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CHAPTER 1

TWO DIMENSIONAL TURBULENCE




1.1 INTRODUCTION

The study of turbulence to the present date has
largely been confined to the:study of three, as oppesed
to two, dimensional motions. There appear to be two
main reasons for this. The first arises. from the prac-
tizal difficulty in setting up a two dimensional flow:
no cne has as yet produced such a flow with any refine-
ment, in sharp contrast to the abundance of the three
dimensicnal flows both inside and out of the laboratory,
and consequently the study of two dimensional turbulence
has never received any impetus from the experimentalist,
Indeed there is a suspicion, which we shall discuss more
fully in$2.5, that strictly two dimensional turbulence
is not generally a realizable flow since any such motion,
if it were to be produced, wouid be 'unstable' to three
dimensicnal disturbances and would quickly degenerate
intoc three dimensional turbulence. Thus there is even
a positive discouragement from the experimental view-
\polnt to try to establzsh a two dimensional!turbulence
theory.

The second reason for the lack of study results
from the realization that the dynamics of two and three
dimensional turbulence must be radically different. In
two dimensional motions there is no internal. mechanism
- which can generate vorticity, suth as the 'stretching
of vortex lines' in the three dimensional situation, so
the structure of the governing equations of motion and,
as a . result, the constralnts on the vorticity and energy
dlSSlpation are necessarzly not the same in the twe
situations. This fact, combined with thg disincentmve
of the first reason, has led to an almost complete neglect
of the sﬁbject which is discussed in this dissertation,




The original motivation for attempting this study
of two-dimensional turbulence arose from the need to
adopt as simple an analytic situation as possible in
developing the numerical technique described in chapter
3., Whilst that motive still remains, it is to be noted
that this study may now also be justified in the fact
that there appear.to.be striking parallel.situations
in two and. three. dimensional. turbulence. so that the
testing of a three dimensional turbulence theory in its
two dimensional analogue may prove to give a valuable
added insight in future.. ‘ ‘

1.2 STATEMENT OF THE PROBLEM

We shall study the motion of a fluid which satisfies
the following conditions:

(i) The fluid is unbounded.

(1i) The velocity of the fluid is everywhere
parallel to a fixed plame and is independent
of the co-ordinate normal to that plane.

(iii) The velocity field satisfids the continuity
equation for an incompressible fluid, so
that if the velocity |

w = ( wix,y,8) 5 (%88, o)

then 5
B v
Wt Sy= 0 (1.2.1)

(iv) The velocity field satisfies the Navier-
Stokes equation
2 uVe=F-5V+vVh (1.2.2)
- where T is the body force per unit mass
exerted on the fluid, ¢ is the density, and

y - is the kinematic viscosity of the fluid.,

(v) The turbulence is homogeneous. Thus, given
anyn kinematic quantities £i(x.9),...., £ (x,¢€)



where n is an arbitrary integer and where
any of the §'s may be components of a
vector, then the quantity

F ) f (et er6) oo oo o (BrE ,6480)
where the overbar denotes averaging, exists

and is independent of Xx.

The averaging procedure we shall adopt will be
either an averaging over space at one instant in time
of a particular flow or an averaging over a set of
different realizations of flows at one point in space
and at one instant in time. We shall assume that there
is some applicable Ergodic Theorem which implies that
the ensemble average of a well-defined set of realiza-
tions is equivalent to the spatial'average over almost
any of the realizations in the set, so we need not dis-
tinguish which averaging procedure we have used in the

above formulation of homogeneity or in many of the cases

of averaging we shall describe below.

Our aim in this dissertation is to-try to describe
the behaviour of some of the simplest statistical
quantities of two dimensional turbulence. It has be-~
come the practice in turbulence thedry to ascribe some
importance to the velecity and vorticity correlation
functions, or alternatively to the energy and mean-square

TVorticity spectrum functions, and we shall concentrate

on attempting to specify these in particular. To do |
this we shall either construct some initial value problem
and try to obtain the detailed structure of thesa

' ciua.ntz,tl_es or, failing the first methodtrytospecify their

general functional form for some assumed wide class of
turbulent flows., Both of these approaches are widely

used in turbulence theory and need no justification here.




A large part of cur analysis will be concerned with
the (stochastlc) Fourier-Stieltjes transform of various
quantltles, so we will briefly outline the definition
of this operator before proceeding with the theory prorer.
If, Say,:GJ(ﬁat) is the vorticity field we set up the

E definition of the transform dY(&,tYof the vorticity as
follows (see Batchelor (1953, p.30)):

Suppose P is a fixed peint in space and we con-
struct a Certesian reference system with? as origin.
Let

m?(g_,t-,)() w(X,k) for 11 <X

= O otherwise,
then the Fourier integral
A(&,,X) = (@RY ij( ,e,X)e Lx Ax
exists and we can construct the Fourier-Stieltjes trans-
form of the vorticity as

. Q;ﬂ*ﬁ‘ z+d.ﬁ.z.
dY {g,0) = &:@Li J:. AE,e,X) 46, 4k, . (1.2.3)

We note that this definition is dependent on the

position of P so that we can construct an averaglng
procedure either by averaging over all possible Pmsxtmns
of P for some particular flow or by keeping P fixed
and averaging over an ensemble of realizations.

As an approximation to 4Y(& for some particular

value of 4 , which we shall assume is such that
] 4R] « | &i )
we shall take
aY(g,&) % f AE, 6, X") 4k, 4€ (1.2.4).
provided X'» dk', a.ﬁ;' There is no proof that this |
approximation is reasonable.and in fact we can construct

rh&-‘.;j kat 4-5.1

particular vorticity fields wi(x) , e.g.




fa) For txi< X!

sw Rx  otherwise,

for which (1.2.4) is not reasonable at all. But we

shall assume that the errors involved in evaluating
averaged quantities by this approximation will in general
be negligible.

@ x)

]

it

(In the particular context&%éez and 2.3, in which
we shall need this approximation we will require the
errors to be negligible in the evaluation of, e.g.,the
vorticity spectrum function

. L Y (&, ) &Y¥(& 5
SL(R) = 3 rowen 42(g)

where the integration is arocund a circle, centre the

origin, radius R , in wavenumber space.)

1.3 SURVEY OF THE LITERATURE ON
TWC DIMENSIONAL UNSTEADY FLOWS

The amount of work published on two dimensional
turbulence is very sparse indeed compared with that for
three dimensional theory. In fact there has been no con-
centrated effort to develop a theory for the unsteady
two-dimensional motions of a .viscous fluid at all, and
the main contributions to the subject have only succeeded
in stressing the conclusion that two and three dimensional
motions must be radically different.

When we turn to classical inviscid theory on the
other hand there is a wealth of literature. Most &f
this work has little relevance tc the real (v;scous)
turbulence gituation since the flows are based on partln
cular, and usually simple, patterns of vortex szngum"
larities, but there are a few significant general results
which could p0351b1y have an interpretation for the




turbulent flow of a fluid at high Reynolds number.

In the discussion below we group the publishéd work
into three sections dealing with inviseid theory, the
Fourier analysis of an unsteady viscous flow, and tur-
bulence theory.

(i) Inviscid theory.

‘In an unbounded inviscid fluid it has long been
known (see Lamb, pp. 202-2%9) that the velocity induced
by a finite system of vortices has an explicit functional
form. Moreover the motion of the vortices themselves
can be predicted. Thus if the position of the ith
vortex, of strength K; , is (x;,at) then it can bé shown
that

dx _ W Y -

where W is a function of the (x,4:) and of the ki,
In a paper by Lin (1943), which also contains a summary
of the work on this subject, this result is extended to
a fluid occupying a multiply connected, bounded region.

Now for an unbounded fluid the functional form of W
allows three integrals of the equations of motion (see
Lamb, p.229), namely

T kXt = constant , ) Kifi = constant  (1.3.2)
“and D WY (x{‘q-g_;’é) = constant
provided the fluid is at rest at infinity. It is. this
set of constraints which could have some relevance to
the description of a turbulent motion.

The constraints have analogues for a fluid which
has a continuous distribution, w , of vorticity. - Thus
wawéxd:s =0 , _U'vu)cb‘%'ac}

and J].(xlk.-%-ﬁv)w e\x& =0




if the velocity field decreases sufficiently fast at
large distances. These results suggest that perhaps W,
e and Xw+aviw are all zero in a turbulent fluid,

Now if 4 is the stream function, i.e. if
N
it may be shown_that
m s - () ¢ E Rl LR -
for a homogeneous motion, and 31m11ar1y for<ﬁ3 , but

e s = BIE xS %) - E5 608
5 JG0E)

and none of the terms on the right hand side of this

equation may be zero since quantities like

DXE Axg

(here we must confine ourselves 1o ensemble averagxng
since the spatial average may not exist) are not in
general independent of position. Thus we can only Obw

© tain two kinematical constraints in analogy with (1 3.2):

TS =0 and VB = 0. (1.3.3)

(These are in fact particular examples of the three

dimensional constraint
Law = 0. )

There do exist other constraints involving deriva-

rives of the velocity and vorticity, e.g.
w Vs =0 and uTw =0,

. but (1.3.3) appear +to be the simplest and most important

results. We note that none of these constralnts geem to
pestrict in any way the form of the energy and mean-square

- vorticity spectra.

To yeturn to the published work on discrete systems,
.(1943) and Welander (1955) developed a novel
heory of a finite system of vortices.



These authors used ideas based on statistical mechanics
in which they treated the vortices as particles and the
equations (1.3.1) as equivalent to a Hamiltonian system.
The only real conclusion resulting from this work is
that there is a tendency for vortices to group them-
selves together: vortices of unlike sign grouping
together for a flow with 'excess energy’ and veortices
of like sign grouping together for a flow with 'in-
suffiéienf enefgy » This result could. be interpreted
as a tendency for the motlon to develop small scale.
eddxes, albelt in patches » and. Wwe. may.have here evi-
dence of some cascade mechanlsm in vorticity act1ng within
a twpidlmenslonal turbulent mpt;on?(see§lgﬂ)gu The
stafistical properties of small scale motions, e.g. the
equilibrium range'in three. dimensional. turbulence, are
not greatly affected_by‘lafge scale inhomogeneities so
we may aésume that this evidenee,‘although derived for
an 1nhomogeneous motion, will apply to. homogeneous .
motions as well. The only dnubt about the appllcablllty
of the analysis- lies in the sulxablllty of the 1nv15ﬂ1d,
d;screte.mq@el to regrasent‘thﬂ,behaVloun,ofmthe small
é&ale variations. in a viscous.fluid, but if the time
scale associated with this tendency is small compammi
w1th the vlscaus diffusion time scale a ‘real, nearlym
d;screte g;stylgutlen|qf vortic;ty cou;d_be_sald‘tow
pehavé‘§ccor¢ing,to'0nsaggt*$_pfe@intiohﬁ
(ll) Thé'Faurier analysis of an'unSteady viécéus flcw
‘The main artempt of Leray (1934), Kampé de Fériet
(lgua, 1948) and Tse-Sun, Chow (1954%) has been to fix
bounds for the r@?e_qﬁ,dlsslpatloghaf.energywand,vcr— )
tiqity inlaglgn§teady viscous fluidqﬂ.ﬁnfnrtungtely.the‘
work of these authors (except Leray) is.marred by so
many errors that we may'discount many of the réSults,
and those that remain are not highly significant.




Leray showed that the energy of a bounded
fluid decreases at least as fast as exponentially, and
Kampé de Fériet (1948) fixed upper bounds to.the energy
and vorticity spectrum functions under the same con-
ditions. The first result could easily have been cb-
tained by stating that the rate of dissipation of energy
must be greater than or equal to the rate of dissipation
based on the supposition that all the energy ig in the

wavernumbar -
lowestAFourler mode, and the sother results could be
deduced from the same type of argumenta The bounds
prov1ded by such analysis however are so gross that they
are not very useful, particularly as the results cannot
be_extended for an unbounded’ fluid.

(In the other papers,Kampé de Fériet (1346) quotes
'the wrong Graen s function for the Laplac;an in a bounded
domain and Tse-Sun Chow_ignores both the possmblllty of
the existence of a cascade mechanlsm for vorticity (see
§1. 4) ‘and the varlatlon of the spoctrum functlons with
tlme due to the non«llnear term in the equatlon of motmon)

- Another group of authors (Fjértoft.(1953),.Pedlosky‘
(1962) and Platzmann (19862)) were concerned with . the
detalled 1nteractlons between Fourier modes in an un-

steady two dlmensmonal flow. The pitfall of this type.
of analysms is that the study of the 1nteractlons of a
small number of modes (three in Fjérteft and. Platzmann's.

agquses) cannot in general be used to‘predlct the be~
héﬁiour‘of a large number of modes in. a turbulent motion.
It iS'neceséary fo cohsider the effect of all interactions
in such a motion unless one has reasonable grounds for
neglectlng some of them. Pedlosky s paper does try to
deal with the questlon of which 1nteractlons may be ne-

glected but This analysis is in error 1nsomuch as he
assumes that the Fourier transform of the stream function

PRSI fan e A
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is a continuocus function of the wavenumber and also
assumes that isotropy. implies that the vorticity, say,
is a function of the radial distance alone - an isotropic

laminar, not turbulent, flow.

(iii) Turbulence theory.

The first paper published on two-dimensiopal tur-
bulence theory which was at all close to the well-
established three dimensional theory was by Lee (1951).

" In that paper the author argued that there could not be

a cascade process acting as an efficient dissipation
mechanism for the energy of a flow. Using the relation
for two dlmen51onal turbulence that

LT e ar = - 2o T E(RIRY 4R,
where ﬁx@) is the energy spectrum function (seefl.5 for
'lts definition), Lee showed by Kolmogoroff arguments
that the righf hand side of this equation increased at

least as fast as »™¥ as » tends to zero whereas the
left hand side should have a dependence of only v .
fConsequentlyithere is a contradiction which can only be
reSqiveq by abandoning the concept of an equilibrium
'rgﬁge as normally held in the three dimensional theory.

An interesting privately circulated report by
?'von Neumann ('Recent theories of turbulence'. (18503}
lso suggested the same conclusmon on the grounds that
'e”two dlmenslonal Navier- Stokes equatlon has both
h”matlcal and physical 1mpllcatlons, e.g. the con-
nf on the vorticity field already mentloned, which
qq;cally ‘different from the three dimensional

More recently the result has received support from
Ogura’(1962) who obtained a numerical solution for two
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dimensional turbulence based on the hypothesis of a zero
fourth-order cunmulant (the dynamical equation based on
this hypothesis having been obtained by Reid (1959)).

We shall delay an evaluation of Ogura's work until
chapter three but it is worthwhile to note here that
Ogura also concluded that the dominant energy transfer
was towards the low wavenumber region of the spectrum
and that there was only slight evidence of a mechanism
which transferred energy to high wavenumbers (see§l.7).

The remaining published work is devoted mainly to
the estabiishment'of the appropriate eqﬁations for two
dimensional isotropic turbulence. Thus Ogura (1952),
using the definitions

@ o) = Gl wp Gerr) , W aln) = ) v (340
‘ _ (1.3.4)
where «, is the component of 4 in the directiony , and
4, is the component:in a direction normal tot , obtained

} + 1-%? : S

Wthh corresponds with the relation

9= :F_’_r'aér

in three dimensions. He also obtained relations .for the

the relation

oyé dimensional and total energy spectrum functions which
again are nat significantly different from the three
dimensional theaory.

Hama (1953) obtained the analogue of the Kérmén-
lHowarth equatlon relatlng the time rate of change of the
seoond order velocity correlatlon to the thlrd order
velocmty correlatlon, namely

bk(“‘zf) (@) (R+3k)+r 2o (F.+3%) .39

g, % ;
GE) k() n‘ u?(§)“?(5+ﬁ) (1.3.6)
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(the Karmén-Howarth equation is
2
() (@%(E 4% + »w (Bt £¥) ;.

In addition he obtained the functional relation for the
energy transfer

a,g,(ﬁ) + HR) = -zw-&r&(R)
and concluded that there was, at this level of analysis,
little difference between the two and three dimensional

theories.

