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Abstract. The Nekhoroshevtheorem has becomean important tool for explaining
the long{term stabilit y of many quasi{integrable systemsof interest in physics. The
action variablesof systemsthat satisfy the hypothesesof Nekhoroshevtheorem remain
closeto their initial value up to very long times, that grow exponentially asan inverse
power of the perturbation's norm. In this paper we study someof the simplest systems
that do not satisfy the hypothesesof Nekhoroshev theorem. These systems can be
represented by a perturb ed Hamiltonian whose integrable part is a quadratic non{
convex function of the action variables. We study numerically the possibility of action
di�usion over short times for these systems (continuous or maps) and we compare
it with the so{called Arnold di�usion. More precisely we �nd that, except for very
special non{convex functions, for which the e�ect of non convexity concernslow order
resonances,the di�usion coe�cien t decreasesfaster than a power law (and possibly
exponentially) of the perturbation's norm. According to the theory, we �nd that the
di�usion coe�cien t as a function of the perturbation's norm decreasesslower than in
the convex case.

1. In tro duction

Many physical systemscan be represented adding a perturbation to integrablesystems
whose motions are completely known, and speci�cally are quasi{periodic. The
celebratedKAM ([1], [2], [3], [4]) and Nekhoroshevtheorems([5]) are the milestonesin
the understandingof the long{term stabilit y of quasi{integrablesystems.In particular,
in recent years,the Nekhoroshevtheoremhasbeenlargely usedto investigatethe long{
term stabilit y of dynamical systems([6], [7], [8], [9], [10], [11]). In the Hamiltonian case,
this theorem can be stated as follows. Let us considerhamiltonians of the form:

H (I ; ' ) = h(I ) + "f (I ; ' ) ; (1)
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where I 2 D (D � Rn open), ' 2 Tn , h and f are analytic and h satis�es a suitable
geometriccondition called 'steepness'.Then, there exist positive constants a;b;c;d; " 0

such that for any j" j < " 0 the actions remain near their initial value:

jI (t) � I (0)j � c"a (2)

up to the exponentially long{times:

jtj � d exp
� "0

"

� b
: (3)

The valuesof the constants a and b depend on the steepnessproperties of h ([5], [12],
[13]). The constant b is particularly important to characterizestabilit y times.

The simplest exampleof steep functions is provided by convex functions, i.e. by
functions h such that at any point I 2 D satisfy:

� @2h
@I 2

(I )u � u = 0 ; u 2 Rn
�

) u = 0 ;

and by quasi{convex functions, which satisfy the weaker condition:

� @2h
@I 2

(I )u � u = 0 ; r h(I ) � u = 0 ; u 2 Rn
�

) u = 0 :

In the convex and quasi{convex casethe valueof the constant b is the biggeroneamong
all steepcases.Precisely, it is ([14], [15]):

b=
1

2n
: (4)

An exponential stabilit y result have been proved also for quasi{integrable symplectic
maps([16], [17], [18]), preciselyfor mapswhich can be written in the implicit form:

' j = ' 0
j +

@h
@I j

(I ) + "
@f
@I j

(' 0; I ) ; I 0
j = I j + "

@f
@' j

(' 0; I ) ; j = 1; :::; n(5)

with f analytic and h convex. Kuksin, P•oschel and Guzzo treat the convex case,but
their results extend also to the larger classof the so{called P-steep functions (whose
de�nition is given by Nekhoroshevin his 1977article; quasi{convex functions are not
P-steep).

However, most interesting systems(for example,the systemdescribingthe motion
of an asteroid in the Main Belt of our solar system, see[6], [7]) do not satisfy the
hypothesesof the Nekhoroshevtheorem, in its standard formulation, becausethey are
represented by a non steephamiltonian h. For example,this happenswhenh is properly
degenerate(such as the hamiltonian of the Kepler problem and of the Euler{Poinsot
rigid body), i.e. it doesnot dependon someaction variables. For many of thesesystems
the degeneracycan be, in somesense,removed by perturbation techniquesadapted to
the system([3], [6], [19], [20]). However there are non steepfunctions even amongthe
non{degeneratefunctions h. We �nd the quadratic non{convex functions among the
simplest non{degeneratefunctions which are not steep (nor P{steep) in somepoints.
This paper is dedicatedto the numerical investigation of the real possibility of di�usion
of the actions in times much smaller than (3) for thesequasi{integrable systems.
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The paper is organized as follows. In section 2 we will give the mathematical
framework and explain the mechanism for fast di�usion. Section3 provides the model
problem used for our numerical experiments. In section 4 we recall the method
for detecting the geography of resonancesand we show examplesof di�usion along
resonancesin the non convex case.A measureof the variation of the di�usion coe�cien t
asa function of the perturbing parameteris provided in section5. We discussin Section
6 the di�usion properties for di�erent valuesof � . The conclusionis provided in section
7. A review of the Fast Lyapunov Indicator method is given in the Appendix.

