in Multi-Dimensional Geometry

Kunasz & Auer (1988), J. Quant. Spectrosc. Radiat. Transfer, 39, 67

C

A

B

'

&

$

%
IB = IAe

−τAB +
∫ τB

τA

S(τ)e−(τ−τAB)d τ
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Search light problem in two dimensions
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Search light problem in three dimensions
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Interpolation in three dimensions: Monotonicity
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Interpolation in three dimensions: Monotonicity

Auer & Paletou (1994), A&A 285, 675
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Interpolation in three dimensions: Monotonicity
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Interpretation of spectra for a slanted ray
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Variation of properties along straight ray
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The Redistribution Function Rij

References: Hummer (1962), Heinzel & Hubeny (1982)
'

&

$

%

The laboratory frame redistribution function:

Rij(ν,n; ν′,n′)dνdν′
dΩ
4π
dΩ′

4π

Describes the conditional probablility that, when a photon in line (i, j) and
solid angle dΩ′ around direction n′ and frequency range (ν′, ν′ + dν′) is
scattered by that line, it will be emitted into angle dΩ around direction n
and frequency range (ν, ν + dν).
'

&

$

%

Complete frequency in the laboratory frame:

Rij(ν,n; ν′,n′) = φij(ν,n)φij(ν′,n′)
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The Redistribution Function Rij (2)

'

&

$

%

Normalization:∮ ∮
dΩ
4π
dΩ′

4π

∫ ∫
dν′dν Rij(ν,n; ν′,n′) ≡ 1.∮

dΩ′

4π

∫
dν′ Rij(ν,n; ν′,n′) ≡ φij(ν,n)

'

&

$

%

Coherency fraction:

Rij = γRV
ij + (1− γ)RIII

ij

γ = Pj/(Pj +QE)
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Partial Frequency Redistribution in the emission profile

'

&

$

%
ψPRD

ij (ν) = φij(ν)

{
1 + γ

niBij

njPj

∫ [
RII

iji(ν, ν
′)

φij(ν)
− φij(ν′)

]
J(ν′)dν′

}
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Partial Frequency Redistribution in the emission profile

'
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$

%
ψPRD

ij (ν) = φij(ν)

{
1 + γ

niBij

njPj

∫ [
RII

iji(ν, ν
′)

φij(ν)
− φij(ν′)

]
J(ν′)dν′

}
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Partial Frequency Redistribution in the emission profile
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Partial Frequency Redistribution in the emission profile

'
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$

%
ψPRD

ij (ν) = φij(ν)

{
1 + γ

niBij

njPj

∫ [
RII

iji(ν, ν
′)

φij(ν)
− φij(ν′)

]
J(ν′)dν′

}
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• Complete redistribution in core

• Coherent scattering in the wings

• Decoupling of wing source function
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MALI with PRD

• Based on the MALI procedure developed by Rybicki & Hummer 1991
(A&A 245, 171) and Rybicki & Hummer 1992 (A&A 262, 209)
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MALI with PRD

• Based on the MALI procedure developed by Rybicki & Hummer 1991
(A&A 245, 171) and Rybicki & Hummer 1992 (A&A 262, 209)

• Employ preconditioning: an appropriate selection of quantities from
previous iteration is used to arrive at a linear set of equations for the
population numbers that can be inverted. No explicit linearization of
higher order terms.
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• Employ preconditioning: an appropriate selection of quantities from
previous iteration is used to arrive at a linear set of equations for the
population numbers that can be inverted. No explicit linearization of
higher order terms.

• Allow overlap of radiative transition, and account for the non-linearities
this introduces.

• Employ local operator so that adaption to different geometries is
straightforward.
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MALI with PRD

• Based on the MALI procedure developed by Rybicki & Hummer 1991
(A&A 245, 171) and Rybicki & Hummer 1992 (A&A 262, 209)

• Employ preconditioning: an appropriate selection of quantities from
previous iteration is used to arrive at a linear set of equations for the
population numbers that can be inverted. No explicit linearization of
higher order terms.

• Allow overlap of radiative transition, and account for the non-linearities
this introduces.

• Employ local operator so that adaption to different geometries is
straightforward.

• Employ Ng’s convergence acceleration
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The iterative method (Uitenbroek 2001, ApJ 557, 389)

'

&

$

%

Opacity and emissivity due to line (i, j):

χij(ν,n) =
hν

4π
(niBijϕij(ν,n)− njBjiψij(ν,n)) = niVij(ν,n)− njVji(ν,n)

ηij(ν,n) =
hν

4π
Ajiψij(ν,n) = njUji(ν,n)
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The iterative method (Uitenbroek 2001, ApJ 557, 389)

'

&

$

%

Opacity and emissivity due to line (i, j):

χij(ν,n) =
hν

4π
(niBijϕij(ν,n)− njBjiψij(ν,n)) = niVij(ν,n)− njVji(ν,n)

ηij(ν,n) =
hν

4π
Ajiψij(ν,n) = njUji(ν,n)

'

&

$

%

Radiative rates:

Rij =
∮
dΩ

∫
dν

hν
Vij(ν,n)I(ν,n)

Rji =
∮
dΩ

∫
dν

hν
{Uji(ν,n) + Vji(ν,n)I(ν,n)}
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The iterative method (2)

'

&

$

%

Equation of statistical equilibrium:∑
k

nk (Ckl +Rkl) = nl

∑
k

(Clk +Rlk)
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The iterative method (2)

'

&

$

%

Equation of statistical equilibrium:∑
k

nk (Ckl +Rkl) = nl

∑
k

(Clk +Rlk)

'

&

$

%

Approximate formal solution:

I(ν,n) = Ψ∗
ν,n [ηtot] +

(
Ψν,n −Ψ∗

ν,n

) [
η†tot

]
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The iterative method (2)

'

&

$

%

Equation of statistical equilibrium:∑
k

nk (Ckl +Rkl) = nl

∑
k

(Clk +Rlk)

'

&

$

%

Approximate formal solution:

I(ν,n) = Ψ∗
ν,n [ηtot] +

(
Ψν,n −Ψ∗

ν,n

) [
η†tot

]
'

&

$

%

Profile ratio:

ψ(ν,n) = ρ(ν,n)φ(ν,n)
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To include Partial Frequency Redistribution in scheme

'

&

$

%
ρij =

ψPRD
ij (ν)
φij(ν)

= 1 + γ
niBij

njPj

∫ [
RII

iji(ν, ν
′)

φij(ν)
− φij(ν′)

]
J(ν′)dν′

To extend the MALI formalism to include PRD we need:

• Calculate redistribution function for angular grid.

• Evaluate profile ratio ρ with scattering integral in inner loop while
populations are kept fixed. This converges rapidly as it does not
introduce new photons into the atmosphere.

• Correct profile φ for each PRD line with factor ρ. This involves only one
additional line of code.
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Convergence of Hydrogen atom in 1-D atmosphere
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Convergence of Magnesium atom in 1-D atmosphere
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Convergence of Calcium atom in 1-D atmosphere
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Reducing computation times with Multi-threading

• Formal solutions at different wavelengths can be done in parallel if
populations are given.

• We can exploit this by running multiple threads on a multi-processor
machine to distribute the work.

• Use mutual exclusion (mutex) locks to lock wavelength-integrated
quantities.

• This approach scales very well on multi-processor machines with shared
memory architecture.
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LOS Magnetograms

Han Uitenbroek, NSO/SP Multi-Dimensional Radiative Transfer y w ww wy p 7



Three-dimensional Transfer in MHD simulation
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SOUP filter pass band
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SOUP filter pass band
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Comparing G-band imaging and SOUP magnetograms

Magnetogram signal
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Comparing G-band imaging and SOUP magnetograms

Magnetogram signal
      

0.0 0.1 0.2 0.3 0.4 0.5

      

0

2

4

6

8

x 
  [

ar
cs

ec
]

0 2 4 6 8
x   [arcsec]

     

µ = 1.0

     

0.0 0.1 0.2 0.3 0.4

     

 

 

 

 

 

 

0 1 2 3 4
x   [arcsec]

     

µ = 0.6

    

0.0 0.1 0.2 0.3

    

 

 

 

 

 

 
0 1 2 3

x   [arcsec]

    

µ = 0.4

Gband intensity
   

1.0 1.5 2.0

   

0

2

4

6

8

x 
  [

ar
cs

ec
]

     
 

     
    

1.0 1.5 2.0 2.5

    

 

 

 

 

 

 

     
 

     
   

1.0 1.5 2.0

   

 

 

 

 

 

 

    
 

    

Han Uitenbroek, NSO/SP Multi-Dimensional Radiative Transfer y w ww wy p 7



Variation in formation height of the Fe i 630.25 nm line
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Can we measure BLOS from magnetograms

Fe I 630.25 blue wing
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Can we measure BLOS from magnetograms

Fe I 630.25 red wing
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Can we measure BLOS from magnetograms

Fe I 630.25 average profile
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Lithium Abundance
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Lithium abundance determination with inhomogeneities
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Lithium abundance determination with inhomogeneities
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Lithium abundance determination with inhomogeneities
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Lithium abundance determination with inhomogeneities
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Continuum Polarization
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Linear Polarization through Continuum Scattering

Thermal emission/absorption plus scattering: α = αc + σR + σT
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Linear Polarization through Continuum Scattering

Thermal emission/absorption plus scattering: α = αc + σR + σT
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The Radiation Field Tensors
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Relative Opacity Contributions in Granule
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Anisotropy and continuum polarization
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Radiation Anisotropy and continuum polarization
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Horizontal radiative inflow

Source function
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Conclusions

• The solar atmosphere is really structured in three dimensions
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• Relatistic radiative transfer serves both as diagnostic tool, interpreting
observed radiation, and is needed to properly estimate radiative
contributions to the energy budget
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Conclusions

• The solar atmosphere is really structured in three dimensions

• Relatistic radiative transfer serves both as diagnostic tool, interpreting
observed radiation, and is needed to properly estimate radiative
contributions to the energy budget

• However, exponential stratification imposes an anisotropy in the vertical
direction on the radiation field. Only structures smaller than a few scale
heights need to be treated with truly multi-dimensional radiative
transport.
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Conclusions

• The solar atmosphere is really structured in three dimensions

• Relatistic radiative transfer serves both as diagnostic tool, interpreting
observed radiation, and is needed to properly estimate radiative
contributions to the energy budget

• However, exponential stratification imposes an anisotropy in the vertical
direction on the radiation field. Only structures smaller than a few scale
heights need to be treated with truly multi-dimensional radiative
transport.

• Non-LTE multi-dimensional radiative transfer including polarization and
partial redistribution is feasible on modest computers. Often effects can
be studied very well in two dimensions.

Han Uitenbroek, NSO/SP Multi-Dimensional Radiative Transfer y w ww wy p 7



Advertisement

The MALI-PRD code for 1-, 2-, 3-dimensional, and spherical geometry is
avaliable from http://www.nso.edu/˜uitenbr.

• Multi-level, overlapping lines.

• Molecular Non-LTE with “superlevels” (rotation-vibration lines).

• Zeeman Polarization.

• Extensive point-and-click IDL analysis routines.

• Short characteristics with monotonic interpolation.
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Thank You
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