Ogura's (1952) paper also includes a derivation
of the energy spectrum function using K&rmén's energy
transfer hypothesis (see Batchelor (1853, p. 127)).
The author showed that there was no significant diff-
erence between the two and three dimensional predictions
from this hypothesis, but, in view of Ogura's later
arguments (1962) and the results of this dissertation,
we may regard the use of the Kirmin transfer function
as having no justification.

1.4 ENERGETICS
We now examine the rate of change of the mean
kinetic energy and mean-square vorticity of a two di-

mensional turbulent motion¥,

From the Navier-Stokes equation (1.2.2) with zero

body force and the continuity equation (1.2.1) we may

obtain ,
) 19 3 -
R () r as (e =g (ug) v (4 V%) (Ll
where w=lul . But :
w Ty =V ((aw)an) - @an)?

s0, on'averaging equation (l.4.1) and using the last

"% I am indebted to Professor G.K. Batchelor for the )
:original suggestion of the basis of the argument in this section.
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result we obtain
&i = - 2»3b

where £ is the mean kinetic energy and ra is half the
mean-square vqrf1c1tyo As $ is 9081t;ve,£7 must there-

fore always decrease in time,

If we examine the vorticity equation

dw = 2
.s...e 4 _&,vw = Vv W (191}.2)

we obtain

4.5% [Pyl
9k = T » (Vo) (1.4%.3)

i.e. the mean-square vorticity also decreases in time
and the rate of decrease of §& is proportional to the
mean-square of the vortieity gradient. .

Consequently, for a turbulent flow with initial
energy E. and vortiqity'gz,, the rate of dissipation
of energy

%‘i = - 2936

1} so that the rate of decrease of kinetic energy. can be
| made as small as we like by decreasing. the viscosity.

1 ;J . This is 'in sharp contrast to the behaviour of
L ‘three-dimensional turbulence where. in. the invisecid. limit.

the rate. of d1551pathn of energy becomes. 1ndependent

of the vmscos;ty, the fluld motion adjustlng itself so
that there 1s a non-zero, dlSSlpatlon, .The reason for
this is that the t,erm:g.Vg occurs in the vorticity
-equation in'three dimensions and it represents alpossible
mechanism for the genaratlon of vortlclty thussz is
not then a necessarlly decrea51ng function of time and
;omgcannot fix an,upper bound to.the rate of dissipation.

SRR G AR A A e D L T B et lTpd et ti v e
i .

If we define a new variable & such that




1y

2w dea
g - (-8 %9
a then the dissipation of vorticity, see equation (1.4.3),
can be written as
PRy z
i -v %

e

) -

Now the equation for & , obtained by differen-

tlatlng the vort1c1ty equation, is.
AL

_ SE e V}\v’\ (tL ‘U) )’v a;
where w =(0,0,w) . It is then a simple matter to show
that -
4 52 ‘ B QUL 0L —
"i T = T ¥x: ?:::; ey T ¥ (vaiﬁl .

The implication of this equation is that the quantity
@ does not necessarily decrease in time since the

%:“ term Y TOR Y™
¥ : ,ax'.. bx& “tg,‘{s

could be positive. We have therefore arrived at a
situation similar to that in the three dimensional
ltheo{ry. in two dimensions Y/ decreases at a rate » 58
and E?’is a quantity which does not necessarily decrease
in time; in three dimensions £ decreases at. a rate 2 »8%
and 9; is a quantity which does not necessarily decrease
in time. In fact in three dimenéions‘wehhave the ob-
§erved phenomenon that, for fully-devéloped“turbulgnce,
és ¥=»0 the rate of dissipation Qf[energyitendshto a
'éﬁ@ntity iﬁdependent of v, i.e, »il—~> constant. It
'ﬁéhld seem a plausible hypothasis therefore to assume
-th't_we have an analogpus situation in two dimensions

n that, as ¥ 0 , the rate of dlssu:atlon of & tends
‘Q_QHquant;py independent qfa?} i. e. »§: — constant.

| In effect we are saying that a turbulent motion
l'adjust itself to maximize, in some sepse, the



18

magnitude of the 'lowest order kinematic quantity’
which is not subject to any physical constraints. By
the 'lowest order kinematic quantity' we mean the lowest
order differential (or, if we were to work in higher
dimensions than three, the highest order integral) of
the velocity, and by 'physical constraints' we mean,

in particular for the two dimensional case, the fact
that vorticity cannct be generated.

We shall now proceed to_invéstigate_both the large
and small scale structure of‘two,dimensionalwturbulence
and find the consequences, if any, of the constraint
on the vorticity and the hypothesis concerning the
. dissiﬁa‘tion‘mechanism°

1.5 THE BEHAVIOUR OF THE LARGE SCALE MOTIONS

In three dimensional turbulence it was long. thought
that certain constraints necessarily governed the be-

haviour of the large scale motions. Tbus_(seefBatchelor
(1953,p5 28)) it was argued that the spectrum tensor

§‘a (&) s where o .
§~.\(€) (g;na)"j w(x) wy (x+1) e

could be expanded in & Taylor series of the form

$o (&) = -.@.n’j“Lum\E fin + o(és) (1.5.1)

W uL

| Ligmn = @) f ot Wiy (X) dr
@hd is iqvarignt in time.
However Batchelor and Proudman 8 (1956) paper

- -showed that éu(ﬁ) is in general not an analytlc functlon
' ‘near theﬂcr;gxn‘of,wavenumbgr space and that, with the

correct form of the expansion (1.5,1), the coefficient




Elh ot e

i avstrong indication of the non-analytic and non-invapiant

16

section we shall adapt Batchelor and Proudman's argu-
ments to the behaviour of. the large scale motions in
two dimensional turbulence and show that the situation
is very similar indeed to that in three dimensions.

The form of the energy spectrum tensor for a
turbulent flow at any instant must depend on the way the
turbulence was generated. Thus, for instance, if the
initial configuration of a turbulent motion possessed
periodicity of a certain wave length this periodicity
may persist throughout the history of the meotion and
consequently the spectrum tensor may_beAdiscrete,néar
the wavenumber origin at all times. (This is the case
with the turbulent motion considered in the numerical
céicuiations descriﬁed in chapter three.). For some
flows there is therefore no expansion of the form
(1,5.1) and consequently no invariance property.

Batchelor.and Proudman chose for their initial
motion a homogeneocus motion for which all integral mo-

. ments of cumulants of the vélocity field, and its der-~

ivatives, converge. They also put forward a plausible

‘ grgument to show that grid flow turbulence can be approx-

imated closely by this model. But in the two.dimensicnal
éi@blgm we have no practical means of generating tur-
bulence and sc there is no such justification for using
%:ishpqrtigular_iﬁiﬁi@l,conditionp_ However we are. seeking
féf anélYticity andninvariance in the small wavenumber
s?éﬁét@ré of:fhe‘spectrum function and the analysis in-
éivgd in thé'investigatiqn'WOﬁld lead one.to expect
gaﬁ:the coﬁverg@ncg 6f7a;1 integral,moments“is the
mgéﬁLfgquréble initial condition to result in these
P é?érties which we seek. The fact thatﬂif,does not
qeésariiy,do S0, as we shall show, can be taken as
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; small wavenumber behaviour of the spectrum function
i of most turbulent flows.

The basic method of Batchelor and Proudman is to
assume that all cumulant functions of the velocity
field and its spatial derivatives can be predicted at
all later times after the initial instant by a Taylor
series expansion. Thus the velocity correlation

Ry (r,e) = wilx) wylx+1)
is glven by the series '

Ry (¢,
’RQS_( ) = Ry lr,0)+ b °( ﬂ

€,%) &z -
fee’ € [ f" ]
; ‘ The time derivatives at the initial instant are
obtained from the Navier-Stokes equation, e.g. in the

case of the first derivative of the velocity correlation
we have (see Batchelor (1953, p. 79))

IR0 — . i (2 —Bﬂ)
"tb ! ] }"T.& ( “\.uku‘.;i hadl N &&—I “-S' ) + e ( «.._s:;-i B“i"jh

+ zvv*‘i?;g, (%) » o (1.5.2)

where the dash denotes evaluation at the point (k+I).
Batchelor and Proudman then derive the asymptotic form
of these time derivatives at the initial lnstant for

large +- and show that the time derivatives (and hence
the value of the function at a .time later than the
winitial ingtantﬁ‘have the behaviour O(+™) where w

s an integer. This then leads, for the velocity co-
‘.relation, to the asymptatic form of the energy spectrum
-tensor for small wavenumberso Finally by. determining‘
:the asymptotlc expressions for all the terms in equdation-
1.5.2), or its Fourier transform, Batchelor and
Proudman obtaln the behaviour in time of the asymptotic
aa_xprgss;qn for the velocity correlation,

AR R s L R
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For the two dimensional case we can repeat the

form of this argument. The equivalent equation to
(1.5.2) is

Ri' I 2 . "‘T""'.:.
?Tt_;(?‘%] %:r&(.u‘u,&& “"'L“'h.“*’)“}' (-%E‘;:‘ - ESE;":.)

N 2vvp_ rR‘i(tak) (10503)

and all the terms on the right hand side, except those
associated with the pressure, are exponentially small
for large + at the initial instant, since we assume
that all integral moments of these terms converge.

The divergence of equation (1.5.3) with respect
to the ¢ suffix is

_l._ “"'"":'; - - SJ' l;A.“_u.h’u,.'
¢ Vot = ““g;'g;::“ ’ (1.5.4)

all other terms being zerc by the continuity condition,
so that the appropriate solution for }:} for an un-
bounded fluid is

‘a?- u.‘LLiL )
W = . (.o lt'”r! &".“:l
¥R k) IR (1.5.5)
where 1&3“ B ouy {x+11),
Now the quantity
I ¥ wy kg wiH ‘
TR e = i,

_§y5 is exponentially small at large #'  so that we may
kpand the logarithmic term in (1.5.5) as a Taylor
if"ies for *f"(g-i-), and as t->c0 we have

. . b .
~ (loyr) j“& de' ~ ’S?,,(“L"s").[*r"’*a‘ Y ‘E‘gé;?f?(!@)_,[*r’*f' A !
R (1.5.6)

.-

) ;flrst three terms are zero since f; can be formulated
-3as a third derivative quantity and the integrals may
% : "'begtransformed into closed line integrals (by Stokes'




19

‘ Theorem) which in the limit of infinite radius are zero.
% By similarly transforming the integral in the fourth

E term of (1.5.6) we finally obtain

P~ 2 (lar) S«g Wy Ry dt

&gaqirf Ty e

Thus the terms associated with the pressure in
equation (1.5.3) are O(+%) for large+ , and we con-
clude that the first derivative of ”nght) at the
initial instant is O (™),

A comparison of the argument so far with Batchelor
and Proudman's paper will show that the working is
identical apart from the different solution of the
Poisson,equation;_equation_(l.S.u), giving rise to ‘log '
instead of 'Y+ ', and apart from certain numerical
factors . This is in fact the only difference between
the two and three dimensional theories. The basic

physical mechanism of the production of asymptotic

- forms of cumulants at large separation distances is the

same and is a result of the action of pressure forces
which have values determined instantaneously by the
whole velocity field.

'~ Indeed the only radical difference that:could arise
could only come from‘the vorticity equation (1l.4%.2)
since in two dimensibns the 'stretching of -vortex lines’
erm is identically zero. But this equation still re- !
He. build-up of asymptotic forms of cumulants involving
fhg‘yprticity will .depend on time derivatives at the
' $£1§1 instant of cumulants involving the velocity
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We will therefore adapt Batchelor and Proudman's
results directly and state that all the time derivatives
of the velocity correlation 'JSE are in general_cx+wﬂ
and that all the derivatives of the vorficity correlation
Sw are at most O(+7) at the initial instant for

large + . Hence we can conclude that
R (t,6) = Wing = O(+™4) (1.5.7)
ang Vit,g) = wel = O r-1) (1.5.8)

at any instant. We shall also need the following
results, obtained by the same form of argument;

S‘:E"S'ﬁ (-L{u.,ﬁ\&:: = O(,'*‘-a) . . (.10509.)
and e = 0(+%) . (1.5.10)

We now turn to the behavicur of the energy spec-
trum tensor @:_5 () at small values of 8 . From
(1.5.7) we conclude that both

f_'i?;s (rydr  and ff- R C+) At
converge absolutely. It therefore follows that §“ (.é)
and 5§q@§ﬁ%_are continuous functions of £ for all
small & .

However the integral .
Jaivg Ry () s

only converges conditionally. (It does in fact con-

verge: if +* is a value of ¥ sufficiently large to
permit the replacement of the integrand;by its asymp-
totic form, then S

_ . L-w»* Te2 9?‘6 (£) 4r 7 -
cpn be converted into convergent line integrals since
it can be argued that the asymptotic form of Ky must

.;ﬁ be a sum of terms all of the form of at least a fourth
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derivative of log+ . The net sum of these line in-

tegrals then vanishes.)

Thus - e
— (47%) j*&rg(l@c;\ (£) €755 de

exists at k=0 and ensures that the second derivative
of §:3 is uniformly bounded at all points near the
origin of wavenumber space other than the origin itself.
We may therefore expand @;3 as a Taylor series with

remainder, 1i.e.
v | 385 (6)) | o g I |
éu‘,c&)" é;_;[.o)"_" ﬁ([ "Yﬁ:: ]g=°+ 2! ﬁﬁﬁi[ S“‘isfi Jﬁ(loSoll)
whefe‘ O<iig) .

Since the compressibility. condition requires
R: écg () = O
for all & and Cramér's theorem requires § (k) to be
a tensor associated with a positive indefinite form
the first two terms of (1.5.11) are zero; so that
| o é,‘*‘(g) = ol | (1.5.12)
and the spectrum tensor will in general have a non-

analytic asymptotic structure at small wavenumbers.
The exact'formaqf this structure may be obtained from

| the vorticity spectrum function SL(k) , defined by

the equation -

Ry = 6w [ Vio et (g

-

I#_can be shown that .
| V(t) = “vzz-?g_g (x)

.80 that

(&) = R P (k) (1.5.14)

~- and $2(8) will be O(&*) for smallk .
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; Since V(t) is X+ at large + we may thus ex-
pand $2(k) using (1.5.13) by a Taylor series in. & about
k=0 up to the fourth derivative of SL(&) . Moreover,
as we shall prove, there is then a remainder term of
order ﬁfkgﬁ; . Consequently we can obtain the form
of the leading term for J$((€) and hence the form of
the leading term of @;5 (kY at small & in terms of

an integral moment.

The fourth integral moment of V(&) , namely
C&mmp = j«q o Tt V(t) At
is absolutely convergent so that the fourth derivative
of SL(&) , obtained from equation (1.5.13), is a con-
tinuous function of & at all values of & including
R=0 . Also ‘
J 1 rerar, T VI dr
converges and
. j[«lrwf qu V(r)]dr

diverges at most logarithmically so that the fifth

derivative of SU{&) is a continuous function of & for
all non-zero values of R and is CD(QBE) for smallk .

PN IRE PRSI = x OIS it

Hence
(&) = (4 41)" C, ,\Pﬁlimﬁ,\@-ﬂ)(ﬁﬂo&ﬁ). (1.5.15)

. We‘need now a further relationship so that we may de-
termine Py @in terms of SUel ‘

The incompressibility condition in two dimensions
implies that we can construct a stream function, say + ,

S P - ‘LL :» £ 3?\ }x? N . {
us 2T
hfahads R;‘s (t) = = z'sp{, 23?5 m.i
v, Wi

Py

AT
= _C. QT YT
Sl vy v
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and so

Ru(r) = -V ¥,
(Note that in two dimensional theory $§:i:=2 )
Consequently
V R (_r): --S\_s Vir ) - «i'"hwr-

The Fourier transform of this equation is
_ -k* éc‘{(.@— - S‘S S'&(E}r &; Ea‘ @&&(g) °
Substitution from (1.5.14%), which may also be obtained
from this last equation, then gives the relationship
required, i.e. fic
—— l " \I .
P@= @ (84 - F)se®.
‘Hence from (1.5.15)
TR ‘ fy
= (nmaty 5 (sg- ﬁ)cw_’,fé fnkin, + O(& k).
(1.5.16)

‘The energy spectrum function E(R) is defined by
JORE FE SRIIPTICE

;where the integration is round the circle of radius 3

th centre gﬁdb_and has the property that the mean
etic energy

[ £k .

