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Abstract. ~ The Nekhoroshevtheorem has becomean important tool for explaining
the long{term stability of many quasi{integrable systemsof interest in physics. The
action variables of systemsthat satisfy the hypothesesof Nekhoroshevtheorem remain
closeto their initial value up to very long times, that grow exponertially asan inverse
power of the perturbation's norm. In this paper we study someof the simplest systems
that do not satisfy the hypothesesof Nekhoroshevtheorem. These systemscan be
represenied by a perturbed Hamiltonian whose integrable part is a quadratic non{
corvex function of the action variables. We study numerically the possibility of action
di usion over short times for these systems (continuous or maps) and we compare
it with the so{called Arnold diusion. More preciselywe nd that, except for very
special non{convex functions, for which the e ect of non convexity concernslow order
resonancesthe diusion coe cient decreasedaster than a power law (and possibly
exponertially) of the perturbation's norm. According to the theory, we nd that the
di usion coe cient asa function of the perturbation's norm decreasesslower than in
the corvex case.

Intro duction

Many physical systemscan be represeted adding a perturbation to integrable systems
whose motions are completely known, and specically are quasi{periodic. = The

celebratedKAM ([1], [2], [3], [4]) and Nekhoroshewtheorems([5]) are the milestonesin

the understandingof the long{term stability of quasi{integrable systems.In particular,

in recen years,the Nekhoroshevtheoremhasbeenlargely usedto investigatethe long{

term stability of dynamical systems([6], [7], [8], [9], [10],[11]). In the Hamiltonian case,
this theorem can be stated asfollows. Let us considerhamiltonians of the form:

H( )= h)+ " (5") 1)
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wherel 2 D (D R" open),' 2 T", h andf are analytic and h satis es a suitable
geometriccondition called 'steepness'. Then, there exist positive constarts a;b;c;d;"
sud that for any j"j < "¢ the actions remain near their initial value:

jrim 1)) ¢ (@)

up to the exponenially long{times:

"y b
jiti dexp — (3)

The valuesof the constarts a and b depend on the steepnesgroperties of h ([5], [12],
[13]). The constart bis particularly important to characterizestability times.

The simplest example of steepfunctions is provided by cornvex functions, i.e. by
functions h sud that at any point | 2 D satisfy:

@h ;
@(I)uuzo;UZR ) u=0;
and by quasi{corvex functions, which satisfy the wealer condition:
@

@C(I)u u=0; rh(l) u=0; u2R" ) u=0:

In the convex and quasi{corvex casethe value of the constart bis the biggeroneamong
all steepcases.Precisely it is ([14], [15]):
1

b= % : (4)

An exponertial stability result have been proved also for quasi{integrable symplectic
maps ([16], [17], [18]), preciselyfor mapswhich can be written in the implicit form:

G e Do = 08 = LinG)
J J J

J J

with f analytic and h corvex. Kuksin, Pesthel and Guzzotreat the corvex case,but
their results extend also to the larger classof the sof{called P-steepfunctions (whose
de nition is given by Nekhoroshevin his 1977 article; quasi{corvex functions are not
P-steep).

Howewer, most interesting systems(for example,the systemdescribingthe motion
of an asteroid in the Main Belt of our solar system, see[6], [7]) do not satisfy the
hypothesesof the Nekhoroshevtheorem, in its standard formulation, becausethey are
represeted by a non steephamiltonian h. For example,this happenswhenh is properly
degenerate(such as the hamiltonian of the Kepler problem and of the Euler{Poinsot
rigid body), i.e. it doesnot depend on someaction variables. For many of thesesystems
the degeneracycan be, in somesense removed by perturbation techniquesadapted to
the system([3], [6], [19], [20]). Howewer there are non steepfunctions even amongthe
non{degeneratefunctions h. We nd the quadratic non{convex functions among the
simplest non{degeneratefunctions which are not steep (nor P{steep) in somepoints.
This paper is dedicatedto the numerical investigation of the real possibility of di usion
of the actionsin times much smallerthan (3) for thesequasi{integrable systems.
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The paper is organized as follows. In section 2 we will give the mathematical
framework and explain the medanism for fast di usion. Section3 providesthe model
problem used for our numerical experimerts. In section 4 we recall the method
for detecting the geograply of resonancesand we shav examplesof di usion along
resonancedn the non corvex case.A measureof the variation of the di usion coe cien t
asa function of the perturbing parameteris provided in section5. We discussin Section
6 the di usion propertiesfor di erent valuesof . The conclusionis provided in section
7. A review of the Fast Lyapunor Indicator method is given in the Appendix.