2. Mathematical framew ork

In this section we list the fundamental hypothesesand terminology that we will use
through the paper.

i) We strictly refer to quasi{integrable systems, i.e. to Hamiltonian systems with
Hamilton functions of the form (1) or to symplectic mapsof the form (5).

ii) The functions h; f are suchthat the Hamiltonian system(1) and the map (5) satisfy
the hypothesesof KAM theorem(for quasi{integrablemapssee [16],[17],[18]) for suitably
small " . It is su�cien t that h and f are analytic and h is non{degenerateor (only for
Hamiltonian systems)isoenergeticallynon{degenerate.

iii) We considervaluesof the perturbing parameter" sosmall that KAM theoremapplies.
This implies that the phasespaceis �lled with a setK of largemeasuremadeof invariant
tori. Any motion with initial condition on K is perpetually stable, so that instabilit y
can occur only on the complementary set of K, which we call the Arnold web. The
projection of the Arnold web on the action spaceD lies on a neighbourhood of the
manifolds: k � r h(I ) = 0, with k 2 Znn0. Its complement is open and dense. With
an abuse of terminology, we will use the term 'resonance' to indicate the manifold
k � r h(I ) = 0, aswell as its neighbourhood which is in the Arnold web.

iv) We say that a motion (I (t); ' (t)) is 'unstable' if there exists a time t such that the
actions exploremacroscopicregionsof a given action domain B:

kI (t) � I (0)k �
diamB

2
: (6)

Moreover, we say that the N motions (I (j )(t); ' (j )(t)), j = 1; :::N , di�use in the action
spaceif the averageevolution of the squareddistanceof the actions from their initial
value grows linearly with time; i.e. there exists a constant D > 0 such that:

P N
j =1 (I (j )(t) � I (j )(0))2

N
� D t (7)

for all t.

v) If the systemsatis�es (i), (ii), (iii) and moreover h is steep(P{steep for maps) then
alsothe Nekhoroshevtheoremappliesand any eventual instabilit y of the actionsoccurs
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only on times that grow exponentially with a positivepower of 1=". Any motion di�usion
for a systemsatisfying (i), (ii), (iii) and the steepnesshypothesiswill be called Arnold
di�usion. Though Arnold di�usion occurson thesevery long times, the techniquesthat
we introduced in [23],[25]allow its numerical detection. The �rst detection of global
Arnold di�usion in quasi{integrable systemshasbeendescribed in [26].

vi) This paper concernsthe real possibility of di�usion for systemsthat satisfy (i), (ii)
and (iii), but whoseh is not steep(P{steep for maps), so that in principle instabilit y is
possiblealready on times of order 1=".

We �rst review the mechanism producing instabilit y for quasi-integrable systems
with non{convex quadratic functions h(I ), for both hamiltonian systemsand maps. We
will then investigatenumerically the real possibility of di�usion using quasi{integrable
maps, for which numerical experiments are simpler than the hamiltonian case.

Nekhoroshev,in his 1977article, provided as an exampleof fast di�usion in non
convex (and non steep)systems,the hamiltonian:

H =
I 2

1

2
�

I 2
2

2
� " sin(' 1 + ' 2) ; (8)

that hassomespecial solutions with the actions moving at a speedof order " :

I 1(t) = "t ; I 2(t) = "t

' 1(t) =
1
2

"t 2 ; ' 2(t) = �
1
2

"t 2 : (9)

To illustrate the mechanismproducingthis fast di�usion, it is instructive to consider
a genericperturbation of the non{convex function h = I 2

1
2 � I 2

2
2 , such as:

H =
I 2

1

2
�

I 2
2

2
+ "f (' 1; ' 2) :

This system is quasi{integrable with non{degenerateintegrable approximation h, and
therefore the KAM theorem applies to it. However, h is not isoenergetically non{
degenerateon the lines I 1 = � I 2, and therefore action di�usion can occur only near
theselines (the systemshasn = 2), that we call escape lines.

The escape lines correspond also to the resonances: _' 1 � _' 2 = 0, and therefore,
near the line I 1 = I 2 (for simplicity we chooseone escape line), by usual normal form
construction the hamiltonian is conjugate by meansof a near{to{identit y canonical
transformation to the resonant normal form:

~H = H0 + " exp�
� "0

"

� b
r (I ; ' )

with H0 of the form:

H0 =
I 2

1

2
�

I 2
2

2
+ "u(I ; ' 1 + ' 2) :

The dynamics of the normal form H0 is such that the actions can move only on the
line parallel to the vector: (1; 1), which is also parallel to the resonancerelated to the
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harmonic ' 1 + ' 2. Therefore, with suitable perturbations (for examplesuch that H0

has the form (8)), actions with initial conditions in the resonanceI 1 = I 2 can move
inde�nitely at a speedof order " without leaving the resonance.

Such a di�usion mechanism is not possiblein the convex case:

H =
I 2

1

2
+

I 2
2

2
� " sin(' 1 + ' 2) :

In fact, the hamiltonian is isoenergeticallynon degenerateand KAM theorem prevents
the di�usion of the actions (if n > 2 di�usion can exist, but only on exponentially long
times). Analyzing more closely the dynamics, the resonant normal form for a generic
resonance:k1 _' 1 + k2 _' 2 is de�ned near the line of the action plane:

k1I 1 + k2I 2 = 0 ; (10)

and has the form:
~H = H0 + " exp�

� "0

"

� b
r (I ; ' )

with:

H0 =
I 2

1

2
+

I 2
2

2
+ "u(I ; k1' 1 + k2' 2) :

The dynamics of H0 can move the actions only on the line parallel to the vector:
(k1; k2), usually called line of fast drift, which is perpendicular to the resonant line (10).
Therefore,there cannot be a di�usion along the resonancewith speedof order 1=", and
only the exponentially small remaindercan force an exponentially slow di�usion along
it (if n > 2).

This is the mechanism underlying the exponential stabilit y predicted by the
Nekhoroshevtheorem,and it is explainedin several papers ([5], [21], [7]).