'his function therefore has the form, for small values
R, '
FE() < (810 ) i Conn [ G £y 400) O (£638). (1, 5.,17)
integral must be an isotropic tensor of the fourth
ér in two dimensions, so that \

,j' Rl fin €y 42(E) = AlR) SpnSnp+BIE) 5, 5 ?-fca)s%gm,(l 5.18)

”e 15 symmetry between all four suffices, so

A~ B'= ',
#“by putting 4&=m , w=p , we obtain
JRrde(g) = 2wes = gA, (1.5.19)

sing (1.5,19) and (1.5.18) in (1.5.17) we obtain
ER)= €R® 4 O(RY(r) |

(laSﬂZO)




where

3 ° .
32T, 41 S33 (1.5.21)

€ =

Having obtained the small wavenumber structure
of the energy spectrum we may now proceed to investi-
gate its behaviour in time. To do this we take the
Fourier transform of equation (1.5.3):

) ‘\455%3{@) 3 Ry Vi (B) = vhg Moy (—4) + Ly T, (k) - kg T (~£)
" —2 ki P (6),  (1.5.22)

where ,

Yigg (6) = ™[ Tapg o
and
| T e) = (ante)! [ B e gy

But we have immediately from (l.5.4) that »
_, T (k)= - S5 v (e). (1.5.23)
7 We therefore only requlre the asymptotic form of \ﬁﬁa(f)
- for.small kK ., This can be obtained in a similar way
té&fhe derivation of the asymptotic form of §§z§ s Loeo
by consxderlng the Taylor expansion of the quantity

J\:Q( ) = @) fuuguﬂ e."'“‘r o o
d its relatlonshlp to 'Y*SLQ) . In fact we have

Y

-s;mple manipulation of the definitions that
Ak (8) = & 2ag R Yigg (&)
nce that

Yig (R) = € &4 P NANTY (&) .

‘But the asymptotic form of Wcugwst is O{+rs) for
. Thus using a similar argument to that used

‘ expansmon of 8§(R) we may obtaln

A (8) =~ lenr e )™ Big,, Ry Ry~ O(R laR)

-B%?ljﬂwwfﬂqiﬁ



25

(The first two terms in the expansion in powers of R
vanish identically by the properties of wiuwgwi and

wiuguy o)
Thus
Yo (6) = - @Y s w.;,? %?E"“ + O (RHqk ). (1.5.24)

On substituting (1.5.23) and (1.5.24) in (1.5.22) and
using (1.5.16) we finally obtain the behaviour of szl?

with time, which in general is non-trivial, as

Raka ) L
(S.&“- - '%‘;_1)( ' 84! Saj E&ﬁmﬁnﬁP c%ge““f’ -

g Batpy iy G LS55+ 151) =0 (1526

. Batchelor and Proudman have evaluated \2&5 in
,terms of the first integral moment of wiwiw! | but

there appears to be no gain in smmpllfmcatlcn of the
'equatlon (1.5.25) or its three dlmen51onal equivalent :
by doing thzu.,s.° Moreover in our case there is no con-
ition imposed an the Buy, unlike the analogous
ituation in three dimensions so we shall take (1.5.25)
s the final result. (The conditicn in the three di-
épsional theory arose from the solenoidal property of
Mg wy
two dimensions.)

in the index, but this has no counterpart

We may ¢a1culafe the behaviour of € ,_fhe_laading

efficient in the expansion of £(R) in equation’
20) from equaticn (1.5.25) by equating t=j and

_ratlng round a 01rcle of radius R and centre ﬁ o o
esult is ' ' |

’ . \ ..

t isin general not constant in time. .

particular case of isotropic turbulence
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the leading term of order + % in the asymptotic ex-
pansion of ‘Rij{x) can be shown to be identically zero,
as in the three dimensional theory. Thus Ry is at
most O(+-5) at large + (indeéd, as in Batchelor and
Proudman, it may well be less since no such non-trivial
terms have been found in the dynamical equations for
the time derivatives of K¢ ) and consequently the

term of order K* in the expansion of ¢4 is analytic
for isotropic turbulence. The form of the expansion

is e
§‘.§ (@) = T (ﬁ?. gis._. E-‘.ﬁ:;) + O(_ﬁ-’a %\5@)

- and the (non-trivial) variation of € with time can be
derived from equation (1.5.26). (It should be noted
for this evaluation that the tensor E;QH contains

B  the vorticity and that therefore it is not a tensor

Z wh;ch has rotational and reflectional symmetry, i.e.
it is a tensor composed not only of Sg tensors but
11so of ¢&;. tensors.)

;-It is perhaps more helpful in this instance to
ention the closely related equation '

(@[ fwar) = (@Y L (rPE0)

ere Fied and Rk (+) are the correlatlon coefficients
sotropic turbulence defined in the usual way (see
ions (1.3, u) and (1.3.6)). This relationship is
ed dlrectly by taking the third moment of the
al equaticn for the function f(+) , namely (see
on (1.3.5)) : |

{(f)) (“")3{"( _ab—é‘,;.(*) + 3 %_'-')) + gva}: (5 ), i%%f)

- general, as already mentioned, _(+) is of order

*
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is not invariant in time.

We conclude then that the general behaviour of the
large scale structure of turbulence is not affected by
the constraint on vorticity in two dimensional motions
and that the situation is almost identical with that
for three dimensional turbulence.

1.6 THE .BEHAVIOUR OF THE SMALL SCALE MOTIONS

Infl.4 we postulated an hypothesis for the dissi-
. pation of vorticity, namely that in a well-developed
AV | turbulent flow and for sufficiently lérge Reynolds
number (whiéh we shall define more explicitly later)
the rate of dissipation of vorticity is independent of .
the vigéosity of the fluid. It is now our intention
to use this hypothesis and develop an argument for the
gxistenqe and specification of an equilibrium range in
two dimensional *.:u.z’b\.}luancel_°

We shall discuss the nature of the turbulent flow
in terms of the transfer of vorticity across the vor-
ticity spectrum and its eventual dissipation by the
action of Qisgosify at high wavenumbers. Now in terms
of the Fouriér~$tieltjés transform A4Y(£) of the vor-
ticity (see equation (1,1.3)) the vortiecity equation
is of the form | I

BAYE) L §(R) - vk2AY(E)

At - 7 (105,1)

Whére AS(k) is an integral functicn. dependent on all
the Fourier modeé of the vorticity and is quadratic in
the LY(R) . ?hus, as it can be shown (seg Batche1or
61953,-p. 32) and equation (1.5.13)) that

) (6} = L L AYLE) AYR(E) -
S2(8) dho AR, dky | i
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we can define a new vorticity spectrum function
(&) = [QUE) 4tlr)
where the integration is round a circle radius kK ,
centre k=0, and derive from equation (1.6.1) the
equation for this vorticity spectrum function as
T = sk - 2ye st (1.6.2)
where S({k) is derived'from 4S(&) and may be called
the vorticity transfer function. The only property
of §(&) that we need is that it conserves vorticity
so that if we integrate (1.6.2) over all kK we obtain
the rate of decay of mean-square vorticity

%’5 - -_z,,[& RESU(E) AR = - 5, (1.6.3)

say.

Now if we suppose that at some initial instant
we have a turbulent flow whose Qorticity spectrum has
one sharp peak at some wavenumber R, ~-.this type of
spectrum could well be produced by almost any mechanism
which has a fundamental length scale in its action so
we shall assume that we aré considering a "typical'’
initial flow for two dimensional turbulence - ‘then

o = ERY Y

initially. Consequently for small emough viscosity,
the vorticity dissipgtion will be negligible for most
length scales compared with the transfer term S (k).
The effect of the S(R) term is then to transfer vor-
ticiiy to harmonic Fourierlmodes, to alter the spectrum
shape and eVentually to increase the rate of dissi-
pation of vortlclty, £, » until, as we assume, the
'fully-developed' stage is reached when o is lndepen«
dent of the particular value of » for the flow, But
what spectral shape will be established, particularly

< at wavenumbers greater than &, , by the action of this
_ transfer term JS(k) ?
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The first possibility, which we immediately dis-
count, is an exponential (or faster) cut-off to the
vorticity spectrum. This type of cut-off seems to be
associated with a linear term similar to the viscous
term in the'vor{icity equation and not to strongly non-
linear systems as represented by the term S(E) We
nay galn support for this statement. from the similar
structure of the S(k) term to the transfer function
whmch{ogcurs in three dimensional theory: . both functions
involve an integral‘of quadratic terms of. &Y{e) (for
vorticity) or A4Z (&) (for velocity) and there is no
reason to suppose that the two would differ so radically
as to produce an exponential cut-off in the one instance
. and a power-law cut-off in the other..

We now proceed to cqnsider only power-law forms
for the vorticity spectrum at high wavenumbers.

First let us suppose that for a flow with arbitrary
small viscosity =~ '

SL{RY ~ Q“w, | (;0594)

where O<wns¢3 , for a large range of wavenumbers for

which &> . The rate of dissipation of vorticity,
£w , is then (see equation (1.6.3)) largely.determined.

by a range of wavenumbersumuch‘gfeatEr than R, , and

presumably in or near this dissipation range (1.8.4)

ceases to be valid. Thus, if this spectrum shape is

té be maintained for a relatively long period of the

decay of the turbulence, vorticity must be transferred
cqhtinually across the spectrum from the vorticity -

containing wavenumbers to the dissipation range. We :
““ﬁ:then have what is normally termed a 'cascade process’ i

4 7t”1n the mean-square vorticity spectrum and, as in three | :
: ffdlmenSLQnal theory, we expect the rate at which vorticity {
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is transferred to be independent of the dissipatiocon
range so that ¢, will be independent of » .

We next consider the case 3<n in equation (1.8.4).
Here we have that

g2 SL{k) = o (&%)

and consequently the range of wavenumbers which are.
dominant in the dissipation integral, see equation
(1.6.3), are near the wavenumber R, . The rate of
dissipation will thus remain negligible until the wave-
number R, marking the peak of the vorticity spectrum
has increased in magnitude and has the value

Ry~ W,

For this system there is no cascade process in the
vorticity spectrum, élthough it is interesting to ocb-
serve that a cascade process may exist in the spectrum
of one of the derivatives of the vorticity. (E.g. if
3<ng§ there may be a cascade process in the mean-square.
vorticity-gradient spectrum and 'mean-square vorticity-
gradienf‘ will be generated mainly in the region of &,
and dissipated in wavenumbers greater than &, -~ the
situation is in fact similar to that discussed by
Moffate (1961) for the spectrum of a magnetic field.).
There appears to be no reason why this type of motien
should not produce, in 'fully-developed' flow, a rate
of dissipation indepegdeﬁt of the viscosity. By the
ffime the.§orticity;i$ transferred to the dissipative
range of wavenumbers the shape of the spectrum may well
have developed into a universal form independent.of

the initial conditions so that a reduction of the vis-
“,c031ty would only result in a delay in the time before

":hthe turbulence developed into a. strongly dissipating

system and would not affect the eventual rate of the
dissipation.
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% However, in analogy again with three dimensional
turbulence, this latter mechanism seems to contradict
our present understanding of the action of strongly
non-linear systems. Thus in Batchelor (1953, p. 107}
we read 'that inertia forces tend to spread energy
over as wide a range as is consistent with the stronger
viscous damping which occurs at large wavenumbers’.

The action of turbulence will tend to reduce the dom-

- inance of any one length scale in the energy spectrum
in three dimensional turbulence (and, by analegy, the
vorticity spectrum in two dimensional turbulence) and
will try to spread the energy (or vorticity) as much
as possible 6ver.all wavenumbers. It is a consequence
of this view that if a power law should cccur in the
'vorticity spectrum then n , the negative power of & ,.
will be as small as is consistent with the transfer of .
energy {(or vorticity) to,h;gh,wavenumbers_and‘the dissi-
pation mechanism which is eventually dominant. In view
of the strong experimental evidence in favour of this
%ituatiop in three dimensional turbulence we shall
égrry it Qvér to the two dimensionai case: we shall
{hgs assume thét there is a cascade mechanism acting
fé? the vorficity beyond the vorticitymcontaihing_wave—
number range.

- There is a further slight argument in favour of
. this assumption.. Suppose that 3<n$¢% and that there.
.. is a cascade process in the mean-square vorticity-

V{gpa@ignt_spectrum and assume that there is a Kolmogoroff-

type equilibrium range of wavenumbers which also in-
cludes an 'inertial subrange'. Then the form of the
vorticity-gradient spectrum in the subrange is, by the

ﬁSualsdiménsional arguments, proportional to
3 iy E‘—‘fz,
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where &, 1s the rate of dissipation of 'mean-square
vorticity-gradient'. But this then leads to a value
of 73 for n and we have a contradiction.

If we suppose that §<n <7, or any higher valued
range for v , then we may set up the same sort of
argument and arrive at the same type of contradiction.
We have therefore a strong indication that n<¢3 .,
However‘this argument cannot be said to be conclusive
since it suffers from one main criticism: that a
steady equilibrium range may not be feasible for the
abové conditions and that we should include the time
as an extra'parameter within the specification of the
range.

It now remains to adapt the ideas of the Kolmogoreff
eqﬁilibrium range of wavenﬁmbers in three dimensional.
theory to the present smtuatlon in two dimensions. The
arguments for postulating the hypotheses necessary for
an equilibrium theory in two dimensions seem identical

to those presented in, say, Batchelor.(19535§6,3) for
. the three dimensiocnal flow and we will therefore omit
* their repetition. It may be stated, then, that when

fhe Reynolds number .is sufficiently large (which.phrase
fémains undefined) 'there is likely to exist a range
.of'(hlgh) wavenumbers which is responsible for most of.

i “e viscous dlSSlpatlon of VQrt1c1ty ' and for which
he Fourier coefficients are statistically 4dteady,
sotroplc and 1ndependent‘ of the Fourier coefficients
ﬁ?the vorticity-containing range of wavenumbers..

The external effects which determine this equili-
Um range will be the transfer of vorticity. inte the
‘nge from the lower wavenumbers and the removal of

d_tlclty by viscous dlSSlpatlonn In a steady state
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these will be equal in total magnitude and then &, and

» will be the only relevant parameters in the description
of the equilibrium range.. Any statistical quantity

which is in turn determined by the state of the equili-
brium range will also be determined by the values of

these two parameters. In particular we have by di-
mensional analysis that in the equilibrium range

RO = eyt (E). aes

When » is sufficiently small we may expect a subrange
to exist in the lower wavenumber end of the equilibrium
range in which there is negligible viscous dissipation.
In this subrange there will be no dependence on ¥ so
that

— 2/ -t
S(RY = C &, R (1.6.6)

where C is an absolute constant.

The wavenumber which marks the lower end of the
dissipation range will also be determined by the para-
meters &, aﬁdv~aldne'and will therefore be of order

fa = (38)" o
Thus &s equation (1:6.5) will hold only if all.the.
d1§51patlon takes place_ln the equlllbr;um range, a
necessary conéiticp for the existence of this range
 will be that
k. << E¢
Equatlon (1 6.6) w1ll hold for wavenumbers which satisfy
| ‘ R, <& R<cky. , o ,
'There is one other restriction to the range of validity
of both (1.6.5) and (1.6.6) in that the time scale of
Eithe rate of dlSSlpatlon of vorticity, 1,e°_52/£m ,
mgst be much less. than the time scale _of the. _dissipation
fﬁOf.energy, 1,eo.E?%vSL . If this condltlon is .not

fsatmsfled then there appears to be no loglcal reasen
. e e g o fo
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erence to a cascade process in energy.