2. Mathematical framew ork

In this section we list the fundamenal hypothesesand terminology that we will use
through the paper.

i) We strictly refer to quasi{integrable systems i.e. to Hamiltonian systemswith
Hamilton functions of the form (1) or to symplectic maps of the form (5).

i) The functions h;f are suchthat the Hamiltonian system(1) and the map (5) satisfy
the hypothesef KAM theorem (for quasi{integrablemapssee [16],[17],[18]) for suitably
smal ". It issucient that h and f are analytic and h is non{degenerateor (only for
Hamiltonian systems)isoenergeticallynon{degenerate.

iii) We considervaluesof the perturbing parameter” sosmal that KAM theorem applies.
This impliesthat the phasespaces lled with asetK of large measuremadeof invariant
tori. Any motion with initial condition on K is perpetually stable, sothat instability
can occur only on the complememary set of K, which we call the Arnold webh The
projection of the Arnold web on the action spaceD lies on a neighbourhood of the
manifolds: k r h(l) = 0, with k 2 Z"n0. Its complemen is open and dense. With
an abuse of terminology, we will use the term 'resonance’to indicate the manifold
k r h(l) = 0, aswell asits neighbourhood which is in the Arnold web.

iv) We say that a motion (I (t);' (t)) is 'unstable' if there existsa time t sud that the
actions explore macroscopicregionsof a given action domain B:
diamB

> (6)
Moreover, we sa that the N motions (1 0)(t);" 0)(t)), j = 1;::N, diuse in the action
spaceif the averageewlution of the squareddistance of the actions from their initial
value grows linearly with time; i.e. there existsa constart D > 0 sud that:

i L0 19(0))?2
N

kI(t) 1(0)k

Dt (7)
for all t.

v) If the systemsatis es (i), (ii), (iii) and moreover h is steep(P{steep for maps) then
alsothe Nekhoroshewvtheoremappliesand any evertual instability of the actionsoccurs
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only ontimesthat grow exponertially with a positive power of 1=". Any motion di usion
for a systemsatisfying (i), (i), (iii) and the steepnessypothesiswill be called Arnold
di usion. Though Arnold di usion occurson thesevery long times, the techniquesthat
we introduced in [23],[25]allow its numerical detection. The rst detection of global
Arnold di usion in quasi{integrable systemshasbeendescribked in [26].

vi) This paper concernsthe real possibility of di usion for systemsthat satisfy (i), (ii)
and (iii), but whoseh is not steep(P{steep for maps), sothat in principle instability is
possiblealready on times of order 1=".

We rst review the medanism producing instability for quasi-irtegrable systems
with non{convex quadratic functions h(l ), for both hamiltonian systemsand maps. We
will then investigate numerically the real possibility of di usion using quasi{integrable
maps, for which numerical experimerts are simpler than the hamiltonian case.

Nekhoroshev,in his 1977 article, provided as an example of fast di usion in non
convex (and non steep) systems,the hamiltonian:

If I22 n M 1 1
H=E > sin( 1+ ") ; (8)

that has somespecial solutions with the actions moving at a speedof order ":

) ="t 1a(t) ="t

L= 2 )= ©

Tollustrate the metanismproducingthis fast di usion, it isinstructiveto consider

a genericperturbation of the non{convex function h = % % sud as:

17 13
H:E E+llf(ll;|2):

This systemis quasi{integrable with non{degenerateintegrable appraximation h, and
therefore the KAM theorem appliesto it. Howewer, h is not isoenergetically non{
degenerateon the linesl; = 1,, and therefore action di usion can occur only near
theselines (the systemshasn = 2), that we call esca lines.

The esca lines correspnd also to the resonances: ; ', = 0, and therefore,
near the line I, = I, (for simplicity we chooseone esca line), by usual normal form
construction the hamiltonian is conjugate by meansof a near{to{identity canonical
transformation to the resonam normal form:

H=Ho+"exp = r(l;")

with Hg of the form:

H - If |22+||u(|| +| ) .
0~ 2 2 » 1 2) -

The dynamics of the normal form Hg is sud that the actions can move only on the
line parallel to the vector: (1; 1), which is also parallel to the resonancerelated to the
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harmonic' ; + ' ,. Therefore, with suitable perturbations (for example suc that Hg
has the form (8)), actions with initial conditions in the resonancel; = |, can move
inde nitely at a speedof order " without leaving the resonance.

Sud a diusion medanismis not possiblein the corvex case:

17,12
H=_-+2 "sin(1+"')) :
In fact, the hamiltonian is isoenergeticallynon degenerateand KAM theorem prevens
the di usion of the actions (if n > 2 di usion can exist, but only on exponertially long
times). Analyzing more closelythe dynamics, the resonan normal form for a generic
resonancek;' ; + ky' , is de ned nearthe line of the action plane:

k1|1+ k2|2: 0 ; (10)

and hasthe form: A

H = Hg+ "exp —0 r{l;")

with: | 2 2
Ho = ?l+ §2+ "u(l; k' 1+ ko' o)

The dynamics of Hy can move the actions only on the line parallel to the vector:
(kq; k), usually calledline of fast drift, which is perpendicularto the resonan line (10).
Therefore,there cannot be a di usion alongthe resonancewith speedof order 1=", and
only the exponertially small remainder can force an exponertially slow di usion along
it (if n> 2).

This is the medanism underlying the exponenrial stability predicted by the
Nekhoroshevtheorem,and it is explainedin seweral papers ([5], [21], [7]).