We now considermore genericquadratic integrablehamiltonians with 2 degreesof
freedom,i.e. functions h of the form:

h =
1
2

AI � I ; (11)

where A is a 2{dimensional symmetric squarematrix. The previous argument should
provide that a condition which is su�cien t to prevent the fast di�usion along a given
resonance(asin the exampleby Nekhoroshev)is that the line of fast drift is not contained
in the resonance.To be de�nite, for any k 2 Z2n0, the resonancek � _' = 0 is de�ned by
the equation:

k � AI = 0 ;

while the line of fast drift, in the action plane, is parallel to the vector k. Therefore,
a fast di�usion should be possibleonly if this line is contained in the resonance,which
happens only if Ak � k = 0. In the rest of the paper we will call 'fast di�usion' any
di�usion of orbits occurring for systemssatisfying ((i), (ii) and (iii)) taking place on
resonancesof the Arnold web characterized by the fact that a spaceof fast drift is
contained in the resonance.
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Fast di�usion in the resonancek � AI = 0 is prevented if k satis�esz:

Ak � k 6= 0 :

Convex hamiltonians satisfy this condition for any vector u 2 R2n0, and thereforealso
for any integer vector k 2 Z2n0.

Morbidelli and Guzzo([7], seecaption of �gure 10) remarked that, alsoin the non{
convex quadratic case,fast di�usion can be prevented: for example, for the following
non{convex hamiltonian:

H =
I 2

1

2
� I 2

2 ;

the equation:
u � Au = 0 ( ) u2

1 � 2u2
2 = 0

has the only non trivial solutions u1 = �
p

2 u2 and therefore the direction (u1; u2) =
u2(

p
2; 1) cannot be a direction of fast drift (which necessaryrequiresu1=u2 2 Q).
Following the idea of Morbidelli and Guzzo, all the quadratic hamiltonians: h =

1
2AI � I with A non{convex, but satisfying:

(Ak � k = 0 and k 2 Z2) ) k = 0 (12)

are not compatible with fast di�usion x. For example,the function:

h =
1
2

(I 2
1 � � I 2

2 ) ; (13)

with � > 0, is non{convex (nor steep), but is compatible with fast di�usion only if
p

� 2 Q, i.e. for � of the form:

� =
n2

1

n2
2

(14)

with n1; n2 2 N.
We will call 'rationally convex' a function h(I 1; I 2) such that its hessianmatrix

satis�es condition (12) at any point of its domain. Function (13) is not convex if � � 0,
but is rationally convex if

p
� 2 R=Q,

For n > 2 the condition of rational convexity slightly complicates, becausethe
possibility of multiple resonanceconditions forcesus to take into considerationfast drift
planesof dimensionranging from 1 to n � 1. Precisely, we give the following:

De�nition. We say that the n{dimensional square matrix A is rationally convexif for
any set of independentinteger vectors k1; : : : ; kd 2 Zn , with d 2 f 1; : : : ; n � 1g, denoting
with ~K the d � n matrix whosecolumns are the vectors k i , it is:

det( ~K T A ~K ) 6= 0 : (15)

z More precisely in order to prove exponential stabilit y one should require somealgebraic condition
such as a diophantine{lik e condition: jk � Ak j � 
 =jkj � for any k 2 Z2n0.
x Again, to prevent di�usion on exponentially long times one should require an algebraic condition,
such as: jk � Ak j � 
 =jkj � for any k 2 Z2n0.
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We say that the real function h : D ! R, with D � Rn open set, is rationally convexat
I 2 D if its hessianmatrix h00(I ) is rationally convex.

We brie
y explain (15) in the casen = 3. The resonancesrelated to the lattices of
dimension1 generatedby k 2 Z3n0 have equations:k � AI = 0. The spaceof fast drift is
a line parallel to k, thereforea line of fast drift is contained in the resonanceif and only
if k � Ak = 0, as in the casen = 2; d = 1. Instead, if n = 3; d = 2 the resonancerelated
to the integer vectorsk1; k2 is the line in the intersectionof the planesk1 � AI = 0 and
k2 � AI = 0. The spaceof fast drift of this resonancehasdimension2, and is generated
by k1; k2. Therefore, the resonanceis transverseto the plane of fast drift if and only if
equation (15) is satis�ed. This argument can be generalizedto the higher dimensional
cases.

Remark. Condition (15) for any d = 1; ::; n � 1 is indeednecessary, as it can be seen
consideringthe exampleh = (1=2)(I 2

1 � � I 2
2 � � I 2

3 ), with � = 2 +
p

2 and � =
p

2.
Denoting A = h00, it is: k � Ak 6= 0 for any k 2 Z3n0. In fact, for any integer vector k, it
is: k � Ak = k2

1 � (2 +
p

2)k2
2 �

p
2k2

3 = (k2
1 � 2k2

2) �
p

2(k2
2 + k2

3) which vanishesif and
only if k2

2 + k2
3 = 0 and k2

1 � 2k2
2 = 0, which in turn are solved only by k1 = k2 = k3 = 0.

However, h is not rationally convex becauseit fails condition (15) for the resonance
generatedby k = (1; 0; 1) and k0 = (0; 1; 1). In fact, denoting by ~K the matrix whose
columnsare the vectorsk; k0, it is :

~K T A ~K =

 
k � Ak k � Ak 0

k0 � Ak k0 � k0

!

=

 
1 � � � �
� � � � � �

!

(16)

whosedeterminant is � (1 � � )( � + � ) � � 2 = 0.

In the rationally convex case,it should be possibleto prove exponential stabilit y
even if the proof is quite long becauseit reproduces the well known proof of the
Nekhoroshevtheoremfor the convex case(see[21]). More preciselyin order to prevent
di�usion over times slower than exponentials of 1=" oneneedssomealgebraiccondition,
such as: �

�
�det( ~K T A ~K )

�
�
� �








 ~K








� (17)

for any integermatrix ~K (





 ~K






 denotesa matrix{norm). In the casen = 2 this condition

is:

jAk � kj �



kkk� 8 k 2 Z2n0 : (18)

Recently, Niedermanreconsideredthe Morbidelli and Guzzo idea and generalizedit to
the genericsteepnesscase[22].