We note that equation (1.6.6) must be interpreted
only as an asymptotic form for large wavenumbers other-
wise we have possible contradictions. For example,

mean-square vorticity in two dimensional flow is bounded

in magnitude but if equation {(1.6.6) holds exactly in
the ineptial subrange then in the limit of v—=O the
vorticity in the subrange will be a divergent quantity.
These difficulties are overcome if we regard equation
(1.6.6) as holding asymptotically - since there exist
functions of & such that asymptotically they behave
as R~ but whose integrals converge over an infinite
wavenumber range (e.g. the function

P Crore

has these. properties).

The functional form in equation (1.6.5) is as yet

. undetermined beyond the inertial subrange. We propose

to postulate a theory to determine the shape of the
spectrum in this range which resembles that for the

behaviour of convected scalar quantities in a turbulent

fluid. We will therefore delay the discussion of this

f? theory until}2.3 when we may usé the results of the
" theory of convected scalar quantities as given in{2.2.

1.7 SIMILARITY THEORY FOR THE DECAY OF
TWO-DIMENSIONAL TURBULENCE

~vortlclty spectra in the small wavenhumber and, under

”‘eertaln conditions, in the high wavenumber regions.

In‘partlcular, it was shown infl.5 that

Sl = ﬁ'LE(ﬁ)- ey + O ﬁ‘caﬁ)

We have so far obtained the form of the energy. and

- S P S
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for small & where in general € varies with time;
and in the last section it was shown that, if

2 - _Esa.
?i' - ::2"2. >>1 (10701)
/
and  f, « Qd < (&))", (1.7.2)

then an equilibrium range exists and

(e = RTE(R) ~ 38R
for ko< fi<chy . Here R, is the characteristic
wavenumber of the vorticity containing eddies.

~ The questions that must now be asked are "how do
the spectfa alter in time?" and "in what stages of
the developmenf of the turbulence are the conditions
(1.7.1). and (1.7.2) likely to prevail?”

Now the condition (1.7.1) is equivalent to re-

‘quiring that the rate of dissipation of energy be ne-

gligible. We may therefore consider the energy .to be .

‘a constant parameter for turbulence under such con-

ditions. Moreover the Viscosity‘v appears to be the
only other parameter that is constant throughout the
development of such a flow. We therefore consgtruct a
gsimilarity solution dependent’on & and » alone. Thus

‘the energy spectrum will appear as

E(R,6) = E™ € «fu (E%ke, E7VR)

for all R , and since there is 1ndependence of>> in
the range k «<kh4 we have that in this latter range

CE (k) = EM el f(ERke). - (1.7.3)

%E most of ihe energy lies in this.range'of wavenumbers
E = f”" £ f(£"ke) 4k
v | |

W 1ch leads to the identity

I -f(z)iz.
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The vorticity spectrum is, from (1.7.3),
Lk, e) = £ g2 f(£"RE) (1.7.4)

for k«ha , and if this range also contains most of
the vorticity then

§ = fﬁméi‘"i’"a f (E%kt) di

or

i

= @ L i) da (1.7.5)

et

Thus mean-square vorticity will decrease in time
as &% and the rate of dissipation of vorticity, fw ,
will decrease as t™* . (There is a virtual origin in
time which can be defined by extrapolation of the
‘vorticity/time graph back to the instant when vorticity
is infinite, on the assumption that the equilibrium
range always existed.) We have in fact the identity

jj ’ | ‘ 4‘8-13 = ?-coz‘ jsmzz'{cl)“&'z-o

~ Now in a well developed turbulent flow we may
'assume that the function zszq has one maximum which
we can ldentlfy as oceurring at z.s & E%g, & , where.
_ R, is the vorticity contalnlng wavenum.bero {(If this
 is not the case then we can define R, as the charac-
a.terlstlc wavenumber of the region whlch contrlbutes
most to the 1ntegral in equatien (1.7. 5) ) Thus the
imllarlty solutlon implies that

R, x £7'

s ORI | . £. \Ve .
t the dissipation wavenumber &4 = fﬁ) . varies -

'1TE‘V% so that if gk« k4 at any instant in the

1m11ar1ty flow this condition is valid at all later

nstants. . Similarly we may show that g
R, = L2u__ o ¢ |
£ Tzt | ,
:forathis solution so that if the inequality (1.7.1) is
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satisfied at any one instant, it also remains satisfied
for all later instants. We therefore arrive at the
surprising conclusion that the similarity solution
(1.7.3) is valid for the whole 'decay' of the turbulence
beyond a certain time and that an equilibrium range
‘exists throughout this period. There is consequently
névér.a final period of decay, in the sense of that
phrase in three dimensional theory.

0f course this argument may be held as evidence
for the rather special nature of the similarity solution:
a similarity solution is of use only if it represents
an asymptotic form to which a general class of turbulent.
. _,: ; ‘flows converge in time and it may be the case  that the
solution we have constructed has notAthis property.

Let us again look at the situation in the three
"dimensional theory. It is possible there to construct
a similarity solﬁtion in‘exactly the same way as we
-have done but;using as parameters & and ¥ (and vaéiables

kand € ). It can then be shown that

| CE e« k™ . Ko o« & and Ky % £
where Ko and Ka denote the characteristic wavenumbers.
of the energy and vorticity containing ranges respect-

“ively. ansequeﬁtly:the Reynolds number based on £

_‘and & (or Ko , or Ka ) remains constant in. time and

- ?@f k4;>w,‘at any instant it remains soufor all time,
:ﬁgig. the solution is self-consistent for an equilibrium

. ?fange to persist throughout the‘deﬁelopﬁgnt of the

- ‘turbulence. In particular there would be no finmal

iPeriod of decay.

, (Note that the work by Batchelor and Proudman !
'ff§$956) is cruecial in the eonst;uction of this solution
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since those authors showed that it was not necessary
for the large scale structure of turbulence to be
invariant. Most of the work on similarity (see
Batchelor (1953,chapter 7) for a comprehensive survey)
was published at an earlier date and consequently did
not allow for this possibility.)

It has been suggested that the restriction on.
this similarity solution is due to the inability of
the large scale motions to adjust themselves to the
similarity state before they become dynamically im-
pcrtant° A theory has therefore been constructed
which allows for. selfupreservatlon of the shape of
the energy spectrum only for a restricted range of
(hlgh) wavenumbers. The result of this theory ls the
derlvatlon of the decay law

ﬂ

where E, ,A and & are constants. This has received

some degree of confirmation in some experiments by
Tsuji and Hama (1953) {see also a discussion.by Lin
C;SSS»«-E} appears to be positive in general, although

"it'must be a relatiVely small quantity behind one grid
E?fln a wind tunnel (see for 1nstance Batchelor and
'fuTownsend (lQuS)). We have therefcre,one mechanism which
'Efcould lead to the eventual breakdown of the similarity,

hlgh Reynolds number flow since £, could be. inter-
'eted as a measure of the energy not cdntainedhin the
_mllarlty range. However this theory is not altogether
Saﬁxsfactory as it does not give a quantitative pre-
dlétlon of the breakdown of the equilibrium range. To

'”*P?OVlde this one would require a prediction for the.
'-.behaVLOur of K, with time so that it could be compared
FWlth iKq (¢ €7*2) . But the only length scale predictions

i*-'w

'from the theory are for the length A where
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and for
E) e wlas &)™

r
_ and both of these quantities increase at a faster rate
i than that required by similarity, not slower as one
would wish. Thus the theory only provides evidence for
the lack of usefulness of these scales in this part-
‘1cular problem and does not give positive evidence for
the deviation from an equilibrium state (although of
ccﬁrse that deviation is implicit to a great deal of
the underlying assumptions of the theory)..

In the experiments of Batchelor and Townsend and
'of Stewart and Townsend (1950) upon which most of the
theory of similarity was based the Reynclds number was,
probably not high enough for an inertial subrange to
”gxist. (See Batchelor (1953, p. 123) for an estimate
:?f the Reynolds number required.) Consequently it is

‘iikely that there was an appreCLable amount of dissi-
patlon taklng place 1n the wavenumbers associated with

the _energy containing eddies. Indeed for &ny finite
value of the v15c031ty there is always some dissipation
‘o 4energy taklng place at all wavenumbers, This pro-
ides a second mechanism for the breakdown. of the equi-
1br1um range in three dimensional turbulence. . To
QVide a qualitative description of this prdcess we
uld use Stewart 'S method - see Stewart and Townsend -
_ allng for turbulence at medium Reynolds number.
would ‘then replace £ , wherever it has occurred in
x argument by E(H»b) where A is a small quantity
1ch lB assumed to 1ncrease in time. Consequently we
uld assume that E'(Lbb) behaves according to the
irity law £*' and then have a decay curve for £
corresponds roughly with the experimental results
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(see Batchelor and Townsend). Moreover if we assume
that K, is relatively unaffected by this finite vis-
cosity mechanism and we take the similarity prediction

Ky o g%

the dissipation range gradually coalesces with the

enérgy containing range since

L 4ENA
ko= ("%

will decrease at a faster rate than £,

For the two dimensional turbulence situation we
flrst examine the consequences of self«preservatlon
over a limited range of (high) wavenumbers. This range
must necessarily. include the equilibrium range so that
in the latter the spectrum form will be determined by

& 4 ¥ and R by Kolmogoroff. arguments on the one hand
and by E' » ,k, and € (since these are still the only
relevant parameters by the same reasoning as before)
by gelf- preservatlon requlrements on. the other. Thus
if an inertial subrange exlsts these two theorzes will

‘be compatible only if
28

>| . . Em - ....-E;a-', (10706)
1 where A is a constant, which leads to the decay law

| - for vortiecity

Al
S‘z, = e T &R > (1.7.7)

where gl, 15 a constant° If the constant. is'positive
-then §1 could be 1nterpreted as the order of magnitude
'of the vorticity not contained in the 51m11ar1ty range

of wavenumbers .

Contrary to the three dlmen51ona1 31tuatlon we

‘:;have an actual quantitative prediction from (1.7.6)
‘”and (1.7.7) for the eventual annlhllatlon of the equi-
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librium range: a condition for the existence of that
range was stated in (1.7.1), but now ‘

R = 52 ¢ (a.+ B

and (El will eventually cease to be a large number,
so that. the rate of dissipation of energy will eventually
become of importance in the decay process, if L, is

positive.

If however, Sbe  is negative we cannot interpret
| it as a measure of the vorticity lying outside the

| slmllarlty range. In addition the inequality (1.7.1)
required for the existence of the equilibrium range
would then remain valid for all time so that we could
suppose that eqﬁatién (1.7.7) would describe the whole
decayﬁof_thg turbulence. The flow would then have a
finite energy but zero vorticity after only a finite
i:imeo These anomalies suggest that Sle must be always

either zero or positive.

It is interesting to note that the length scale
formed from £ ‘and &, i.e.

Era)™ = £" (SL.+ ea)

by this predit:‘tion° So if b, is positive we have a
Iéngth scale whlch 1ncreases at a rate slower than
ﬂat requlred by full s1m11ar1ty and which eventually
écomes constant. Thls seens to flt our intuitive
deas of how the length scales of the energy and the
2t101ty contalnlng eddies should behave in these
and;tlons and we tentatively suggest that

= (ﬂ/ﬁ_)i”' ‘

mayyremaln of the same order as ke, for a considerable
Perlod of the decay of two dlmenSLOnal turbulenceo

i"l.
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As regards the second possible mechanism for the
breakdown of the equilibrium range, we may evaluate the
effect of a finite, but small, amount of dissipation

_at all wavenumbers in two dimensional turbulence as

follows. Suppose that the rate of change of the charac-
teristic wavenumbers R, and ke are not affected greatly
by the finite viscosity so that

ks ® g and - kg < g >

the $imilarity laws, are still approximately true.

Then the length scale of the vorticity containing eddies
is growing much faster than the length scale which is
appropriate to the'vorticity dissipation. Consequently
+the effect of a finite viscosity on the decay of the
vortlclty spectrum dzmlnlshes in time. However the.
energy will also be affected and for this

LE '
&t = - Ew:SL.

Thus if we now assume that §4 is given by the simi-

“:‘iarity law, see equation (1.7.5),

_ A
S = &

E = £, ~2h»('t -%) (1.7.8)

where E=Es when t=te . (We recall that &-0 was de-
flned as the time at which 2 would be 1nf1n1‘te, given
hat the similarity solutlon always existed.)

It seems that (1.7.8) does not necessarily imply
eventual breakdown of the equilibrium‘range since
'is possible that " |
| Ea> 2A» & ‘ | (1.7.9)

hat £ would then be always posmtlve and the con-
ltlons (1. 7 1) and (1.7, 2) could still be satisfied



L3

at all times. But if (1.7.9) is not satisfied then Ky
will eventually be of order of magnitude one and the
equilibrium range will then cease to exist.

(N.B. We have omitted from this discussion any effects
due to inhomogeneities such as the presence of solid
boundaries. These will of course strongly influence
the behaviour of the large scale eddies in limiting
the growth of their length scales. Consequently our
discussion has been of a somewhat idealized situation.)

Both of the mechanisms we have described for the
eventual breakdown of the equilibrium range have in-
volved the Reynolds number Ky . This suggests that Re
could perhaps chara¢ter1ze the state of two dimensional
turbulence. But whllst it is true that the magnltude
of‘?g w111 indicate. the posszble presence of an. equlm

.-llbrlum range it will not 1ndlcate the stage of develop-
ment the turbulence has reached. Thus 7\75 could be

1ncrea51ng in tlme and then the turbulence is probably
developing aqcordlng to the full similarity sclution,

or it could be decreasing in time, when either lack of

51m11ar1ty and/or finite viscosity effects could be

' u31ng the annlhllatlon of the equilibrium range.

In practice,‘of'course, Reynolds numbers based on
:fqnd \Y o;-ﬁg ( the wavenumber characterizing the
nergy containing range) and £ may prove to be more
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by .

and R is a monotonic increasing function of time for

the self- preserving solution, (1.7.6) and (1.7.7),

even right up to ‘the extinction of the equlllbrlum
range. Thus the choice of one of these Reynolds numbers

is not certain of success.

Finally, if the equilibrium range conditions do
break down, then we may assume that both the energy

‘and the vortiecity’ will gradually decay. The last stage
'of such a process will be that in which the non-linear

effects will be negllgzble everywhere in the flow com-

pared with the action of viscosity. This is the situation

usually called the final perlod of decay in three di-
mensmonal turbulence. The analysis for -a two dimensional
flow is ldentlcal in form with that for three dimensions
(see Batchelor and Proudman (1956)): the governing
éQuation of motion is |

LY z
SE_VV,U};

whiech leads to
h§‘sti € o _ 2rk® é‘:ﬁ) (E,t} 3 (1.7.10)

so that the sol_ution_ for @;5 is
- 2p k> (& -ke)

iy 8,8 = @;3(@,%) € .

where Es is a time for which the eqﬁation_(l,7q10)

Now as b k.~ this solution is dominated by the

Small values of R , so we may replace Dy (&,k)

© by its asymptotic form (1.5.18), i.e. as £ — Eg > 00

. ‘ ~2ph¥{e-&)
@‘S L,ﬁ-re) .N —}Lf:“ﬂ"' J{*‘( u "ﬁ ﬁa) Cg Fﬁrtamam‘i{u < " .

. where CZW\P- is the value of CEM&}, at &= to.
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It follows that
E (&) ~ &3

~2y»h? {E-te)

and consequently that

E ~¢€°* SL ~ e

5

- iy _:_3‘__‘
and R ~ € , ReF'3x% .




CHAPTER 2

R S B R

THE . THEORY OF SMALL SCALE VARIATIONS OF

SCALAR AND VECTOR QUANTITIES.
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2.1 INTRODUCTION

This chapter is concerned particularly with the
study of the effect of a two dimensional turbulent
motion on the variations of convected scalar and vector
quantities such as temperature and magnetic fields.