We now considermore genericquadratic integrable hamiltonians with 2 degreesof
freedom,i.e. functions h of the form:

1
h= §A| | (12)
where A is a 2{dimensional symmetric squarematrix. The previous argumert should
provide that a condition which is su cient to prevert the fast di usion along a given
resonancdasin the exampleby Nekhoroshev)s that the line of fast drift is not corntained
in the resonance.To be de nite, for any k 2 Z?n0, the resonancek ' = 0is de ned by
the equation:
k Al =0 ;

while the line of fast drift, in the action plane, is parallel to the vector k. Therefore,
a fast di usion should be possibleonly if this line is cortained in the resonancewhich
happensonly if Ak k = 0. In the rest of the paper we will call 'fast di usion' any
di usion of orbits occurring for systemssatisfying ((i), (i) and (iii)) taking place on
resonancef the Arnold web characterized by the fact that a spaceof fast drift is
cortained in the resonance.
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Fast di usion in the resonancek Al = 0is prevented if k satis esz:
Ak k6 0 :

Convex hamiltonians satisfy this condition for any vector u 2 R?n0, and therefore also
for any integer vector k 2 Z2n0.

Morbidelli and Guzzo([7], seecaption of gure 10) remarked that, alsoin the non{
corvex quadratic case,fast di usion can be preverted: for example,for the following

non{convex hamiltonian: X
I1

1 |2.
2

H = 5

the equation:
uAu=0 () u? 2u3=0

hasthe only non trivial solutionsu; = P 2 u, and therefore the direction (ug;up) =
uy(" 2;1) cannot be a direction of fast drift (which necessaryequiresu;=u, 2 Q).

Following the idea of Morbidelli and Guzzo, all the quadratic hamiltonians: h =
ZAl | with A non{convex, but satisfying:

(Ak k=0and k22% ) k=0 (12)
are not compatible with fast di usion x. For example,the function:
1
h=20F 19 (13)

with > 0, is non{convex (nor steep), but is compatible with fast di usion only if
- 2Q,i.e. for of the form:

_ni
n2 (14)
with ny;n, 2 N.
We will call 'rationally corvex' a function h(l{;1,) sud that its hessianmatrix
satis es condition (12) at any point of its domain. Function (13) is not corvex if 0,

but is rationally corvexif = 2 R=Q,

For n > 2 the condition of rational cornvexity slightly complicates, becausethe
possibility of multiple resonanceconditions forcesusto take into considerationfast drift
planesof dimensionrangingfrom 1to n 1. Precisely we give the following:

De nition.  We say that the n{dimensional squae matrix A is rationally convexif for
any setof independentinteger vectors k*;:::;k92 Z", withd 2 f1;:::;n 1g, denoting
with K thed n matrix whosecolumns are the vectors k', it is:

det(KTAK) 6 0 : (15)

z More preciselyin order to prove exponertial stability one should require somealgebraic condition
sud as a diophantine{lik e condition: jk Akj  =jkj for any k 2 Z?n0.

x Again, to prevert diusion on exponertially long times one should require an algebraic condition,
sudh as: jk Akj  =jkj for any k 2 Z?nO0.
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We saythat the real function h: D! R, with D R" open set, is rationally convexat
| 2 D if its hessianmatrix h%I) is rationally convex.

We briey explain (15) in the casen = 3. The resonancegelated to the lattices of
dimension1 generatedby k 2 Z3n0 have equations:k Al = 0. The spaceof fast drift is
a line parallel to k, thereforea line of fast drift is contained in the resonanceaf and only
if K Ak = 0, asin the casen = 2;d = 1. Instead, if n = 3;d = 2 the resonanceelated
to the integer vectorsk?; k? is the line in the intersection of the planesk! Al = 0 and
k? Al = 0. The spaceof fast drift of this resonancehasdimension2, and is generated
by k'; k2. Therefore,the resonances transverseto the plane of fast drift if and only if
equation (15) is satis ed. This argumern can be generalizedto the higher dimensional
cases.

Remark. Condition (15) forany d = 1;:;;n 1isindeed necessar,)ﬁalg it canbe %S:n
consideringthe exampleh = (1=2)(l 2 |2 12), with =2+ 2and = 2.
Denoting A = h% it isbk Ak 6_0 for any k 2 Z3n0. H1 fact, for any integer vectork, it
is:k Ak = k? (2+ 2)k3  2kZ=(k? 2k3) = 2(k3+ k3) which vanishesif and
only if k3+ k3= 0andk? 2k3 = 0, which in turn aresolved only by k; = k, = ks = 0.
Howewer, h is not rationally corvex becauseit fails condition (15) for the resonance
generatedby k = (1;0;1) and k°= (0;1;1). In fact, denoting by K the matrix whose

columnsare the vectorsk: k° it is : | |

kK Ak k AK® 1
kO Ak kO K° -

whosedeterminartis (1 )( + ) ?=0.

KTAK = (16)

In the rationally convex case,it should be possibleto prove exponertial stability
even if the proof is quite long becauseit reproducesthe well known proof of the
Nekhoroshewvtheoremfor the corvex case(see[21]). More preciselyin order to prevernt
di usion over times slowver than exponertials of 1=" oneneedssomealgebraiccondition,
sud as:

det(KTAK) —— (17)
K

for any integermatrix K ( K denotesa matrix{norm). In the casen = 2 this condition
Is:

jAK  Kj i 8 k2 Z%n0 : (18)

Recertly, Niedermanreconsideredthe Morbidelli and Guzzoidea and generalizedit to
the genericsteepnessase[22].