3. The model problem

In this article, we study numerically the e�ective impact of the rational convexity on
di�usion, and we compareit with the Arnold di�usion. We will useas model problem
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the quasi{integrable map:

' 0
1 = ' 1 + I 1 ; ' 0

2 = ' 2 � � I 2

I 0
1 = I 1 + "

@f
@' 1

(' 0
1; ' 0

2) ; I 0
2 = I 2 + "

@f
@' 2

(' 0
1; ' 0

2) (19)

which is in the form (5), with n = 2, h equal to (13) and we useas perturbation the
function:

f =
1

cos(' 1) + cos(' 2) + 2 + c
; c > 0 :

This peculiar form of the perturbation is chosenbecauseit hasa full Fourier spectrum.
We study the di�usion properties of the system for (many) di�erent values of the
parameter � , that determines if the integrable approximation is convex (� < 0) or
not (� > 0). In the non convex casewe will considerseparatelythe cases:

p
� 2 RnQ

(rationally convex) and
p

� 2 Q.
In order to adapt to symplectic maps the discussiondone about the hamiltonian

casewe recall that the geometry of resonancesof a map of the form (5) is equivalent
to the geometry of resonancesof the hamiltonian with n + 1 degreesof freedom(see
[16],[17],[18])

h(I 1; :::; I n ) + 2� I n+1

which, in the speci�c caseof the map (19), projects in the spaceof the actions I 1; :::; I n

on the web of lines:
k1I 1 � � k2I 2 + 2� k3 = 0

with k1; k2; k3 2 Z. Then, when " 6= 0, onecan construct the normal form adapted to a
resonance,such that the action dynamics is 
attened near the line of fast drift that is
parallel to the vector (k1; k2) (see[18]).

As a result, the map (19) has a generic geometry of resonances. In fact, the
resonancesof the unperturbed systemrelated to all integervectors(k1; k2; k3) constitute
a denseweb in action plane (I 1; I 2), while the Arnold web is a denseset in phasespace.
Repeating the argument given for the hamiltonian case,and recalling that the line of
fast drift is parallel to (k1; k2), the map (19) can have fast di�usion only if � satis�es
condition (14). In this case,there existsa family of resonancesthat potentially support
fast di�usion, preciselyall resonancesrelated to integer vectors(k1; k2; k3) with (k1; k2)
satisfying:

k1

k2
= �

n1

n2
= �

p
� ;

and thereforeall resonant lines with equation:

� I 2 = �
p

�I 1 + 2�
k3

k2
: (20)

This family of resonancesconstitutes a web, that we call \fast web", and is a subsetof
the Arnold web.

Becausethe fast web is densein the action plane, the phenomenonof fast di�usion
can bring the orbits near any point of phasespace. In fact, di�using orbits can in
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principle changeseveral resonancesin short times of order 1=". As a consequence,the
orbits can indeed di�use in the fast web, rather than simply drifting along a line like
the simpler n = 2 hamiltonian case. This justi�es the useof the name 'fast di�usion'
for this phenomenon.

Although the steepnesshypothesis is no more valid, it still exists a part of the
Arnold web that cansupport action di�usion with a speedthat is at most exponentially
slow, as in the usual Arnold di�usion. This part is the complement of the \fast web".

The sizeof the harmonicsrelated to a given resonanceis another relevant factor in
determining the rate of di�usion. It is related to the order jkj = jk1j + jk2j. We remark
that the fast web contains resonanceswith minimum order n1 + n2, that givesa lower
bound to the speedof fast di�usion determinedby n1; n2.

Thereforethe di�usion on the resonancesof the fast web of su�cien tly high order
can be slower than the Arnold di�usion. The typical situation, in the non rational
convex caseis therefore the presenceof two competing mechanismsof di�usion, which
is analyzedin section4.

In the rational convex case,fast di�usion cannot exist. Indeedwe �nd numerically
that the di�usion coe�cien t decreaseswith " faster than any power law (possibly
exponentially). Nevertheless,we �nd that the di�usion coe�cien t decreasesslower than
the convex case. We expect such a behaviour: when matrix A satis�es a condition
like (18) (which is the casethat we will consider)the constant b that characterizesthe
stabilit y times in (3) is smaller for large � . The convex casecorrespondsto the smallest
possiblevalue � = � 2, i.e. to the biggestconstant b in (3).

From a technical point of view, we investigate the di�usion properties of the map
(19) with the techniques used in [23], [24], [25], [26], [27]. These techniques rely
essentially on the so{called Fast Lyapunov Indicator (FLI in the following, introduced
in [28] ), that allows a precisenumerical detection of the Arnold web of a given system.
The theoretical motivations for the useof the FLI are reviewed in the Appendix.

4. Geometry of resonances and di�usion

The numerical study of the di�usion properties of a quasi{integrable systemis greatly
simpli�ed by the computation of its geometry of resonances.In fact, di�erent kinds
of di�usion can be detected in a quasi{integrable system,such as the widely observed
Chirikov di�usion ([29]), the Arnold di�usion (occurring on much longer times and
thereforeonly recently numerically detected[25], [26]) and the fast di�usion.

All thesedi�usion mechanismsare strictly related to the geometryof resonances:
the �rst one is characterizedby resonanceoverlapping, while in the secondand third
caseresonancesare arrangedasa regular web (the so{calledArnold web) and the phase
spaceis �lled by a large number of invariant tori.

A precisenumericaldetectionof the Arnold web is possiblewith the Fast Lyapunov
Indicator (hereafter called FLI). This method, introduced by Froeschl�e et al. [28] is
reviewed in the Appendix. Figure 1 shows the Arnold web for the mapping (19) with
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Figure 1. Detection of the Arnold web for a rationally convex case: � = (
p

5 � 1)2=4
and for � = 4. The perturbation parameter is " = 0:1 and the integration time is
t = 1000 iterations. The FLI values close to log t = 3 correspond to invariant tori,
higher values show the presenceof chaotic orbits and lower values correspond to the
regular part of resonances.