We shall assume for most of the analysis that these
quantitiés are passive, i.e. that they do not affect
the (turbulent) ﬁofion of the fluid in any way. We
shall therefore rely on the results obtained in the
first chapter, especially on the existence and gspecifi-
cation of the equilibrium range as argued in%l.% and
§1.6, for the'deyelopment of this "t:ime_c:c'y‘:°

Inferences can be drawn from the theory whlch have

- a bearlng on the small- scale variationsi of the vorticity

field. - §2.3 and{2.5 are devoted to this aspect of the
problem. In§2 3 we shall obtain a formulatlon for .the
‘vort1c1ty spectrum at very hlgh wavenumbers, and in .
§2 5 we shall investigate the 'stability' of the two
dlmen51onal structure of the turbulence when subjected
to three dlmen51onal perturbatlcns°

The analysis for the three dimensional theory for
convected quantltles, whlch we intend. to follow quite
closely, has been developed particularly by Batchelor -
C1959) and Batchelor, Howells and Townsend (1959), for
scalar quantltles, dnd by.. Moffatt(lgﬁl 1962), Novikov
(1362) and Saffman (1863), For vector quantities.
}atchelor 's paper also contains a comprehensive account
of_the state of the theory up to 1959, As we shall
:have occaslon to comment on this more recent work wh;lst

Veloplng the two dimensional theory, we shall not

Bl

 “gv'_ a detalled criticism of the published work on
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2,2 THE THEORY OF SMALL-SCALE VARIATIONS
OF CONVECTED SCALAR QUANTITIES

We shall assume that the equation governing the
pehaviour of a scalar quantity © , such as fe@perature,
is of the form |

) i *
A DA C(2.2.1)

where K is a constant. As already mentioﬁe@'ﬂe shall

take 8 to be a passive quantity. We shall also assume
that the O -field is statistically homogeneous (see§l.2)
and for convenlence we shall suppose that 9 Q- .

- If the term on the right hand side of equatlon
(2 2.1}, i. e. the 'conductivity' term, can be neglected
then the quantity 8 is convected with the fluid with-
out ampllflcatlon or diminution. Thus if at an initial

. instant 8 is not uniform then the action of the tur-

bulent motion through the term w.V® is to make the B -

-.ﬁleld ‘random by the disordered movements of the fluid.

As the analysis of Batchelor (1952) on the behaviour

{:fof‘materlal lines and. surfaces in turbulent fluid holds
‘ ;iqualltatlvely for two dimensional motions, we can then
ffsay that, in general,lines of constant © will increase
hfln length and be drawn closer together... Consequently

@ -field is 11ke1y to develop large spatlal grad-

be z | .
T\;‘ = =-2K VE>2 = X§

H”:Swy, to be respon51ble for the destructlon of ! Qa—stuff‘
the"destpuctlon being most efficient when there exist
 ,1ahge gradlents of © . Thus the high gradients of 0
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generated by the turbulence convection lead to the
destruction of ® variations by conduction.

If there is a steady external supply of B% _stuff
+o the fluid on a 'large' length scale then we can
make the reasonable postulate that a situation of
dynamical equilibrium will eventually be set up in the
® -field since we would then have a soﬁrce, a transfer
mechanism and a sink for the € -stuff. In other
words we would have a cascade mechanism set up in the

8% _spectrum.

If there is no such external supply of G -stuff
we shall postulate that, for sufficiently small X ,
the large wavenumber shape beyond the maximum in the
;Er—spectrum will develop into a form independent of
the large-scale structure, But as we can adapt all
the arguments given 1n§l 6 for the existence of a vor-
:t1c1ty cascade to the present context of the © -field—
fespec1ally since equatlon (2.2.1) has the same structure
- gs" the VOPthlty equation— this assumption leads to
”the -same conclusxon that there is a cascade mechanmsm

fbr_the Sa-stuff.

- In detefmining the shape of the ® -spectrum at
Lgh wavenumbers we shall assume that Re , the wave-
Zmber assocmated with most of the e —varlatlons, does
not 11e in the equilibrium range, i.e. ke $ Ro .. For
~case when there is an external supply of . B ~stuff
re is then the 1mp11catlon that the characterlstlc

crder e or more, which is mot unreasonable.
there is no external source we can justlfy the
mptmon by a cantradzctlcn argnment' suppose that-

gth: scale of the,mechanlsm generating & -stuff must .
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ke> ko , then Rg will lie within a region where we

. would expect the transfer of 8% -stuff to higher wave-
numbers to be very efficient and so Rg will increase
in time; consequently kg will eventually be within
the conduction range where most of the 8% -stuff would
be destroyed (leaving a residue in wavenumbers of -
order Rs , or less);. but this is not the type of cas-
cade mechanism we have postulated, sa Re€ ko .

~ As in Batcheloﬁ's (1959) paper we shall now assume
that the hypotheses of Kolmpgoroff‘s equilibrium theory
apply to the © -variations at wavenumbers. much. greater
than k. (and Re ):so that these ® -variations are stat-
£ [ lstlcally ;ndepepdent of the B - and « -variations of
quenumber magnitude #s , and that they are statistically
steady and isotropic.

- In the range R>»kRe , the &* -spectrum will then be
determlned by the parameters £s,»., X and K. ;(We
have assumed that both the viseous dissipation and
conductlon vanges of wavenumbers are much greater than

k, so that the rates of transfer of vorticity and o -
~gtuff into the equilibrium range, which are both. re-~

1evant parameters in the description of the. G*-spectrum,
= are equal to &w and X respectively.) Hence the 8 -

! 7,Spectrum function T(R) is glven, from dlmenSLOnal

3arguments, by

e =X (G ) £ ((Ks)w' %) (2.2.2)

= j:’ T‘(ﬁ) ak ‘-

“If ‘there exist wavenumbers k such that

fo « k « ka4 | (2.2.3)
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! then, from{l.6, we may conclude that there is no depend-
ence on v in this range, so that '

TR= X (%) VY x fu. ( V"Q) (2.2.4)

Ew

Consequently if .the range (2.2 3) includes part of the
conduction range then the wavenumbeyr marking the con-
duction eut-off of the ©OF -spectrum must, from (2.2, 4y,
be given in order of magnitude by

Rp = “;zs)'/b (2.2.5)
; and if there exist wavenumbers such that
Re < R« kp (2.2.6)
3 then in-tﬁis range T'(R) is also independent of «
s 3 and consequently .
] T(R) = X & &7, (2,2.7)

;(Again,‘as with the vorpicity spectrum, we must inter=-
; pret this as an asymptotic result and assume. that the

1ntegral evaluating 82 for.,w=0 will. be convergent
wmth the main contribution to the integral belng pro-
%' =vn.ded by wavenumbers in the. reg;on of ke ) .

L .

P

o But if the lnertlal subrange (2.2 3) does not
j5conta1n the conduction cut-off then the ©° -spectrum,
‘"aln the whole of the subrange must be independent of W

and ‘be given by (2.2, 7) Thus (2 2,7) holds for

’ .
Ro < R« Ry = Ka) e provided w«w
i, E/" .
d for Ro ¢ R« kg = *;s“s) provided Y~k
- - o poy k. (202:8)

. We now pchqed,to,determine the spec{ral form for
©* beyond these ranges.

i L} The case of Y~ or v»vc in the rangeL of wave-
I numbers R TR
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The range of wavenumbers Rzks (where this re-
1ation is intended in an order of magnitude sense only)
is that in which there is an extremely small amount of
vorticity. Necessarily most of the mean-square of
vorticity, or of any first derivative of the velocity,
is contained in wavenumbers much less than R4 since
we have the vorticity spectrum prediction (1.6.8) and
also the fact that there is a marked cut-off in the

fgvorticity spectrum at Ry due to viscosity. The problem.
'Effbf the behaviour of the © -variations on a length
scale Ra or less is therefore one for which the
local spatlal rate of change of fluid velocity is approx-
imately unlfbrm, “The equatlon governlng the 8 —varlatlons,
equation (2.2, l), may then be replaced 1oca11y by

“%% + U.V8.z wV®0 . (2.2.9)

where U is the approxiﬁéfe'local velocity field in

the form of a linear function of position.

This type of postulate was first used by Batchelor

- Li-";:;.'isi}_;;.ﬁ“i?u':ay‘-.'{m"";,.5(1 il e

: CIQSQ) for the behaviour of & -variations in three

_ dlmeHSLOnal turbulence in an analogous situation. We
”,note hoyever that the evidence in the three dlmen51cnal
theory for the uniformity.of the spatial derivative of
the veloeity field over regioms inm physzcal space
sﬁaller than E¢ (i.e. (E/wﬂ'* Y cannot be used in -
the present 31tuat10nu Batchelor derives from Kolmogoreff‘&
ftheory and an empirical value fow the skewness factor

| é_,___,"‘" '311.., dug = . 3 ~ilp
¥y )/(ax,, * 003 f‘(v/s.) g

A SRR

'4;Butithls relationship depends crmtlcally on the presence

SN

ff ﬁ*the non-zero w.Yu term in the vorticity equation
- and on the fact that the equilibrium range includes

'tﬁaidominant contributions ta the vortiecity. Neither
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of these conditions is valid in two dimensional tur-
bulence and we therefore cannot use this equation to
support our hypothesis.

1y o kb 4 s v e |

Now im the equation

e T
where dashes denote evaluation at points a distance t

daal w' (w0 — w (2 T )wl + 2» v @,

from the undashed quantltles, we can say. that for
values of T lying in the . equilibrium range the time
derlvatlve may be neglected and that, as & .tends to
zero, the first two terms on the right hand side also
tend to zero. We may therefore argue, on assuming

]  isotropy, that

|  or that auL)

(3,% . ° ‘U..z.)

for small + . Consequently for sufficiently small +

the velocxty is approx1mately a linear. function of + :
‘ but we cannot give any precise definition. to.the small-
'-'3355 of + that 1s‘pegplredot That + must be of order.
Q,Q;’Aor‘less seemS'réasonable,,and,isjall_we‘need”in

? ff;the present context, ‘but we ghould note that this con~
R dition could be too restrictive and that the analysis
may be valid for: variations on a physical scale greater
A t};;;gn‘ Ra.

:’Whlch &aaﬂlnstantanaouaiy along the pr1nclpal axes of
'fthe"atralnlng matlen then

= (stx=ply s~y o+ pix o) (2.2.10)
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for a two dimensional motion in the (X, 4 ) plane, where
« is a measure of the strain. (and is assumed without
loss of generality to be positive) and p'  is the local
rotation. The velocity-U must be a function of time
'so that the tpanslational velocity, the magnitudes of
o/ and p' , and the directions of the principal axes
all vary with time,

_ From the form of (2.2,9) and (2 2. lG) it can be
gseen that the variation of the translational velocity
has no effect:on the -analysis: the reason for this
being that the 8 -field is always convected with the
fluid even if the-fluid is acceleratedo, We nmay.simi-

larly take account; @t least to some. extent, of the
“varlatlon cf the dlrectlons of the principal axes. with.
tlmeo For, as equatlon (2:2.9). is. invariant in. form.
under rotations, we may refer the local motion to axes
which rotate with the principal axes. We then have
that ‘

= (dx —pg,"a(b-rpx 0) 2.2, 11)
Where p is now the. local rotation of the :fluid relative
*o the (rotating) principal axes. Thus we need only

consider the behaviour of d and p with time in the
gpllowlng analysis.

.In the three d1men310nal theory Batchelor arguﬁd

% ~hat the strain 1s .constant over long perlods of . time

Lt

! Gompared with the predicted time scale of the P ~variations,
E&a also toek the equivalent to}:tobe.effectlvely Zero —

lrectlons of the principal axes were taken to be |
teady as well. Saffman (1963) on the other hand did
pclude rotation effects and he assumed that the equlw |
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that, with the addition of Batchelor's arguments for
the time-scale of & , he concludes that both the strain
and rotation terms can be assumed constant for the

analysis.

Broadly speaking, we have not been able to find
such strong evidence in the two dimensional theory for
the constancy of £ and p as has been obtained for the
three dimensional problem. The steadiness of the
principal axes can be argued conv1nc1ngly, but the
values of € and p' may fluctuate to an appreciable

extent,

The evidence for the constancy of the directions
of the pr1nc1pal axes is in fact the same as that for
the three dimensional situation, for Batchelor cites
some observatlons made by Welander (1955) on the drawmng
‘Qut-of a marked fluid element in a two dimensional
+urbulent motion. In the experiments, long thin streaks
| wére formed which did not contain any small-scale wriggles
which would be an 1nd1cation of the rotation of the
axes. As we shall show below, extension of material
lines of fluid can only take place if o*>p* . Con-
seqpently we have here direct evidence that the vapiations
‘of the directions of the principal axes must be small
}only if the above condition is satisfied. However
here appears to ‘be no reason why the local rotation p!
,hould be correlated with the rotation of the principal
xes° We therefore argue that Welander's evidence may
‘ehlnterpreted as showing that the difference between
P @nd~ﬁ‘ may be ignored in most circumstances.

o ‘We may easily give an estimate of the time scale
of‘the variation of p' , i.e. of the local vorticity,
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once we have recalled that this yorticity can only be
changed by the action of the viscous term. Thus if

we assume that the uniformity of the vorticity extends
over a region of length scale ki we have, from the
vorticity equation, that the time scale of varlatlon‘

is (vﬁiaf” s O g2, If the unlformlty extends

over a region greater than this, as seems to be p0551ble,
then, of course, the +ime scale of variation will be
larger than g2 . Now in the analysis below we

shall show that the time-scale of the © ~variations is

of order gs
the variation of p' is larger than that. for. the &-

as well. Thus if the time scale of

variations it can only be in an ordinary numerlcal
sense independent of any Reynolds number {(unlike the

three dimensional situation).

As the equation governing the time variation of &
depends on third order correlations we have no direct

_theoretlcal estimate of tha time scale assoczated with

this yarlatlona

~ We must therefore rely on Welander 3 evidence for
*the justification that &4 and P may be assumed constant
“Tor periods. of time long’ ‘emough to produce long streaks
Mof marked fluid particles — or for the © -variations

ta behave as we shall predz.ct°

In the follow1ng work we shall first flnd the con~-

?Sequences of assumlng that € and p are constant and
ithen try to descrlbe qualltatlvely the behaviour of the

s”‘'9"""--v:::;:\t':1.6,11:;;.03:13 when we relax this assumptlon and let
%f and;> vary w1th time, albelt slowly.

The equation (2.2.9) with (2,2.11) admits a solution
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of the form

0 = A &) sin { k) x + RolE) ) (2.2.12)
é where a
im = -1 QZ '
ok wk*A (2.2.13)
AR, : ' i
o= Ak pRe, | O (2.2.18)
U%;: - Pﬁ‘ -+ dﬁg o T (2 0l olS) "

The equations (2.2. 14) and (2.2.15) then have a
‘normal mode'! solution of the form .
- [ ] K, p - Jr-p) ] - p e wxp [P Y,

Ez,- —bK, ~dlr-p)e Y4 [Vl + ] & VONOTAR
P QI?E 3+£ a l 9.‘9‘}’5_2 2 lSa}’)

where K, and K, are constants, except when &<fp and
then %
K~ (KEW)E 5 Rem Katd{keEMIE. () 5 16p) |

Equation (2.2.9) is intended to hold for © -
vama‘tlons over a region in physical space of length
“ Scal?- Ea . If we choose a wavenumber & and a wavenumber.
interval df such that R is much larger than dk, or dkj,
which are in turn much larger than k4 s we can then
assume that the Fourier-8tieltjes transform, 4B (&) ,
of B(s) will in general be determined by the B-variations
'maxnly over a region for which (2.2.8) is valid. ({(See
fithe descrlptlon of the Fourier-Stieltjes transform in
‘§I 2, par'tamculax’ly equation (1.2.4).) Thus the solution
(2 2.12) can be theught of as. being a formalized re-
’ presentation ‘of the transform function &B8(R) provided

"igzgr_x'the 1nequalltles between R, &Ky dk, and R4 are valid.
ZZ'AS these lnequalltz.es are 1ndependent of K we can still
'thlnk of Q being of order Ry as K tends to zero: “thus
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(2.2.12) will be a formalized representation of LB (&)
$f frks and if we interpret the sign > as in the
title to this section.