3. The model problem

In this article, we study numerically the e ective impact of the rational convexity on
di usion, and we compareit with the Arnold di usion. We will useas model problem
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the quasi{integrable map:

|0 1 .|0—|
1+ 1y R I >
0
2

l:
9= 1Y 12 e (%Y (19)

which is in the form (5), with n = 2, h equalto (13) and we use as perturbation the

function:
1
f = . ¢c>0:
cos( 1)+ cos(,)+2+cC

This peculiar form of the perturbation is chosenbecauseat hasa full Fourier spectrum.
We study the diusion properties of the system for (many) dierent values of the
parameter , that determinesif the integrable approximation is corvex(p < 0) or
not (> 0). In the non corvex casewe will considerseparatelythe cases: 2 RnQ
(rationally corvex) and™ 2 Q.

In order to adapt to symplectic maps the discussiondone about the hamiltonian
casewe recall that the geometry of resonancesf a map of the form (5) is equivalert
to the geometry of resonancesf the hamiltonian with n + 1 degreesof freedom (see
[16],[17].[18])

h(l;500) + 2 1o

which, in the speci ¢ caseof the map (19), projects in the spaceof the actions| 4;:::; 1,
on the web of lines:
k]_l]_ k2|2+2k3:0

with ki;ko; ks 2 Z. Then, when" 6 0, one can construct the normal form adaptedto a
resonancesud that the action dynamicsis attened near the line of fast drift that is
parallel to the vector (ki; ko) (see[18]).

As a result, the map (19) has a generic geometry of resonances. In fact, the
resonance®f the unperturbed systemrelated to all integervectors(ky; ky; k3) constitute
a denseweb in action plane (1 1;1;), while the Arnold web is a densesetin phasespace.
Repeating the argumern given for the hamiltonian case,and recalling that the line of
fast drift is parallel to (ky;ks), the map (19) can have fast di usion only if  satis es
condition (14). In this case,there existsa family of resonanceshat potentially support
fast di usion, preciselyall resonanceselated to integer vectors (kq; k; ks) with (kq; k2)
satisfying:

ﬁ = m = p o
k2 n»o '
and thereforeall resonan lines with equation:
— k
b= PT,+2 2. (20)
ka

This family of resonancesonstitutes a web, that we call \fast web", and is a subsetof
the Arnold web.

Becausethe fast web is densein the action plane, the phenomenorof fast di usion
can bring the orbits near any point of phasespace. In fact, di using orbits can in
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principle changese\eral resonancesn short times of order 1=". As a consequencethe
orbits can indeeddi use in the fast web, rather than simply drifting along a line like
the simpler n = 2 hamiltonian case. This justi es the useof the name 'fast di usion'
for this phenomenon.

Although the steepnesshypothesisis no more valid, it still exists a part of the
Arnold webthat cansupport action di usion with a speedthat is at most exponertially
slow, asin the usual Arnold di usion. This part is the complemen of the \fast web".

The sizeof the harmonicsrelated to a given resonanceas another relevant factor in
determining the rate of di usion. It is related to the order jkj = jkij + jkyj. We remark
that the fast web cortains resonancesvith minimum order n; + n,, that givesa lower
bound to the speedof fast di usion determinedby ny;n,.

Thereforethe di usion on the resonance®f the fast web of su cien tly high order
can be slover than the Arnold diusion. The typical situation, in the non rational
cornvex caseis thereforethe presenceof two competing medanismsof di usion, which
is analyzedin section4.

In the rational convex case,fast di usion cannot exist. Indeedwe nd numerically
that the diusion coecient decreaseswith " faster than any power law (possibly
exponertially). Newerthelesswe nd that the di usion coe cient decreaseslower than
the corvex case. We expect sudr a behaviour: when matrix A satis es a condition
like (18) (which is the casethat we will consider)the constart bthat characterizesthe
stability timesin (3) is smallerfor large . The corvex casecorrespndsto the smallest
possiblevalue = 2, i.e. to the biggestconstart bin (3).

From a technical point of view, we investigate the di usion properties of the map
(19) with the techniques used in [23], [24], [29, [26], [27]. These techniques rely
essetially on the so{called Fast Lyapunov Indicator (FLI in the following, introduced
in [28 ), that allows a precisenumerical detection of the Arnold web of a given system.
The theoretical motivations for the useof the FLI are reviewed in the Appendix.

4. Geometry of resonances and di usion

The numerical study of the di usion properties of a quasi{integrable systemis greatly
simpli ed by the computation of its geometry of resonances.In fact, di erent kinds
of di usion can be detectedin a quasi{integrable system, suc as the widely obsened
Chirikov diusion ([29]), the Arnold diusion (occurring on much longer times and
thereforeonly recerly numerically detected[25), [26]) and the fast di usion.

All thesedi usion medanismsare strictly related to the geometry of resonances:
the rst oneis characterizedby resonanceoverlapping, while in the secondand third
caseresonancesire arrangedasa regular web (the so{called Arnold web) and the phase
spaceis lled by alarge number of invariant tori.