" = 0:1. The FLI has beencomputedon a set of 500� 500 initial conditions regularly
spacedin the intervals: 0 < I 1 < � and 0 < � I 2 < � for � = (

p
5� 1)2=4 (Fig.1,left) and

for � = 4 (Fig.1,right). The initial anglesare chosenequal to zero and the integration
time is t = 1000iterations.

In Fig.1 the white lines (yellow in the electronicversion) correspond to the chaotic
part of the resonanceswhile the grey(red) backgroundcorrespondsto the setof invariant
tori characterizedby a FLI value of about logt = 3. Colors going from grey (red) to
black stay for regular resonant motions. The Arnold web, which is a neighbourhood of
all straight lines:

k1I 1 � � k2I 2 + 2� k3 = 0

with k1; k2; k3 2 Z, appears clearly. The set of all resonancesis denseon the plane.
However, one can expect that resonant orbits surround each resonanceline up to a
distancewhich decreaseswith the order jkj =

P
jki j. Both pictures represent a system

with no global overlapping of resonances,although for � = 4 larger chaotic regions
appear.

We recall that for � satisfying condition (14) there is a family of resonances
potentially supporting fast di�usion. More precisely there are the resonancesrelated
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to integer vectors(k1; k2; k3) with (k1; k2) satisfying:

k1

k2
= �

n1

n2
= �

p
� ;

and thereforeall resonant lines with equation:

� I 2 = �
p

�I 1 + 2�
k3

k2
: (21)

This family of resonancesconstitutes the \fast web". Someof theselines appear clearly
on Fig.1,right.

In order to have the chanceto observe fast di�usion, it is useful to selectchaotic
initial conditionson the fast web. This task is madeeasyby the FLI chart of resonances.
Following the same procedure used in [25] we integrate such chaotic orbits and we
represent them on the FLI chart considering only those points of the orbits which
intersect the section

S = f (I 1; I 2) 2 R2; ' i = 0; i = 1; 2g : (22)

We recall that the FLI charts are obtained for initial conditions that belong to the
section S. Since computed orbits are discrete, we represented points on the double
sectionj' 1j � 0:05, j' 2j � 0:05. A smaller tolerance(lower than 0:05) reducesonly the
number of points on the section,but doesnot changetheir di�usion properties. Fig.2
shows the successive intersectionsof a set of 100 orbits with section S up to a time
t = 5108 for � = 4 and " = 0:1. The initial conditionshave beenchosenalongI 2 = I 1=2
with 0 < I 1 < � . We have checked, on a small integration time of t = 1000iterations
that such orbits are chaotic, i.e. they have FLI values20% greater than the reference
value for the tori (which is ' logt). The initial anglesare equal to zero.

Fig.2 shows a phenomenonof di�usion, involving a macroscopicregionof the phase
space.Such global di�usion occursmainly on the \fast web". Weremark that the initial
conditions were chosenon the fast web and a question may arise as to what happens
when choosing initial conditions along another resonance.

We recall that in [26] we performed a similar experiment with convex systems
(hamiltonian and maps) that satisfy the hypothesesof the Nekhoroshev theorem.
Indeed,by selectingchaotic initial conditionson low order resonances,we have observed
a phenomenonof global di�usion through all the resonances(at leastof low order) of the
Arnold web on times longer than any power law, and compatible with the exponential
(3).

The Arnold di�usion is present also in the non{convex case,and could also play
an important role. For the non convex casewith � = 4, we have selecteda set of 100
chaotic initial conditions on the resonanceI 2 = I 1=� (that is not in the fast web) and
represented their orbits on the FLI chart. Let us remark that the order of this resonance
is jkj = 2, while the order of the resonancesof the fast web satis�es jkj � n1 + n2 = 3.

We have observed that for " = 0:1 the Arnold di�usion on a time of about 5107

iterations movessomeof the orbits through the Arnold web giving them the possibility
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Figure 2. Di�usion for " = 0:1 of a set of 100 chaotic orbits for � = 4 The points
are the intersectionsof the orbits with the section S up to a time t < 5108 iterations.
It appearsclearly that di�usion occurs mainly on the on the \fast" web, i.e. the web
formed by the set of lines: I 2 = � 1p

� I 1 + 2� k
� , with k 2 Z .

of reaching the \fast web" and then rapidly di�using. Qualitativ ely we observe the same
pattern of Fig.2 up to t = 5108 iterations.

In next sectionswe will study in moredetail the interplay betweenArnold di�usion
and fast di�usion. The strategy will consist of integrating orbits that have a great
probability of di�using in both cases,i.e. chosenrespectively on the low order resonance
I 2 = I 1=� and on the fast web.