In the succeeding work we note that we shall con-
sequently be seeking a solution of a mixed boundary
and initial value problem. We shall assume. that at
some instant in time a Fourier analysis of the local

§ -variations is made and then we shall try to deter-
mine the behaviour of A(§) , or d®(6), at all later

~instants in the‘range Rx ke , with the conditions at
k= R4 being given at all times.

Now the wavenumber of the Fourier mode AlR) is
seen from (2.2.16) to describe a locus in wavenumber
space, the locus belng_elther a circle, an ellipse, a
pair of strajght lines, a general hyperbola or a rec-
tangular hyperbola accordlng as 4=0 (p# o) AF<p®, (P = pP
d2>p* op pzo (A%0) . Thus if o2»p* it will be seen
+hat the wavenumber £ will always eventually travel
‘away from the origin: it is this that leads to the
‘degradation of 6 -variations to smaller and smaller
length scales until their final destruction by conduction.

" But the case «*2>p* includes loci where g travels

initially towards the origin and which eventually. lie
on k= E¢ and we therefore seem to have a mechanism
for the transfer of © -stuff to smaller wavenumbers

“as well.

. If «£*<p* then it can be shown that the transfer
of §!~stuff between wavenumbers of different magnitude

'”:itakes place slowly (relative to the case o*>p* ) if
'fat all, and the main action is to redlstrlbute 6 -stuff

_}n wavenumber direction. (The reason for this is that
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for transfer to be possible between wavenumbers of
different magnitude the elliptical locus must be highly
eccentric, i.e. &7Fp* But the transfer rate is
dependent on +{p*-«*) which is then a small quantity.)
T+ will in fact be necessary in our analysis to ignore
any transfer due to this case because the structure
of the spectrum function set up by this. mechanism
depends on the detailed nature of d®(&) on R=R4 and
not on the general behaviour of the spectrum function
T{&) at R=ka as will be shown to be the case: -for
dA%> p

We shall now consider the initial value problem
with dO(k)=0 for all k>4 at the initial instant.

If {£*<p* then there is effectively no mechanism
for the local transfer of B -stuff to hlgher wave-
numbers and so &®{&) will remain zero for all time

in the range R>ka o

But if «*>p* then EEF-stuff is transferred to
~higher wavenumbers along, approximately, an asymptote
of the hyperbola locus. From {2.2.16a) the approximate
equation for k is then

dk -~ \ :
R = S -pr) ko (2.2.17)

Thus :
& = Ra b é«ltx‘--pﬂ)(&-%&)} (2.2.18)

where ta is the instant at which &=ka , and the

solution for 4.®(k,) 1is, from (2.2.13) and (2.2.18),

48 (6,6 = 4O ( Eanta) TP [— %%Pi)(ur[aﬁgz,rm)(g—m)] - |)§ .
(2.2.19)
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The spectrum function T“(Eﬁﬂ‘;or & is given

approximately by
-] d© (k) & B(f)
T‘( ﬁab) T dg dR, d&, fA-»Q. (@)
(see Batchelor (1953, p. 32)), where the star denotes
conjugacy, and the integration is over a circle, centre

the origin and radius R . Thus the contribution

to this averaged spectrum function from the local

motion is *
- L@ () LO(R)
T (&,6) = fa 4R, aks 42 (&),
ice. THR,®) = —'5@] 40 (&) 4O (k), (2.2.20)

where d&. is the wavenumber interval in the radial
direction which corresponds to the transform d®(e) .
But this interval must, from (2.2.18), have emanated
from a wavenumber interval k4 at wavernumber R4 and

- time b4 , where

df = dig up{-«f@t‘"“ =) (““"&)}= (2.2.21)

so on substituting-(Z 2,19) and (202921)‘in (2.2.20)

and using (2.2.18) we obtain

‘Tﬂ(ﬁ,h) - [E.Ed_(j CL@(E&,W.) 4® (ﬁ&,h&))&a.”? J&T’)}] R, QXPE J(#"*?")g

-~

Finally, as we have
T (ki ba) = L;x 48 (&, va) 407 (&y, €4)

then
~, ~ E 1. Kﬁ." .
T (R, = [ T (ka,ea) ka 2P U}#&Pz) R Q"FE 3G Pz)} . (2.2.22)

- There are two particular'forms of this sclution
which are of interest. If the conditions at k=ka are
steady in time and if we 1gnore the initial transient

. motion then the contribution to the spectrum functlon

o is

A 1 kR '
T (Rye) < ¢ %x}; 4(41-;,9—)} (2.2.23)




Secondly the unsteady solution in terms of &k, ¢t
and %k, alone, which is obtained by using the formula,
derived from (2.2.18)

tg = € “ﬁii“;i).ﬁgg(ﬁ/&ax)g (2.2.24)

St - [ (i - T s D) aop L w8
T-‘ ;t) = 3'-3 -J(FU' 2.) & 'Lgx}’i‘(tiz 1.) k{‘"}’ J(«L P?.)g

(2.2,25)

where, to satisfy the initial conditions at &0, we put
P(ﬁd.o t‘d—)=0

for all E4<©O . Thus the effect of these initial
conditions is simply to cause an abrupt cut-off of the
spectrum at the wavenumber Rk given by (2,2.18) with
t&z 0' ¢

It is 1nterest1ng to note that if T"(E&,bi) is
oscillatory in ta , the function T (&,c) will appear
as a 'wave' travelling in wavenumber space with phase
velocity

V{-p) k.

Moreover the unsteady solution is probably more relevant
than the steady solution for most situations 81nce,-
even if the overall statistical quantltles at . k=Ra ave
A steady in time (and now there seems to be some doubt
about this in. view of the work of Kolmogoroff (1962).

and Oboukhov (1962)), it is less likely that the local
supply of 8 -gtuff at these wavenumbers ig actually
steady. We shall have cause to return to. this. type

of solution, and in particular to the 'wave' solution,
in the next chapter when we discuss the results of

the computational model.

Before constructing the spectrum function TR,
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we must nhote that the above analysis apparently violates
one of the necessary conditions for its validity,. for
one‘component of ¢g ig not always greater than Ra .

The radial component of 4 , i.e. the symbol dk defined
above, is an increasinglfunction of time (see equatioen
(2.2.21)) and will always satisfy this condition, but
+he azimuthal component , ¢k, 82y behaves as

R, wxp § - AP E [

and consequently will become smaller than kg after a
finite time. We obviate this difficulty in the

following manner.

if gi®(@,t,d£,dﬁa) represents the Fourier-
Stieltjes transform with wavenumber interval (d&,dﬁm)
at time & and wavenumber R then the above analysis
predicts, at a time St latér, the value:of

&@(gug,ms«—,,a&d(m,okﬁ.cS(a&‘)) (2.2.26)

when R ‘lies on the outward travelling asymptote. But
at this time and wavenumber we can then construct a
new 4® , with a different wavenumber interval, based
on the prediction (2.2.26). For, say. |

4® (§+58 , £+Se, AR + §(ad), dha) (2.2.27)

is defined to be the integral of all 8 -variations

over the given interval, and this snterval includes

the interval given in (2,2.26). Moreover B -variations
with wavenumbers included in (2.2.27) but not in
(2.2.26) must all have zero amplitude since we have
assumed that the only transfer of B -stuff to wave-.
number k+Sk at time t4+5& is along the asymptote. We
can then use (2.2,27) as & basis for predicting the
transfer over +he next time'interval,St, and successive
repetitions of this whole process allows us to make
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predictions (which are the same as before) for all
wavenumbers R>kd4 o

If we suppose that the spectrunm function T'(&,&)
is independent of time then we may assume that the
average of T (k,&) , which is given by (2.2.25) for
4%>p* and zero otherwise, is of the form

» | : o
T (k) = “?{"“‘Pi““%l} (2.2.28)
where'P is a parameter which must be connected with
some statistical function of (4% Pﬁdk (In fact

we shall be able to obtain its order of magnitude as
""‘”3 °

i in§2.3 when discussing the application of

(2.2.28) to the vorticity spectruma

We note that the steady solution (2.2.28) will
only be attained after a time of the order of

=B Ly (AwP) (2.2.29)

which is the time taken for transfer of OF-stuff from
k=ka to the conduction cut-off wavenumber. Thus for
very small values of K it is hardly likely that the
state (2.2.28) should ever be achieved.

The above analysis was constructed from the initial
value problem with d®=0 for &k>k4 » This was done

in order to obviate the difficulties which arise from

arbitrary initial distributions, and in particular

from init¥#al distributions of © -variations with wave-
numbers lylng on, or near to, the inward. travelling -
asymptotes when &‘>p2 » In this latter cagse it appears.
to take a time of the order of (2.2.28) for such a
dlstrlbutlon +to be transferred from near the conduction
cut-off wavenumber to k= #4 and throughout this time

it would seem that there was indeterminacy in the
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analytlcal solution. However there are two reasons
why we may ignore these arbitrary initial conditions

in general (for sufficiently large K IS

Firstly, i{f we consider the apparent real situation

where ¢ and p vary (slowly) with time, the only

occasions when there are arbitrary distributions of

B -stuff, and «£*>p* , are the instants when («*-P ®)
changes sign from being negatlve to positive. Because
whilst o*>p> -the O -variations can be expected to
stay close to the outward travelling asymptotes and

in these circumstances the above analysis will be.
valid, so that it is necessary for J4* to become less
than p* , when transfer will follow quasi-elliptical
loei, before ® -variations will be distributed through-
out wavenumber space. As ¢® and p seem to vary slowly
over time periods of order P , the time scale of the
period between two successive changes of sign of («*-p%)
£r0m negatlve to positive is likely to be much larger
than this characterlstlc time P of transfer of the

® -variations. However it is doubtful if it is alsc
much larger than the time scale (2.2.29) when v is
not of the same order as » . |

But the second reason 1nd1cates that we may be

: able to ignore all 8 -variations on, or near to, the

altogethar
1nward travelling asymptote/so that P , and not (2.2.29),

will be the only relevant time scale to consider. If
;dJD (E,E, i&,dﬁa) is the transform of & at wavenumber
&.on this asymptote, then at the time € we must
choose a value of dk. greater than ke o But 4dRa can
be shown to increase exponentially with time so that

’the wavenumber interval will eventually include wave-

'fwvumbers-dmstant from the inward travelling asymptote




L Ty

L

with loci behaving in a very different manner from the
asymptotellocus. Thus it is necessary to continually
reduce tﬁe value of dk, . We can in fact try a method
which is the exact opposite of that constructed above
for wavenumbers lying on.the outward travelling asymp-

tote: hence at time t+% <the analysis would\@redict

d® (&-86 , b+Sc, AR~ S{dR), dqt $(464)), (2,2.30)

where all the § -quantities are positive, and we would
like to construct from this the value of, say,

4O (£- 5, £+de, dni—itolﬁ),&fim)‘ (2.2.31)

But the. wavenumber interval in (2.2. 31} is included
w1th1n that in (2.2. 30) so that it is lmp0551ble from.
this analysis to construct the functlon (2.2.31) ané
thus to contlnue a solution along an 1nward travelllng
@symptote.

The physical reason for this féilure is apparent
when we realize that to obtain a knowledge of (2.2.31)
from (2.2.30) we must evaluate iﬁ! by conszéerlng the

® -variations over a reglon in phy51cal space larger
than 5¢ . Thus.the 1ndeterm1nacy arises from the
fact that the behaviour of & -variations outside the
scope of our analysis actually contributes to the de-
termination of the quantity (2.2.31).

It would of course be poss;ble to. reproduce the
spectral form (2.2.28) from the e avarlatlons along the
inward travelling asymptote but it would. ‘then be '
necessary for (2.2.31) to be approxmmately equal to
(2.2.30) whenever the wavenumber lnterval was changed,j
Thls seems to be an unlikely sequence Qf events to
demand from the 1arge scale variations slmply because
there is a whole range of possible values- for (2 2 31
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at each of these changes. Thus we argue that the transfer
of EFA~stuff_along,an.inward.trqvelling asymptote is

a highly unlikely event and we conclude that the results
(2.2.22) and (2.2.28) are in fact valid.

(We note that Saffman (1963) reached this same con-
clusion., His argument was based on a comparlson
between the above type of analysis with .wavenumbers
1lying only near the outward travelling asymptote and
Pearson's analysis for a random vector field in a
uniform straining motion of infinite extent. He shows
that the dlvergence one obtains in the latter analysis,
but not in the former, is wholly due to vapriations of
the vegtor field which are on a large length scale,
i.e. the divérgence'is cpitiecally dependent on the
infinite extent of the straining motion; Hence the
analysis whlch excluées thls dlvergence is argued to
be the relevant. analysis for the, bﬁhav1our of the small
scale variations over & uniform region of small extento
However from Saffman!s argument in terms of spectral.
functlons (he also deals with the analysms in terms of
covariance tensors in physical space} it is not . alto~
gether clear why one should neglect wavenumbers lying
near the inward travelling asymptote since he argues
that they should be neglected only because they eventually
_have magnitude R<Ra : this is an argument in support
of considering only wavenumbers krka with boundary
conditions at k=ka and we have seen that this does.
not exciude an indeterminacy in the resulting spectrum
function. (See§2.4 for details of the possible mag-

nitude of thlS lndetermlnacy for vector quantmtlesa)
The argument for neglecting the awkward wavenumbers is
critically dependent, as we have shown, on an argument

which involves the wavenumber interval 4& associated
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with the Fourier-Stieltjes transform 4d® and not merely
on the magnitude of the wavenumber. k )

If we tentatively extend the range of validity
of this analysis to include wavenumbers less than ka
then we may combine the vesults (2,2.7) and (2.2.28)
to cover the whole of the range R:2E, - 'We then have |

TR = X e K e [ wPR]

whér_e D is a constant. But the rate of destruction

of §ifstuff,rx N is‘largely-detepminéd by wavenumbers
F("?ﬁo' sy 8O that o l
X = Zx j; R* T (k) 4R
2BY w25 [ Roap f-xPar} ak
and .on substituting P= Ce% , where C is a constant,

we obtain C=8 . Thus
T (&)= CX 25" k™! exFZ—Cks.;"’E‘g (2.2.32)

ofi-

for v~ and ¥»»« in the range R»k. .

Finally, we note that the ancmalous behaviour of
the © -variations when «?<p* 1is peculiar to the two-
dimenSionality of the problem. Although a similar con-
figuration of the strain and rotation can be obtained
in the three dimensional problem, a sliéht variation
of either the strain or rotation is sufficient to
deétroy the closed form of the loci so that transfer
of - 8 -stuff to different wavenumber magnitudes can
always be assumed to be present.

(ii) The case of v<«k in. the range of wavenumbers KKy

In the case when »«k we have shown that the ©% -
spectrum is independent of the conductivity ¥ for
wavenumbers k«fky = ((w/3)Y* , But when & is of order
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:Ea or greater we must expect conduction to play an
i | impeortant rcle in governing the behaviour of the 6 -
- variations so that there will be a sharp cut-off of the’
6® ~-spectrum. In the range kp«R<«Ra we then have
that T'(R) falls off more rapidly than k™' and that
$2.(£) has the form R™ . The conditions of this .
s;tuatlon are in fact closely analogous with the three
dlmen31onal theory covered in the paper by Batchelor, et al.
(1959) - so much so in this 1nstance that we can follow .
through those authors‘ arguments exactly, merely re-
plam.ng £ by &w G/K‘yq by (Esrs)e | (&7, )"
(?wﬂﬂ) - and substituting all the algebraic details
which‘regult from these changasa_ We shallznot, there-

fopg,‘descriﬁe in full all the sfeps of the argument
here but give only a brief synopsis of the method.