A precisenumerical detection of the Arnold webis possiblewith the Fast Lyapunov
Indicator (hereafter called FLI). This method, introduced by Froesdle et al. [28]is
reviewed in the Appendix. Figure 1 shaws the Arnold web for the mapping (19) with
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2.5 3 3.5 4 2 2.5 3
Figure 1. Detection of the Arnold web for a rationally convexcase: = (p&_') 1)°=4
and for = 4. The perturbation parameteris " = 0:1 and the integration time is

t = 1000 iterations. The FLI valuescloseto logt = 3 correspond to invariant tori,
higher values shaw the presenceof chaotic orbits and lower values correspond to the
regular part of resonances.

" = 0:1. The FLI hasbeencomputedon a setof 500 500 iBitiaI conditions regularly
spacedn the intervals: 0< I; < and0< 1l,< for = ( 5 1)>=4(Fig.1,left) and
for = 4 (Fig.1,right). The initial anglesare chosenequalto zeroand the integration
time ist = 1000iterations.

In Fig.1 the white lines (yellow in the electronicversion) correspnd to the chaotic
part of the resonancesvhile the grey (red) badkground correspndsto the setof invariant
tori characterizedby a FLI value of about logt = 3. Colors going from grey (red) to
black stay for regular resonan motions. The Arnold web, which is a neighbourhood of
all straight lines:

Kil1 Kolo+ 2 k3= 0

with Kki;ko; ks 2 Z, appearsclearly. The set of all resonanceds denseon the plane.
Howewer, one can expect that resonarn orbitlsb surround ead resonanceline up to a

distancewhich decreasesvith the order jkj =  jk;j. Both pictures represem a system
with no global overlapping of resonancesalthough for = 4 larger chaotic regions
appear.

We recall that for  satisfying condition (14) there is a family of resonances
potertially supporting fast di usion. More preciselythere are the resonanceselated
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to integer vectors (ky; ko; k3) with (kq; ky) satisfying:

k1 n _ pP— .
k2 n»o '

and thereforeall resonan lines with equation:

b= PT,+2 K. 21)
ko
This family of resonancegonstitutesthe \fast web". Someof theselines appear clearly
on Fig.1,right.

In order to have the chanceto obsene fast di usion, it is usefulto selectchaotic
initial conditionson the fastweb. This task is madeeasyby the FLI chart of resonances.
Following the same procedure used in [25] we integrate sud chaotic orbits and we
represeh them on the FLI chart consideringonly those points of the orbits which

intersectthe section
S=f(ly1)2R%"  =0i=129 : (22)

We recall that the FLI charts are obtained for initial conditions that belongto the
section S. Since computed orbits are discrete, we represeted points on the double
sectionj' ;j 0:05,j' ,j 0:05. A smallertolerance(lower than 0:05) reducesonly the
number of points on the section, but doesnot changetheir di usion properties. Fig.2
shows the successi® intersectionsof a set of 100 orbits with section S up to a time
t=51CFfor = 4and" = 0:1. The initial conditionshave beenchosenalongl, = 1,=2
with 0< I; < . We have chedked, on a small integration time of t = 1000iterations
that sud orbits are chaotic, i.e. they have FLI values20% greater than the reference
value for the tori (which is' logt). The initial anglesare equalto zero.

Fig.2 shavs a phenomenorof di usion, involving a macroscopiaegionof the phase
space.Sud global di usion occursmainly onthe \fast web". We remarkthat the initial
conditions were chosenon the fast web and a question may arise as to what happens
when choosinginitial conditions along another resonance.

We recall that in [26 we performed a similar experimert with corvex systems
(hamiltonian and maps) that satisfy the hypothesesof the Nekhoroshevtheorem.
Indeed, by selectingchaotic initial conditions on low order resonanceswe have obsened
a phenomenorof global di usion through all the resonancegat leastof low order) of the
Arnold web on times longer than any power law, and compatible with the exponertial
(3).

The Arnold di usion is presen alsoin the non{convex case,and could also play
an important role. For the non corvex casewith = 4, we have selecteda set of 100
chaotic initial conditions on the resonanced , = |,= (that is not in the fast web) and
represeted their orbits onthe FLI chart. Let usremarkthat the order of this resonance
is jkj = 2, while the order of the resonance®f the fast web satisesjkj n;+ n,= 3.

We have obsened that for " = 0:1 the Arnold di usion on a time of about 510’
iterations movessomeof the orbits through the Arnold web giving them the possibility
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10

12
o

-10 I I I
-10 -5 0 5 10

Figure 2. Diusion for " = 0:1 of a set of 100 chaotic orbits for = 4 The points
are the intersections of the orbits with the sectionS up to a time t < 5108 iterations.
It appearsclearly that di usion occurs mainly on the on the \fast" web, i.e. the web
formed by the setof lines: 1, =  pl; + 2K with k2 Z.

of reading the \fast web" and then rapidly di using. Qualitativ ely we obsene the same
pattern of Fig.2 up to t = 51CF iterations.

In next sectionswe will study in more detail the interplay betweenArnold di usion
and fast di usion. The strategy will consist of integrating orbits that have a great
probability of di using in both casesj.e. chosenrespectively on the low order resonance
I, = I;= and on the fast web.