For this purposelet usconsiderthe rationally convexcaseof Fig.1,left corresponding
to � r c = (

p
5 � 1)2=4. In this non{convex case,the lines of fast drift do not correspond

to resonances.The di�usion along the resonancesis of Arnold type and needsvery long
times to be observed according to the value of " and to the order of the considered
resonances.We have chosena set of 100 initial condition on the low order resonance
I 2 = I 1=� in the interval 0:7 < I 1 < 0:8. For comparisonwith the convex casewe have
integrated 100 chaotic orbits, chosenon the sameresonance,but for � c = � � r c. Fig.3
shows the successive intersectionsof the set of orbits with sectionS up to t = 106 (left
panel) and t = 109 (right panel) for respectively � r c (top) and � c (bottom) for " = 0:21.
In both cases,we observe a local phenomenonof Arnold di�usion along the resonant
line and qualitativ ely the only di�erence is the speedof di�usion, which is lower in the
convex caseas we remarked in Section3.
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Figure 3. Di�usion along the resonant line �I 2 = I 1 for " = 0:21 of a set of 100initial
conditions with I 1 in the interval 0:7 < I 1 < 0:8 for respectively � r c = ((

p
5 � 1)=2)2

(top) and and � c = � � r c (bottom). The black points are the intersectionsof the orbits
with the section S (de�ned in the text) up to time t = 106 (left panels) and t = 109

(right panels).
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5. Measure of the di�usion coe�cien t

Following the procedure of [25] we tried to measurea di�usion coe�cien t as if the
phenomenonwasBrownian like. For a chosenfraction T of the integration time, for any
n 2 N, denoting with I 1;j (0) and I 2;j (0), j = 1; :::; N the initial conditions of a set of N
orbits and with I 1;j (t) and I 2;j (t) the corresponding valuesat time t we consideredthe
quantit y:

d(nT) =
1

Mn

X

j :( j ' 1;j (t )j� 0:05;j ' 2;j (t )j� 0:05

[(I 1;j (t)� I 1;j (0))2+( I 2;j (t)� I 2;j (0))2](23)

whereM n is the number of points on sectionS for t in the interval (n � 1)T � t � nT .
In our numerical experienceswe have observed a linear increasewith time of d. The
slope of the regressionline is the di�usion coe�cien t D.

We have studied the dependenceof the di�usion coe�cien t on the parameter " for
the rationally convex casewith � r c = ((

p
5� 1)=2)2 and, for comparison,for the convex

casewith � c = � ((
p

5 � 1)=2)2.
According to the experienceshown in Fig.3 we have integrated, up to t = 109

iterations, a set of 100 chaotic orbits with initial conditions chosenon the low order
resonanceI 2 = I 1=� and we have repeatedthe computation for di�erent valuesof " .

The estimatesof D versus1=" are reported in Fig.4 in a logarithmic scale.Clearly,
data are not well �tted with a linear regression,which would correspond to a power
law D(") = C(1=")m . Indeed, if we de�ne 3 di�erent setsof data, and we perform local
regressionsfor each set,we �nd for � c, the three di�erent slopesn1 = � 1:9, n2 = � 5 and
n3 = � 15. This is su�cien t to excludea global power law and the changesof slope are
compatible with the expectedexponential decreaseof D. For the non convex casewith
� r c, we have alsofound three di�erent slopesm1 = � 3, m2 = � 4:8 and m3 = � 9. Such
changesof slopesare in favor of an exponential decreaseof D although, in agreement
with the theory, slower than in the convex case.

For the non{convex and non rational convex value � nc = 4 we have repeated the
experienceconsideringtwo setsof initial conditions: set (A) on the resonanceI 2 = 1p

� I 1

(that is in the fast web) and set (B) on the resonanceI 2 = 1
� I 1 (that is not in the

fast web). Results on di�usion are presented in Fig.5. For the three larger valuesof "
we have observed Chirikov di�usion. Its speedis independent on the set (A) or (B) of
initial conditions. For lower valuesof " , when we have no resonanceoverlapping, we
still observe a global di�usion but of di�erent nature. Such a di�usion occurs mainly
along the resonancesof the \fast web" asexplainedin the previousSection(Fig.2).

We have observed the global di�usion on the \fast web" for all the values of "
consideredfor set (A) and the di�usion coe�cien t is well �tted by a power law (with
slope m = � 1:3).

For set (B) we observe the samekind of global fast di�usion only for 3 < 1=" < 10.
We can �t the points corresponding to global di�usion (both Chirikov and fast ) with a
power law of slope m1 = � 3:7 (Fig.5). For lower valuesof " only local Arnold di�usion
along the resonanceI 2 = 1

� I 1 is observed up to t = 5108 iterations. The corresponding
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Figure 4. Measureof the di�usion coe�cien t asa function of 1=" for respectively the
rationally convex casewith � r c (square) and the convex casewith � c = � � r c. In both
casesdata are well �tted by 3 power laws with slopes m i , i = 1; ::3 for � r c and n i ,
i = 1; ::3 for � c.

di�usion coe�cien t suddenly drops being �tted by a power law of slope (m2 = � 11).
For valuesof " lower than 0:03 we did not observe any more di�usion up to t = 5108.
Let us remark that the changeof slope of set (B) is not of the samekind than the one
presented in Fig.4. Here, it corresponds to the changefrom global (Chirik ov and fast )
di�usion to the local Arnold di�usion while in the previous experiment we had always
the samephenomenonof local di�usion.

6. Ab out the in
uence of � on the speed of di�usion.

In order to study the in
uence of 1=
p

� on the speedof di�usion in the non convex case
we have measuredthe di�usion coe�cien t D for 300valuesof � with 0:5 < 1=

p
� < 1.

For each value of � a set of 100 chaotic initial conditions has beenselectedalong the
resonanceI 2 = I 1=

p
� with 0 < I 1 < � and the orbits are computed on 108 iterations.

The perturbing parameter is " = 0:1.
Fig.6 shows the variation of the logarithm of D asa function of 1=

p
� . We observe

a drop of 4 ordersof magnitude in D when passingfrom 1=
p

� = 0:5 to 1=
p

� ' 0:55.
The sameoccurs when going from 1=

p
� = 1 to 1=

p
� ' 0:9. Surprisingly, we do not

remark the e�ect of the low order rational 1=
p

� = 2=3. The values of the di�usion
coe�cien t around 2=3 are quasi constant around the value D ' 10� 10.