First, the integral term in the Fourier transfqu\
of the © mequatlon '

2{40(g)] + o & qkz.dfi LYAD®(R) = - w kR AD(S),

where ‘Ag(é)_ls the Four;er~8txelt3¢s transform of the
velocity, cah-be assumed to be dominated by those
values of &' much smaller than R when €>>kp since
the magnitude of <$®(Q) near g'=k decreases very
rapldly with 1ncrea81ng R' (This step can be shown
to be consistent with the result we shall obtaln on
this ba51s.) Secondly we can postulate. that the
resultlng integral term is approx1mately steady in
time (being in the nature now of a source term with a
characteristiq time that associated with the vorticity
spectrum in the same wavenumber range, i.e. &4 , as
com@ared with a time scale (&) associated with
the-cqnductién term) so that time derivatives may be

neglected... The basic equation can therefore be reduced
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to

CREX:
64 4O (8) AD¥(8) = AZo0) 42T (R) . B, g

(see Batchelor, et al.).

We can now obtain the relation between the. 62

and energy spectra at the wavenumber £ by dividing by
dk,. 4k, and taking the limit 4R~O . But in the range
of wavenumbers we are considering, the energy spectrum is
isotropic and determined by the single parameter & o
’ : 20 af ¢ . s o, s
Moreover AT must also be isqgtropic, since 1t 18
largely determined by variations of length scale ﬁﬁ' o
Thus =

Wi g4 TUR) = E(&). (WO,

. If we now integrate over the circumference of a
circle, centre the origin, radius k , and substitute
(ve)® = X/ex we obtain the spectral form for the e -

vapiations in the wavenumber range Rp«k«ky as
, .y
3

T (k) < X &

R™7. (2.2.33)
w . . '

We note that this result is consistent with the
prediction (2.2.7) for the range k.« k<<kpy in. that
both give the same order of magnitude, namely X (%é;, s
for the funqﬁion T(kR) if they are extrapolated to
cover wavenumbers of magnitude kp .

Finally, in the range Rk« the conditions for
the uniform straip approximaticn of §2.2(i) are valid

“and consequently the P -spectrum will be given by
equation (2.2.28)., However there will be but a minute
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quantity of 8* ~stuff in this range and this prediction
can hardly have any practical value.

A summary of the results obtained for convected
scalar quantities in the high wavenumber range is shown
in figure 1.

2.3 THE VORTICITY SPECTRUM FOR
WAVENUMBERS R > Ra

As the vorticity equation has the same form as
the S—equa'tlon (2.2,1) we may tentatively construct
an argument to predlct the vorticity spectrum in the
range Rk, based on the uniform strain approximation

given in§2.2 (i). Novikov (1962) and Saffman (1963)

have attempted a similar task for‘three dimensional
motions where the vorticity equation has the same
structure as the equation for a vector quantity such

~as a magnetic field?

The mamn dlfflculty of such an argument lies in
the fact that the vort101ty in the high wavenumber
reglon is not a dynamlcally passmve quantlty but actually
contrlbutes to the local stralnlng field. Thus any
change in’ the small scale variations of the vorticity
wmll affect the local conditions. However if we con-
51der only those parts of the vorticity spectrum which
make a negllglble total contribution to the mean-square
vorticity, say the vorticity in the wavenumber range

R k4 , we may hope that the local straining motion.
is not affected greatly by any variations in this
range and fhat the local strain appquimation is then

a reasonable basis on which to work.
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The uniform strain analysis reduces:the interaction
term 4.Vw into a linear form for the small scale
variations of the vorticity. Now the full linearization
of the interaction termis of the form

‘ U Vw + wﬁqu

where w andxo will be the velocxty and vorticity of

the small-scale varlatlons and iy andfi are the local
velocmtylgnd_vort1c1ty fields represented approximately
by the-first'féw terms in a Taylor series éxpansion as
a funetion of position. If then we are to use the
theory of§2 2 (1) for the vorticity spectrum we must
show that the term uJVfL has negllglble effect on the
analyszs.

SZ ‘can be expanded locally in the form
' 2
ﬁ,‘ = ﬂo + S?;LKS -+ ﬂ:‘kxsx&'*‘ rae

so that if we represent Ui tensorially by <gx; we
have that the interaction term is, to the first order
in powers of x , of the form

Y i Boxs 2 X,
iy Xy Ixe Toug (‘SL& * R‘s‘".\ + 52'\';*-"3)
and the vorticity equation is then

dw 2 -kSLLx = » V2.
ot + B e'*"’l‘..sx-\‘ax,t_*'“ (S}, +\S—l“’3 Iy ) (231)

We have here referred thé motion to the (rotating)
principal axes of the ¢y tensor which have angular
velocity @ .

We note lmmedlately that we must assume that %%
is negllglble - but the evidence given 1n§2 2 (1) -

suggests that this is a reasonable step to. make. .
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Now if we are to represent the local vorticity
variations by the Fouriér-Stieltjes transform dY(k)
then the arguments presented in$2.2 (i) show that we
must use the form for dY{k) with finite wavenumber
interval 4 where

&> AR, afs > Ra.

But equation (2.3.1) also involves the local velocity

variations, so by the same argument we must select a

transform tiglg)for_the veldcity with finite wave-

number interval (which we may take to be the same 4% ),

The relation between dZ  and &Y "is then (only approx-

imately) : |
L (ﬁ. dZ, ~ ko A-Z«> =

or &zz‘(%;,_s_ﬁ o)d_y

We now discuss the formalized representation of
AY (&) for the solution of (2.3.1), i.e.

w =z oo le) s (€10 % + £() (2.3.2)
with [T (%_, &*’O) w (&) ws(fiit) X +£(‘r))
This is a solution if

Wi | Lfiew=0 (2.3.3)
‘““‘) Jp. (6.5, -k S)=0 (2.3.4)

. = &\ 2 z - :

G,LA_EJ 4 d_\-‘s fi( + qf.t-" (mﬂs‘i-s‘:s')”‘“ mﬁ__l(ﬂ?i*&s"); O-(2u3o5)
The effect of the 51&« - term is thus, from -
(2.3.2) and (2.3.4), to cause the vorticity waveform

to travel in physical space with phase velocity

o (R 8 = & )

and group velocity oftthe same order of magnitude.
W1
If this phase velocmtylis much smaller than (R, 1’)'
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where P is the characteristic time associated with
the uniform strain analysis and Rw is the smallest
wavenumber for which we wish to apply the analysis,
then a waveform will remain under the same local con-
ditions for a suff1c1ently long pericd for the uniform
strain analysis to be valid and consequently we may
then ignore the f; term altogether. We therefore
require |

P IR << koo (2.3.8)

The third and fourth terms in equation (2.3.5)
will be negligible compared with the second term if

IR <« ko Tdael (2.3.7)
for any i,§,k anad (11 dénotes modulus).

Both inequalities (2.3.6) and (2.3.7) will ob-
viously be satisfied for sufficiently large Rom 5
so the unifopm;atréigzagalysis will always be valid
fqugomerlarge enough high wavenumber range. We can
in fact be more prgpise‘than this.. o

152" and ISZaI. are the moduli of a gradient
of vorticity and of a second gradlent of vortzclty
respectlvely, .they therefore have orders. of. magnltude
whlch can be determlned by . Kolmogoroff arguments since
both quantltles are 1angely determlned by the equlllm
brlum range of wavenumbers. Thus ' _u'

‘ g2

IR~ &) ad IR~ S

If, further, we assume that

"P ~ s

(on the basis that P will be a relevant quantity for
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the description of the vorticity spectrum in the equi-~
librium range) and that '

. i
Pl ~ 82
then the inequalities (2.3.6) and (2.3.7) reduce to
Y

E: > {a)" (;Zs)%.

and

2 ) ° ‘
Thus if we take (a”/x$) to be of order _one we
have that the condition for the uniform strain analysis
of§2.,2 (i) to be valid for the vorticity spectrum is

ﬁ'ﬂ\ > Ed.

where Ra is the viscous cut-off wavenumber. From
(2.2.28) we then have the vortlglty,speqtrum form

RUR) < § oop L= PR

in the range Rk>>&4 . The proportlonallty and the
value of P can be determlned by Kolmogoroff arguments
so that

SU(R)= D &R "‘FZ Cregn @y, 4 g

where C and D are constants.

In view of the spectral form. in the range ko« kg
(see equatlon (1.6, 8)) it is tempting to assume that
quatlon (2.3.8) can be taken to be the form of the
spectfum function thréughput the range R»k, - If

then we evaluate &, from
: _zvj E’-SL(Q)M&

by using equatlon (2.3.8) alone we may show flnally
that D=C .
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It is to be noted that the same type of discussion
may be constructed for the application of the uniform
strain analysis to vorticity in three dimensions. The
appropriate basic equation is then

\%- +UV=A-—LOVU"DV«=E-2\%E - u..:vf): SL+2_¢'§;)QV§

usmng an obv1ous adapted notatlon. Saffman and Novikov
considered only the terms on the left hand side of

this equation Qith}l'as a. linear function:of po_sitiono
We shgll1there50re;examiné the magnitudes and éffects
of the additional terms. . |

‘As- before, the terms 1nvolv1ng ’ the angular
velocmty of rotatlon of the prlnclpal axes may be dis-
counted 1mmeélately on the basis of Batchelor s (1959)
original dlsguSSLQn of.the_un;fonm_straln.approx&mathnuw.,,.

‘The éxpfessioﬁs ) VU w Vﬁ‘ and ﬁ Vu | could
all include additional.terms. of the expansions of U
and SZ as Taylor serlgs_not considered befere but
which could result in a factor of at most % in the
forms of the expressions. But all of these possibilities,
except one, can be argued to be négligible_by reésoning
as'befqre, if we restrict the range of validity of the
analysis to - | '

6» £ = (5)* .
The exceptional case is the term
QO-VE’
where ﬁf is the local vorticity° If one includes

thls term 1n the analys;s then one can stlll have a
solutlen of the form s '

W = w[(—.:) §in (5(&),){)
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and the equation governing the behaviour of £(t) is
unaffected. But the equation for w() is

- (K
T Mg ne M B e(9 s reree 2.3.9)

where oy is the locgl.stpaln (and motation) tensor..

As the equation for‘ﬁ is unaltered we can still
assume that g always lies near an qutwérd travelling
asymptote and under such an assumption the tensor .
associated with SZZ in (2.3.9) can be taken to be
1ndependent of t:l.meo The tensor expression in brackets

‘1n (2 3.9) then has constant elgenvalues and, since

the trace of the tensor lS zero, there must be at least
one elggpvalue plth posmtlve,realﬁpart, This .tensor

in fagt has the same~characteristics as the dy  tensor
alone; Fer this reason, Saffman s and Novzkov s
analyses glve the’ correct form of result and it is only .
the deflnltlon of thelr symbols that need correction.
In Saffman 5 paper in partmcular o  should not.be.
deflned as the greatest of the pOSlthe real. parts.

of the elgenvalues of the. d“ tensor but.of the ex~.
panded tensor in (2 3. 9), and &« wh;ch is defined in
terms ofci ) must also be changed. Saffmén s form of
the energy spectrum, namely equation (A3) in his paper:

E®=509)° %—f—,";- wp - vz €

then remains valid.

We note also that the comparison between the.
@hegﬁg?ic@l prgqictiqﬁ an& experimépt discussed by
Saffman is not altered in any way by these changes
since the empirical evaluations of o and ¢ do not rely
on their original definitions but rather on their pos-
1tlons within the flnal dlfferentlal equation which
leads to the above spectral form,
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Lastly, it is interesting to notice that ounr
comments on the three-dimensional analysis clearly
show that such an analysis can hold only. for wave-
numbers & »£« . Novikov's attempt to evaluate & by
extrapolating the prediction to cover the inertial sub-
range can therefore have no justification at all.

2.4 THE THEORY OF CONVECTED VECTOR QUANTITIES

For the sake of completeness we now extend the
theory of convected quantities to vector fields. We
shall assume that the basic equations for the vector
fieldH are | |

’ 3 = 2
...'g:t.. -+ %avﬂ "!:!..“v-g: +Rv H‘ (-2‘3}"’01)

R

TH=0 (2.4,2)
and we shall, for simplicity, once again assume that
the convected field does not affect the turbulence in
any way. ThusH could represent the magnetic field in
a-conducfiﬁg‘fluid with the condition that the Lorentz
force can be neglected.

If the H ~field is parallel to the vorticity
everywhere'thgn equation (2.4.1) reduces to the form
(23201)_fpp‘a conﬁeoted scalar,quéhtity and all the
results obtained in§2.2 apply.

If the H -field is everywhere normal to the vor-
ticity then the term H.V« in equation (2?401) will
be non-zero in general ‘and it is possible for a weak

H -field to‘be'amplified'by the turbulence interaction.
The analogous three dimensional'situation_has been dis-
cussed fully by Moffatt (1961, 1962) and Saffman (1963)
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using methods similar to those already used for the
scalar field.

Now the equation (2.%.2) implies in this case the

existence of a scalarfi such that
b Y|

2 A -
Hg‘ z‘s‘—s ? H?-“ . s;‘- *
Moreover we may integrate equation (2.4.1) to give an
equation for the behaviour of A with time, i.e.
| ‘3H ‘ = A7 A

Bt “ AN ‘
This is the same equatlon as (2. 2 l) and we ‘may there-
fore use the. theory of§2.2 to predict’ the A* -spectrum.
To obtaln the magnetlc energy spectrum we use the
relatlon '

N (ﬁ) - TR

where iL' and T" are the Fﬁ— and A ~spectra. Thus if
Ve A we have from (2 2.7) and (2.2.8) that

T (6) = $AR &€ (2.4.3)
for ﬁqé-ﬁ?‘: fm = (Za/23)" , and from (2.2.33) that
T (€)= TA R PR (2.4.4)

for ﬁmxsE§<€¢‘. (We have éhgsen the constants of

pr0portionality in (2.4.3) and (2.4.4) so that the
two predlctlons ‘agree when they are extrapolated to
ﬁ Em.and sQ that the total energy is. HE D

If ¥~A or »»A then from (2.2.32) we have
T (&) =2CAHE £k wp {-2Ce3 €2} (2.14.5)

for all kR»fs . (Again the constant of proportionality
has been adjusted to give a total. energy of H*.)

Obviously such spectra need be maintained by only
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a weak applied field H, at wavenumbers of order k., .
We may take as a measure of this 'seed' field

v [BTL R

which, from (2.4%.3) and (2.4.5), we assume to be of
order ko Tilks) . Thus on substituting back in these
two equations we obtain

M~  RaHZ C (2.4.86)
for al1'(sméll)'3 ,‘where
R
?;g\ Ea M

“Rm,can be 1nterpreted as a magnetic Reynclds number.. .

The rate of dlSSlpatlon of magnetlc energy,“JD ’
is given by

3_=-L”a*m(a)¢£

and may be shown to be of order 'R;fb, » where Da
the rate of dissipation of the seed field alone.

The only 31gn1f1cant dlfference between these
results and those of the three dlmem$1onal theory is
that the relatlons for H2 ande are lndependent of
the ratlo of ¥ to'l . This is a consequenee of the.
fact that for wavenumbers 1ess than the conduct;on
cut- off the functional. form of the spectrum is pro-
portlonal to ﬁ whether the wavenumher l:.es in the
1nert1al subrange or not,

Iif H repxeéents_a magnetic field wé cannot . neglect
the Lbrgnt# fépéé in all circumstances. For if we let
A tend to,;grolthen equation (2.4.6) indicates that.
the mégnetic energy‘will'inérease without limit so
that eventually the Lorentz force will become appreciable.
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How large A must be (for given H, ) for the validity
of the analysis presented here remains an open question.

There is a third possible configuration of <the
convected H -field which we could consider: that
where H is a general three dimensional field. Now if
H does represent a magnetic field then the Lorentz
force would introduce three dimenéional perturbations
in the Nayler Stokes equatlon and might cause the tur-
bulence to degenerate into a three dimensional metion.
For this reascn the behaviour of a passive H -field
in this configuration is only of theoretical importance.
However there are certain anomalies with this problem

which make it . lnterestlng.