For tt’Bs purposelet usconsiderthe rationally convex caseof Fig.1,left correspnding
to .= ( 5 1)2=4. In this non{convex casethe lines of fast drift do not correspnd
to resonancesThe di usion alongthe resonancess of Arnold type and needsvery long
times to be obsened accordingto the value of " and to the order of the considered
resonances.We have chosena set of 100 initial condition on the low order resonance
I, = 1,= inthe interval 0:7 < |, < 0:8. For comparisonwith the cornvex casewe have
integrated 100 chaotic orbits, chosenon the sameresonanceput for . = re- FIg.3
shaws the successie intersectionsof the set of orbits with sectionS up to t = 10° (left
panel)andt = 10° (right panel) for respectively . (top) and . (bottom) for" = 0:21.
In both cases,we obsene a local phenomenonof Arnold di usion along the resonar
line and qualitativ ely the only di erence is the speedof di usion, which is lower in the
convex caseas we remarked in Section3.
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Figure 3. Diusion alongthe resonart line | , = |4 for" = O:210faset%f 100initial
conditions with 1 in the interval 0:7 < 1, < 0:8 for respectively .= (( 5 1)=2)?
(top) andand . = rc (bottom). The black points are the intersectionsof the orbits
with the section S (de ned in the text) up to time t = 10° (left panels)and t = 10°
(right panels).
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5. Measure of the diusion coecien t

Following the procedure of [25] we tried to measurea diusion coecient asif the
phenomenonwas Brownian like. For a chosenfraction T of the integration time, for any
n 2 N, denoting with 14;(0) and I (0), j = 1;:::;N the initial conditions of a setof N
orbits and with 14 (t) and I,; (t) the correspnding valuesat time t we consideredthe
quartity:

1 X

dnT) = - [ (1) 125 0)2+(125() 12;(0)21(23)

"I 1y (0] 0:055 55 (D] 0:05
where M, is the number of points on sectionS for t in the interval (n 1)T t nT.
In our numerical experienceswe have obsened a linear increasewith time of d. The
slope of the regressionline is the di usion coe cient D.

We have studied the dependenceobthe di usion coe cient onthe parameter” for
the rationally com%x casewith .= (( 5 1)=2)? and, for comparison,for the corvex
casewith .= (( 5 1)=2)

According to the experienceshavn in Fig.3 we have integrated, up to t = 10°
iterations, a set of 100 chaotic orbits with initial conditions chosenon the low order
resonancd ,; = |;= and we have repeatedthe computation for di erent valuesof ".

The estimatesof D versus1=" arereported in Fig.4 in a logarithmic scale. Clearly,
data are not well tted with a linear regression,which would correspnd to a power
law D (") = C(1=")". Indeed,if we de ne 3 di erent setsof data, and we perform local
regressiongor ea set,we nd for , the threedierent slopesn; = 1.9,n,= 5and
nzy = 15. This is su cient to excludea global power law and the changesof slope are
compatible with the expected exponertial decreaseof D. For the non corvex casewith

rc, We have alsofound three di erent slopesm; = 3, m,= 48andmz= 9. Such
changesof slopesare in favor of an exponenial decreaseof D although, in agreemen
with the theory, slower than in the corvex case.

For the non{cornvex and non rational corvex value . = 4 we have repeated the
experienceconsideringtwo setsof initial conditions: set(A) on the resonancd , = pL-1;
(that is in the fast web) and set (B) on the resonancel, = I, (that is not in the
fast web). Resultson di usion are presened in Fig.5. For the three larger valuesof "
we have obsened Chirikov di usion. Its speedis independern on the set (A) or (B) of
initial conditions. For lower valuesof ", when we have no resonanceoverlapping, we
still obsene a global di usion but of di erent nature. Sud a di usion occurs mainly
alongthe resonance®f the \fast web" asexplainedin the previous Section (Fig.2).

We have obsened the global di usion on the \fast web" for all the values of "
consideredfor set (A) and the di usion coecient is well tted by a power law (with
slopem = 1:3).

For set(B) we obsene the samekind of global fast di usion only for 3< 1="< 10.
We can t the points correspnding to global di usion (both Chirikov and fast) with a
power law of slope m; = 3.7 (Fig.5). For lower valuesof " only local Arnold di usion
along the resonancd , = 1, is obsened up to t = 51( iterations. The correspnding
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Figure 4. Measureof the di usion coe cien t asa function of 1=" for respectively the
rationally corvex casewith . (square)and the corvex casewith . = re. In both
casesdata are well tted by 3 power laws with slopesm;, i = 1;::3 for ;. and nj,
i=1;:3for ..
di usion coe cient suddenly drops being tted by a power law of slope (m, = 11).

For valuesof " lower than 0:03 we did not obsene any more di usion up tot = 5108,
Let usremark that the changeof slope of set (B) is not of the samekind than the one
presented in Fig.4. Here,it correspndsto the changefrom global (Chirikov and fast )
di usion to the local Arnold di usion while in the previous experimert we had always
the samephenomenonof local di usion.

6. Ab out the inuence of on the speed of diusion.

In order to study the in uence of 1:IO ~ onthe speedof di usion in the non corvex case

we have measuredthe di usion coe cient D for 300valuesof with 0.5< 1= < 1.
For eat value of _a set of 100 chaotic initial conditions has beenselectedalong the
resonancd , = Ilzp ~with 0< I, < and the orbits are computedon 1 iterations.
The perturbing parameteris " = 0:1.