We have exploredwith more detail the case� = 9=4. We considereda set of 100
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Figure 5. Measureof the di�usion coe�cien t D asa function of 1=" for orbits of data
set (A) (circle) and of data set (B) (square). For data set (A) the function D(" ) is
�tted by a power law D(" ) = (1=")m with m = � 1:3. For data set (B) the di�usion
coe�cien t is �tted by a power law with m1 = � 3:7 up to " = 10 (global di�usion),
then a changeof slope is observed with m2 = � 11 (local Arnold di�usion).

initial conditions along a resonanceof fast di�usion I 2 = 2=3I 1 with 1 < I 1 < 1:3 (data
set 1) and a set of 100initial conditions along a resonanceof low order: I 2 = I 1=� with
1 < I 1 < 1:3 (data set 2) for di�erent valuesof " (from " = 0:22 to " = 0:0001). The
initial anglesare ' 1 = 0 and ' 2 = 0.

Fig.7,top shows the resulting di�usion for respectively data set1 (left) and 2 (right)
for " = 0:18, and Fig.7,bottom for " = 0:025. It appears clearly that, for " = 0:18
we have a phenomenonof global di�usion for both data sets, and that the speed of
di�usion seemsto be of the sameorder. More precisely, we observe that the speedof
Arnold di�usion on a low order resonancecanbeof the sameorderof magnitude,or even
greaterthan the speedof the di�usion alongthe fast drift line whensuch a line coincides
with an higher order resonance.Let's recall that the order of the fast drift resonance
is jkj = 5 while the resonanceI 2 = I 1=� has order jkj = 2. Such a result is a little
surprising sincewe are usedto think to Arnold di�usion as a very slow phenomenon.
Actually, when" approaches" 0 (3), asit is for " = 0:18, and whenthe fast drift line is of
moderately high order (Fig.7,top), it turns out to be competitiv e with the fast di�usion.

When decreasing" the speedof Arnold di�usion on orbits of data set 2 decreases
faster than the speedof di�usion of orbits of data set 1. We remark that for " = 0:025,
on a time t = 108 iterations, the main contribution to the di�usion for data set 2 is that
in the directions parallel to the fast drift lines. A measureof the di�usion coe�cien t
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Figure 6. Variation of logD as a function of 1=
p

� for 300 values of � with
0:5 < 1=

p
� < 1. For each value of � a set of 100 chaotic initial conditions taken

along the fast drift line I 2 = I 1=
p

� with 0 < I 1 < � has beenintegrated up to t = 108

iterations. The perturbing parameter is " = 0:1

(Fig.8) asa function of " for data set 1 and 2 allows to quantify the e�ect of fast and of
Arnold di�usion .

In particular, it appears clearly that for " = 0:1 the speed of Arnold di�usion
is of the same order than the speed of fast di�usion. This is the reason why we
didn't found any di�erence betweenthe di�usion coe�cien t computed for 1=

p
� = 2=3

and for their irrational neighbouring values. In order to observe the in
uence of the
rational value 1=

p
� = 2=3 on di�usion it is necessaryto decrease". We have therefore

repeatedthe computation of D asa function of 1=
p

� for 100valuesin a neighbourhood
of 1=

p
� = 2=3 for " = 0:05. Fig.9 shows the emergenceof the rational value of

1=
p

� = 2=3 characterizedby a di�usion coe�cien t 2:5 order of magnitude higher than
for 1=

p
� ' 2=3 � 0:03.

7. Conclusion

We have studied the phenomenonof di�usion in a non convex symplectic map for
di�erent valuesof the parameter � and of the perturbation parameter " . For � 2 2 Q
we observed a rapid global di�usion along the resonancesforming the \fast web" only
whenthe order of the fast drift line is low. Otherwise,even if � 2 2 Q the di�usion along
the fast drift line may not be the most rapid phenomenon.The order of the resonance
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Figure 7. The four panelscorrespond to the FLI chart of the action plane (I 1; I 2) for
the map, with initial conditions on the sectionS asexplained in the text, with di�eren t
magni�cations. The white (yellow in the electronic version) region corresponds to the
chaotic part of the Arnold web. Panel a,b are for " = 0:18 while c,d are for " = 0:025.
The black points are the intersection of the orbits with section S for data set 1 (left)
and 2 (right).
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Figure 8. � = 9=4. Variation of the di�usion coe�cien t as a function of 1=" for a set
of 100orbits initially chosenalong the fast drift direction (square) and for a set of 100
orbits with initial conditions chosenalong the low order resonanceI 2 = I 1=� (circles).
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Figure 9. Variation of logD as a function of 1=
p

� for 100 values of � with
0:63 < 1=

p
� < 0:7. For each value of � a set of 100 chaotic initial conditions taken

along the fast drift line I 2 = I 1=
p

� with 0 < I 1 < � has beenintegrated up to t = 108

iterations. The perturbing parameter is " = 0:05
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associated to the fast drift line has to be taken into account. To be de�nite, we found,
for somevaluesof the perturbation parameter, a similar di�usion coe�cien t for orbits
driven by the Arnold mechanism along a low order resonanceand for orbits moving
along a fast drift line coinciding with an higher order resonance.However, whatever
the order of the fast drift resonance,when decreasing" the speedof di�usion decreases
slower on the fast drift direction than on other lines.

Finally, when
p

� 2 R=Q we recovered the di�usion properties of the convex case,
i.e. we measureda di�usion coe�cien t decreasingwith 1=" faster than a power law and
in agreement with the expectedexponential decay.

App endix: The FLI metho d and quasi{in tegrable dynamics

We review the FLI method showing why it allows the detection of the geometry
of resonancesof a quasi{integrable system. For simplicity we refer to the hamiltonian
case:

H " (I ; ' ) = h(I ) + "f (I ; ' ) ; (.1)

where I 1; : : : ; I n 2 R and ' 1; : : : ; ' n 2 S are action{angle variables and " is a
small parameter. For any initial condition (I (0); ' (0)) and any initial tangent vector
(vI (0); v' (0)) the Fast Lyapunov Indicator at time t is the quantit y:

logk(vI (t); v' (t))k ;

where(vI (t); v' (t)) is the solution of the variational equationsof (.1):

dvI j

dt
= � "

nX

i =1

@2f
@' j @I i

vI i � "
nX

i =1

@2f
@' i @' j

v' i

dv' j

dt
=

nX

i =1

@2h
@I i @I j

vI i + "
nX

i =1

@2f
@I i @I j

vI i + "
nX

i =1

@2f
@I j @' i

v' i : (.2)

In the integrable case" = 0 the above equationsare immediately integrated and the
solution is

v0
I (t) = vI (0) ; v0

' (t) = v' (0) +
@2h
@2I

(I (0))vI (0)t :

Therefore, the norm of the tangent vector v0(t) grows at most linearly with time.
Instead, for any " 6= 0 the system becomesnon{integrable and one does not have an
explicit analytic expressionfor the solutions of both the Hamiltonian and variational
equations. However, if " is small, one can use Hamiltonian perturbation theory to
estimate the evolution of the tangent vector. Assuming that Hamiltonian (.1) satis�es
the hypothesesof the KAM and Nekhoroshevtheorems(in particular we assumethat
h is convex and " is suitably small) we proved that [24]:
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(i) The initial condition is on a KAM torus; then the norm jjv" (t)jj of the tangent
vector v" (t) integrated for the Hamiltonian H " satis�es:

jj v" (t)jj =










@2h
@2I

(I (0))vI (0)








 t + O(" � t) + O(1) ; (.3)

with some� > 0. The reasonis that the dynamics on a KAM torus corresponds
to the dynamics given by an integrable Hamiltonian which is "-close to the
Hamiltonian h.

(ii) The initial condition is on a regular resonant motion. Werecall that a d-dimensional
lattice � � Z n de�nes a resonancethrough the relation: k � @h

@I = 0 for any k 2 �,
or equivalently: � �

@h
@I = 0 where � � denotesthe Euclidean projection of a vector

onto the linear spacespannedby �. As is usual in the Nekhoroshevtheorem, we
only considerresonancesrelated to integer lattices � � Z n which are generatedby
d � n � 1 independent integer vectorsk(i ) , i � d, with order

�
�k(i )

�
� =

P n
j =1

�
�
�k(i )

j

�
�
� up

to a threshold order K which grows as 1="
1

2n . According to the de�nitions given
in [15], the resonant domain associated to a lattice � is a neighborhood of the
resonancede�ned in the following way: �rst we require that the action is suitably
closeto the resonancethrough the inequality:








 � �

@h
@I

(I (0))








 �

a0

(a1K )n� dj� j
(.4)

(a0; a1 are suitable constants, j� j is the Euclideanvolume of the lattice �), second
we require that I (0) is suitably far from the other resonances;more preciselywe
require:








 � � 0

@h
@I

(I (0))








 >

a0

(a1K )n� d� 1j� 0j
(.5)

for any lattice � 0 generatedby d + 1 independent integer vectors of order smaller
that K (we refer to the paper [15] for details). Among resonant motions it is typical
to �nd both regular and chaotic ones.In particular, the presenceof regular motions
is typical in the resonancesrelated to lattices � of dimensiond = 1, becausethe
normal form in that casedependsonly on one angle, and in resonancesof higher
multiplicit y d > 1 they canbefound nearelliptic equilibrium points, whosepresence
is also typical. It is also not very restrictive to assumethat in the neighborhood
of theseelliptic equilibrium points the systemsatis�es the hypothesesof the KAM
theorem, so that we can expect that the sameneighborhood is �lled with a large
volume of quasi{periodic motions.
For thesemotions, if I � ; ' � denotesthe equilibrium point and onechoosesan initial
condition (I ; ' ) in the resonancewith jI � I � j �

p
"%and j' � ' � j � %, then for

any initial vector vI (0); v' (0) it is [24]:

jj v" (t)jj = kC� � � or t vI (0)k t + O(" � t) + tO(%2) + O(
p

"t ) + O(
1

p
"
)(.6)
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with some� > 0, � or t being the linear spaceorthogonal to �, and C� a linear
operator depending on the resonant lattice � and on the initial action I (0). It is:

C� =
@2h
@I 2

(I (0)) �
@2h
@I 2

(I (0))
�

� �
@2h
@I 2

(I (0))� �

� �
� �

@2h
@I 2

(I (0)) ; (.7)

where
�

� �
@2h
@I 2 (I (0))� �

� �
denotesthe inverseof the restriction of @2h

@I 2 to the linear

spacespannedby � (which is well de�ned for the convexity of h).

As a consequenceof (.3) and (.6), the resonancestructure of the phasespacecan
be detectedcomputing the FLI, with the samegiven v(0) and the sametime interval t
on a set of regularly spacedorbits: Eq. (.3) says that it takesapproximately the value
of the unperturbed caseon all KAM tori; Eq. (.6) says that for suitably small " and
%it is di�erent at order O(1) from the unperturbed caseon regular resonant motions.
In fact, the linear operator C� � � or t is di�erent from the Hessianmatrix of h at order
O(1), i.e. C� � � or t doesnot approach @2h

@I 2 as" approachesto zero. For initial conditions
on chaotic resonant motions the FLI is higher than the value characterizing KAM tori.
In this way, we detect the presenceof the resonancesbecausethe value of the FLI is
di�erent from the uniform value assumedon the KAM tori.
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