Fig.6 shows the variation of the logarithm of D asa function of 1:p . Weobsene
a drop of 4 orders of magnitude in D when passingg)rom 1:p = 05to 1:p ' 0:55.
The sameoccurswhen goingfrom 1=~ = 1to 1= ' 0:9. Surprisingly, we do not
remark the e ect of the low order rational 1=~ = 2=3. The valuesof the di usion
coe cient around 2=3 are quasiconstart aroundthe valueD ' 10 19,

We have exploredwith more detail the case = 9=4. We considereda set of 100
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Figure 5. Measureof the di usion coe cient D asa function of 1=" for orbits of data
set (A) (circle) and of data set (B) (square). For data set (A) the function D(") is
tted by a power law D(") = (1=")" with m = 1:3. For data set (B) the di usion
coecient is tted by a power law with m; = 3:7 up to " = 10 (global di usion),
then a changeof slope is obsened with m, = 11 (local Arnold di usion).

initial conditions along a resonanceof fast di usion 1, = 2=3I; with 1< |, < 1:3 (data
set1) and a setof 100initial conditions alonga resonanceof low order: I, = ;= with
1< 1, < 1.3 (data set 2) for dierent valuesof " (from " = 0:22to " = 0:0001). The
initial anglesare’' ; = 0and' , = 0.

Fig.7,top showns the resulting di usion for respectively data set1 (left) and 2 (right)
for " = 0:18, and Fig.7,bottom for " = 0:025. It appearsclearly that, for " = 0:18
we have a phenomenonof global di usion for both data sets, and that the speed of
di usion seemsto be of the sameorder. More precisely we obsene that the speed of
Arnold di usion on alow orderresonanceanbe of the sameorder of magnitude, or even
greaterthan the speedof the di usion alongthe fast drift line whensud aline coincides
with an higher order resonance.Let's recall that the order of the fast drift resonance
is jkj = 5 while the resonancel, = 1;= hasorder jkj = 2. Sud a result is a little
surprising since we are usedto think to Arnold di usion asa very slov phenomenon.
Actually, when" approates”y (3), asit isfor " = 0:18, and whenthe fast drift line is of
moderately high order (Fig.7,top), it turns out to be competitiv e with the fast di usion.

When decreasing' the speedof Arnold di usion on orbits of data set 2 decreases
faster than the speedof di usion of orbits of data set1. We remark that for " = 0:025,
onatime t = 10 iterations, the main cortribution to the di usion for data set2 is that
in the directions parallel to the fast drift lines. A measureof the di usion coe cient
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Figure 6. Variation of logD as a function of 1=p_ for 300 values of  with
0:5< 1= < 1. For eath value of a set of 100 chaotic initial conditions taken
along the fast drift line I, = ;= — with 0< I; < hasbeenintegratedup to t = 10®
iterations. The perturbing parameteris " = 0:1

(Fig.8) asa function of " for data set 1 and 2 allows to quartify the e ect of fast and of
Arnold di usion .

In particular, it appears clearly that for " = 0:1 the speed of Arnold di usion
is of the same order than the speed of fast diusion. This is the reasonwhy we
didn't found any di erence betweenthe di usion coe cient computedfor 1:p - =23
and for their irrational neighbouring values. In order to obsene the in uence of the
rational value 1=~ = 2=3 ondi usion it is necessaryto decrease'. We have therefore
repeatedthe computation of D asa function of 1= for 100valuesin a neighbourhood
of 1=~ = 2=3 for " = 0:05. Fig.9 shows the emergenceof the rational value of
1=" = 2=3 characterizedby a di usion coe cient 2:5 order of magnitude higher than
for1=" ' 2=3 0.03.

7. Conclusion

We have studied the phenomenonof di usion in a non corvex symplectic map for
di erent valuesof the parameter and of the perturbation parameter”. For 22 Q
we obsened a rapid global di usion along the resonancegorming the \fast web" only
whenthe order of the fast drift line is low. Otherwise,evenif 2 2 Q the diusion along
the fast drift line may not be the most rapid phenomenon.The order of the resonance
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Figure 7. The four panelscorrespond to the FLI chart of the action plane (1 1;12) for
the map, with initial conditions on the sectionS asexplainedin the text, with dierent
magni cations. The white (yellow in the electronic version) region correspondsto the
chaotic part of the Arnold web. Panel a,b are for " = 0:18 while c,d are for " = 0:025.
The black points are the intersection of the orbits with section S for data set 1 (left)

and 2 (right).
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Figure 9. Variation of logD as a function of 1:p_ for 100 values of  with
0:63< 1=~ < 0:7. For each value of a set of 100 chaotic initial conditions taken
along the fast drift line I, = I1=p “with 0< I; < hasbeenintegrated up to t = 108
iterations. The perturbing parameteris " = 0:05
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asseiated to the fast drift line hasto be takeninto accoun. To be de nite, we found,
for somevaluesof the perturbation parameter, a similar di usion coe cient for orbits
driven by the Arnold medanism along a low order resonanceand for orbits moving
along a fast drift line coinciding with an higher order resonance. Howewer, whatever
the order of the fast drift resonancewhen decreasing' the speedof di usion decreases
slowver on the fast drift direction than on other lines.

Finally, when P 2 R=Q we recoveredthe di usion properties of the corvex case,
i.e. we measureda di usion coe cient decreasingwith 1=" fasterthan a power law and
in agreemenh with the expectedexponertial deca.

App endix: The FLI metho d and quasiin tegrable dynamics

We review the FLI method shaving why it allows the detection of the geometry
of resonance®f a quasi{integrable system. For simplicity we refer to the hamiltonian
case:

H-(1;")=h()+ " (") 3 (-1)

small parameter. For any initial condition (I (0);' (0)) and any initial tangert vector
(v (0); v+ (0)) the Fast Lyapunor Indicator at time t is the quartity:

logk(vi (t); v (t)k

where (v, (t); v (t)) is the solution of the variational equationsof (.1):

% = "X1 @f V ll><.I @f vV
dt L@e" @@
dv . X' @h X @ X @t
= F " L 2
dt -, @@ Vi ¥ _, @@ Vi ¥ - @j@iv' (-2)

In the integrable case” = 0 the above equationsare immediately integrated and the
solution is
@h

vt =v(©) ; v(1)=v )+ @(l O)vi (O)t :

Therefore, the norm of the tangert vector v°(t) grows at most linearly with time.
Instead, for any " 6 0 the systembecomesnon{integrable and one does not have an
explicit analytic expressionfor the solutions of both the Hamiltonian and variational
equations. Howewer, if " is small, one can use Hamiltonian perturbation theory to
estimate the ewlution of the tangert vector. Assumingthat Hamiltonian (.1) satis es
the hypothesesof the KAM and Nekhoroshevtheorems(in particular we assumethat
h is convex and " is suitably small) we proved that [24]:
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(i) The initial condition is on a KAM torus; then the norm jjv (t)jj of the tangert

(ii)

vector v' (t) integrated for the Hamiltonian H. satis es:

.o @h y

v ()i = @(I(O))w (0) t+0O(" )+ 0Q) ; (:3)
with some > 0. The reasonis that the dynamicson a KAM torus correspnds
to the dynamics given by an integrable Hamiltonian which is "-close to the

Hamiltonian h.

The initial condition is onaregularresonam motion. Werecallthat a d-dimensional

lattice Z" de nes a resonancethrough the relation: k % =0Qforany k 2 ,

or equivalertly: % = Owhere denotesthe Euclidean projection of a vector

onto the linear spacespannedby . As is usualin the Nekhoroshevtheorem, we

only considerresonanceselated to integer lattices Z" which arepqeneratedby
n

d n 1lindependen integervectorsk®,i d, with order kU =" [ kj(i) up

to a threshold order K which grows as 1="2r. According to the de nitions given
in [15], the resonan domain asseiated to a lattice  is a neighborhood of the
resonancade ned in the following way: rst we require that the action is suitably
closeto the resonancehrough the inequality:

do

@
'® @rra] o

(ap; a; are suitable constarts, j | is the Euclideanvolume of the lattice ), second
we require that | (0) is suitably far from the other resonancesmore precisely we
require:

@ o

@@ > @y g ¢5)
for any lattice °© generatedby d + 1 independen integer vectors of order smaller
that K (wereferto the paper [15]for details). Among resonan motionsit is typical
to nd both regularand chaotic ones.In particular, the presenceof regular motions
is typical in the resonanceselated to lattices of dimensiond = 1, becausethe
normal form in that casedependsonly on one angle, and in resonance®f higher
multiplicit y d > 1they canbefound nearelliptic equilibrium points, whosepresence
is alsotypical. It is alsonot very restrictive to assumethat in the neighborhood
of theseelliptic equilibrium points the systemsatis es the hypothesesof the KAM
theorem, so that we can expect that the sameneighborhood is lled with a large
volume of quasi{periodic motions.
For thesemotions,if | ;' denotesthe equilibriumdooint and onechoosesan initial
condition (I;" ) in the resonancewith jI | | "wandj' ' j % then for
any initial vector v, (0);v- (0) it is [24]:

iV (t)jj = KC  otv (O)kt+ O(" t)+ tO(%) + O(IO t) + O(pl?)(-G)
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with some > 0, °" being the linear spaceorthogonalto , and C a linear
operator depending on the resonan lattice and on the initial action I (0). It is:

h h h h
C = %(l (0)) %(l (0)) %(I (0)) %(I ©) : (7
where %(I (0)) denotesthe inverseof the restriction of % to the linear

spacespannedby (which is well de ned for the corvexity of h).

As a consequencef (.3) and (.6), the resonancestructure of the phasespacecan
be detectedcomputing the FLI, with the samegiven v(0) and the sametime interval t
on a set of regularly spacedorbits: Eq. (.3) says that it takesappraximately the value
of the unperturbed caseon all KAM tori; Eq. (.6) says that for suitably small " and
%it is di erent at order O(1) from the unperturbed caseon regular resonam motions.
In fact, the linear operator C o« is di erent from the Hessianmatrix of h at order
O(1),i.e. C o doesnot approah % as" approatesto zero. For initial conditions
on chaotic resonam motions the FLI is higher than the value characterizing KAM tori.
In this way, we detect the presenceof the resonancedecausethe value of the FLI is
di erent from the uniform value assumedon the KAM tori.
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