First, if we transform the 4 - and H -fields then,
as equation (2.4.13 ig linear in H ahd as there is no
dependence of ;the & —fleld an the z—dlrectlen, there
will be anmnteractiqnﬁbetwgen Fourier modes of the

H -field with different wavenumber components , Rz

in the & -direction. The only useful method of con-
structing spectral forms is then to consider the two
dimensional (i.e. in R, and R, ) spectra of the Fourier
modes of the H -field for particular values of K .

Secondly the equation for H; is again the same as
that for a convected scalar quantity (with the three
dimensional Laplaéian)n The' spectrum for the H; com-
pcnent alone with Rs sultably small can therefore Dbe
very little different from that obtained in§2.2. More-
over aslﬁl is increased we would expect the only effect
to be & lowering of the conduction cut-off wavenumber.

-

The remaining two components of H present a more
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complex problem however. The two dimensional divergence
of H is not now zero (although presumably it is approx-
imately zero for the small scale variations since %&

ad

cannot be amplified) and we cannot use the quantity A
as in the above analysis. But for the range Raka we
could construct an analysis by ignoring the anomalous
H, behéviour-and;ﬁy_cqnsidering.the_vector potential
; A of H (as in Moffatt (1962)): in this way we would
i regain the results (2.4%.3) and (2.4.4), for suitably.
small ks ,‘if we redefine B to be the mean-square of

therﬂ,Vapiations with fixed Wavenumber‘qomponent Rs
in the =-direction,

‘ e We may also regain the .result (2,4.5) since the ..
- ) upiform‘strain.anglysjs”is nctudépendentnanmbeing_able
to gbnstrgctlg potential function at all (see Saffman
(1963)). Thus if we consider the $impliﬁied.gase.of

p=0 , %0 and ignore the conduction term we can obtain
a formalized solution for the Fourier-Stieltjes trans-
form of H in the form ’

| CH = H (e se (BLD.2)

where .
M L up =0, Y_oyg-0, o
Te FIRTE s g 2 » & "
L)
WD _ M me0, W4 ula=0, V=0

and R, H (0 + £ Hol®) #3410 = O
(see equations (Zozalé) and (2.2.15) for comparison) .

Conéeguently on the outward travelling asymptote
g, =0 the H -vector is dominated by H, and

H‘ o e“&‘ o Eg

and this produces a (two~dimensional) sPécfral form

T (R) <k (2.4.7)
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where k% = RZ+R:

for small R .

. This is the same form as (2.4,5)

We note that if we had not been able to discount
transfer of energy albng the inward travelling asymp-
tote ke=0 it would have seemed feasmble to have
taken the component H, as domlnatlng the H -vector
for this locus and that it would have behaved as

i' 'H:;\*".C.é'73°¢:5 < R, (2.4.8)

which would have led apparently to a spectral form
T (R) < RT3, - (2.4,9)

Thus at small R (but with R>E¢_ ) if would have seened
that (2.4.8) would be dominant over (2.4.7). This
would then have led to an indeterminacy since the con-
stant of proportlanallty in (2.4.9) would be unknown.
However, as we have argued in§2.2 (i), it is not
qdmissable'to cénsider wavenumbers which lead to the
prediction (2.4.9) since H, cannot behave as (2.4.8)
except under favoqrable, and unlikely, conditions which
depghd on H -variations on. a. length scale larger than ..
the ?égion of uniformity in.physical space which we
havé assumgd for this analysis. (The_prediétions
(2.4.8) and (2.4.9) are those for which Saffman's
afguments did not give adequate reasons for ignoring.)
Thus (Zo#a7) énd, in more detailed form, (2.%.5) are

v§1id results:fqr'this configuration of the H -field.
. i _

2.5 THE STABILITY OF TWO DIMENSIONAL
TURBULENCE |

We showed inf2.4 that a convected vector field
which is not aligned parallel to the vorticity of two
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dimensional turbulence is amplified by the turbulence
1nteractlon,but that when the field is everywhere
parallel then there is no such amplification. This
‘suggests +hat if we have a vector field in the latter
conflguratlon and introduce a three dimensional per-
turbation then thls perturbatlon will prcbably be
amplified and the vector field will degenerate into a
three dimensional conflguratlonn Thus the vector fleld
everywhere parallel to the vorticity may be said to

be uqstab;e

Now the equatlons (2.4.1) and (2.4%.2) which we
used 1n§2 4 are of the same form as the equations for
a three dlmen31onal vortlclty field. Consequently
there appears to be the p0551b111ty that the two di-
men51onal conflguratlon of the turbulence may. prove.
to be unstable in the sense that a three dimensional
pgrturbatlon may be ampllfled and lead to a fully three
dimensional motion.

We have already (see§2.3) argued the validity of

smng the unlform strain approx;matxon for the vortiecity
field and we therefore intend to use this theory as. a
model "in which to. investigate the stability of the
small scale vort1c1ty vaxvn.atlons° Thus we shall con-
sider a small scale vorticity perturbation field @ ,
w1th assocmated ve1001ty field 4 , which satlsfles the
equations |
o, Ume Q.VQ-#-Q.V& +» Py

fz (2.5.1)

Veg = O | (2.5.2)

where U is the jocal velocity field
= (dx~ Py ~ XY FPR, 0)
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-

referred to the principal axes cof the strain, and §i
is the local (absolute) vorticity

& = (0,0, 2(p+%))

where & is the angular velocity of the prineipal axes..

We intend in this analysis to show.that the configuration
is unstable and we shall alsq investigate.the possibility
of stébiliziththe motion by superimposing a sfrbng
uniform rotation. The quantity ® is therefore intro-
duced-at this stage to save a repetition of the analysis:
when theré'is no éupefimposed rotation we shall.assume

that & is’zero} o »p and & will all be taken to be
constant,

As we have g;réady discussed the effect of the .
Fourier-Stieltjes transform in this type of analysis
we shéll‘gse the simpler formalized representation of
this transform in terms of the amplitude of one
sinqséidal wave. 'Thus.equations (2,5.1) and (2.5.2)
havéva 501ﬁtion of the form |

W= w(E) sin ( BL.%)

which has an aésociétgd velocity field
& . W)

o= 2250 o (&)%)
if
ey dhrplano, S oph im0, B s (2.5.3)
'c}_dgg 2 (oLl ~ by, },Vmi'—o(w,',‘,O);_“*'%'(%ElEs(Qlag); (2.5.4)
: - pR® W | | ‘
W+ wh Ry s wl Ry= 0. ‘-(2.5,5) .

- It will be noticed that the equations for &, and
Ry in (2.5.3) are the same as those in§2.2 (i) so
that we7already_know the behaviour of the wavenumber
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loci. Moreover in the case «"»>p* we also know that

the iny_relevgnt transfer of W' takes place along

the outward travelling loci of the hyperbolic asymptotes.

Now if we substitute w, = Wy =Rz O in the above
equations we obtain the equation for the vorticity in
two dimensional tubbﬁlence and this has a solution

u,s < “"P{“”f (a=+£;)wc§ (2',506)

Thus 1f thls conflguratlon is unstable we require that

the three d1mensmona1 perturbatlon must grow relative

to>(2 5. 6) , 1.e, bﬁaa~w1 b wt)® as predlcted by .

equatlons (2 5.4 must decrease at a less rapid. vhte

than wy' as glven in (2 5.68)... (As in82.% we are Worklng

in. terms of two- dlmen$1onal spectra, even, for. the .three

d;mens;qnal;vortlc%ty f;eld, 80 thgt we are comparing

the spectrum for a particular value of Ry with the
above spectrum for zero R; .)

Weimay eliminate the viscous terms in (2.5.4) by
substituting '
i i

wae @t wp - [Trtu .

The equations for w* are then the same as (2.5.4) but

with the viscous terms. removed. This set of equations

does not glve a closed form of solution in general so

we shall now’ dlscuss only partldular approxlmate
solutlons°

If k: »»Ea*-ﬁ then, on usxng equation (2.5.5)
we may show that the equations for w™ become ’

(% -~ 2(@+p) 5F ) o = (@B+p) 0

(& +o + 2(5+p) 6.%:_-) W == (2mep) o,
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From these we may eliminate either @y or wy and then
neglect the terms containing factors &&i/f, to obtain

(E - <2+ CoepXor, )= 0,

When =0 and «*< p* +the Solutions for wy and
oscillate with constant amplltude so that, as the
viscous damplng factor would be much larger in this

case- than in (2 §.6), the configuration would be stable.
But when G=0" and £*>p2  then asymptotically

Wa tuz o« Qxff_(w/(at’-_};’-)uvﬁs )t} (2 5 7)
and it may be possmble for thls to grow relative to
(2.5.6). However the approximation Ry » R+ €2 would
eventually break down in this case so that there is no
conélusive evxdencg of lnstabllltyo Moreover if a no-

tation © is superimposed so that

(2w +p)R Sd_*—,

wy

¢ and ®f would necessarily be oscillatory so that

the configuration can be stabilized., As both £ and 7

have the value ¥ we could thus ensure stability
for this case if @*»§3

[

[}

It is 1nterest1ng to note that in the case «=0,
m+/>>f:0 (and 1rrespectlve of the relatlve magnitudes of
R,, ke and k3 » provided ﬁﬁ:O) the solution for w?®
is the inertial wave solution: the configuration
would then necessarily be stable. We shall. take this
to be an J.nda.catlon of the general behaviour of wt
whenever %« pz (We .hqv_,e not been ..ab_le to obtain a
sclution for w* when «%<jpr , except when «=0 or when

Ry > k> +R: , which is valid for a complete circuit
of the ellipt_ical loci but one ‘woﬁld presume that
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such a solution would necessarily be oscillatory-—
although,

of course, of unknown amplitude])

When Rf «k}+Ry , Ry o and o&*>p*  we can
obtain a solutidn by‘transforming the reference axes

so that one of them,ﬁf say, coincides with the outward

travelling asymptotes. If in this transformation £
and w* go into &'

and w* respectively then the equations
for these variables are

: . i 1 -

LR - e Ri0 , R =0 (2.5.8)
duof * & (63% * :
L L ey e v 2w () e (2.5.9)
"?:E'* = —2moar V(P e
“’.};3 = - 2(@+})(%;)”~62"

where we have conflned our attentlon to wavenumbers

lying on the asymptote 1tself, Thus we may ellmlnate
w* from equations (2.5.9) ‘and obtain

- (€*-p2) + 43 (a+p(F) ) uF = & (2.5.10)
Equatlon (2,5.10) w1th (2. 5 8) is in general of

Bessel type and the solutlons may be shown to be
-

w* = B di(2) +Q,Y(Z)

"G)g_ a‘Pg

wy

~when ® (“’ '*'M 70
{J(%"*p")&1+ Q, a«pi Yot p’)e} ‘when  ® (%ap)=o

= Py L(2) * QK (2) when & (&+p)<0O

where the s and Q’s are constants; J., YA.: Cand T,, X

; _ '
are the Bessel and modified Bessel functions respectively;
and

z - w(if z:; ) (&)

UZ
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Now when ©=0 we have that the configuration must
be unstable since w; increases exponentially with time
and also since the viscous damping term is comparable
to that in (2.5.6). Thus the small scale variations
of two dimensional turbulence are unstable to three
dimensional perturbatlonso

When we superimpose an angular velocity & then,
as ﬁ:l tends to infinity, # tends to zero and

Y () ~ 2zt | K (z)~z2"

i.e. it is not p0551b1e to stabilize the conflguratlon

since, for example, when VDIB+P) >0

w,.*z'ng'%ge;;,—(gz‘;) (2.5.11)
as’ E:z ténds to infipiiy and the vorticity is clearly.
going to. grow're&ative‘fc'(Z 5.6), The‘onlﬁ effect
thCh an 1ncrease in the value of & would have is to
decrease the btate of amplification of the instability.

If k=0 and  4*>p* then the solution will be.
given by (2.5.9) if we ignore the terms associated
with @ . Thus there will always be an expenentially
increasing component of vorticity w and the exponential
factor will be independent of the rotation for this
case,

Of course our analysis is strictly limited to
wavenumberé R» Ry sO that if we restricted the per-
turbations to be small at R~k4 relative to the two
dmmenslona; field, then the three_dlmenSLOnallty would
only dominate the spectrum at Wavenumbers well beyond
the viscous cit-off -~ and for R:#0 the wavenumber

marklng the beglnnlng of the three dlmenSLOnallty range
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would be associated with a certain magnitude achieved

by « in (2.5,11). However if an instability mechanism

is predicted for wavenumbers covered by the uniform
strain approximation then it is suggestive that wave-
numbers smaller than this may also be unstable so
that appreciable perturbations may actually occur at
R~&4 « Thus if we define the parameter

v F (%)
where we have assumed that (4*-p*)  is of order 2 , we
postulate that a condition for three dimensional per-
turbations to be negligible at a particular wavenumber
R is that N* should be sufficiently large. .

Consequently if the turbulence were bounded
between two parallel planes a dlstance L apart, we
cculd ‘take as an estlmate of the smallest value of 5
the value Lt and three dmmepsxonal perturbations
would be small so long as

N® = ﬁ (RL)™*

is sufficiently large.

'An alternative way of trying to stabilize the two
dimensional configuration is to impose a strong uniform
magnetic field H parallel to the vorticity. The vor-
ticity and magnetic field equations are then coupled
S0 that;we.must:consider‘perturbation fields w and A
of both. Thus .
_5_93.‘.‘_,_ U.Vor ~ w.VU; - » Vi = Q-V‘*l""'f?'\{ ﬂ'V(VAﬁ'):

W, y.9 - R.TU - ATR = HLVw

E13
where s is the magnetic permeability and H = (OQO,HJ.
We shall also take the $lmpllfled case of A=» . Then
these equations hdve a (formal) solution
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@ s w(k) upz ~fb>-&z A 3 Sta, ( kit) ,:5)

(2.5,12)
k= ‘%ﬂ Ryt A L) axﬁ{ -f%»ﬁ"ék.j Stm. (gc&m)
with H = 4"?‘-7: H

if the equations for £ are (2.5.3) and

é‘%: = (d"“n"f"“’?—a?“"t“x“’kv 0)£+ % Fh(w Q) +'#(K E)

1A

a_:é;t = (»{Eim}:ﬁz, fal""[-a?»fo)i + #(%) (wak),
(we have now assumed that &-0 and that the principal
axes are stationary).

As in the analysis of the effect of a strong
rotation the most critical configuration occurs when ‘
Ry’ << K\T+ R,F » k30 , and «®>p: . We shall there-—-
- fore deal only with this case here. Again we trans-
form axes so that £ ,w andh go into £ , w and &'
where ﬁ =© is the outward _travelllng‘asymptoteu The
relevant equations when ﬁg'=0 are then

e k! o=

- - (2,5.13)
(% + Jum-p)or =(#4)R: -»z,:( el s
(& -Jee-p)o = - (HR)E) R (2.5.15)
(% +JLE-p)) R = (@“é})(%)"_wg‘ (2.5.16)
(% ~0e-p)ad = 2phi- (H&)wl . (2esaaD

Equatlons (2.5. 15) and (2.5.16) with (2.5.13) can
be shown to have solutlons

Wy « wé(«lw—p*):‘: H Ay L)t} (2,5018}
Ri'o exp b (=6t 4 WEse)e ]

and on substituting these solutions into (2.5.14%) and
(2.5.17) we may obtain the solutions of w,' and Ky as

w', Ry = 'ex}; { TJ(DL“P"~8V'"£32')&3 —1»3‘-;. w0 (O
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where fwt fxa are particular integrals of ‘the

differential equations and are exponentially decreaszng
functions of time.

We can obviously 'stabilize' the w; and &L
components by requiring

HES >« p2

and the R, component is always stable. But the vor-
ticity component w¢{ always contains an exponentially
inereasing function of time whatever the value ofé#

or H . However we cannot lmmedlately conclude from
this that the two dimensional configuration cannot be
stabilized by a strong magnetlc field, for this domlnant
-vortieity compénentiis, from (2.5, 12} and {2.5.18),

W, % exFEJ&L‘—P—)t: -f yk’—c‘k& Stm (E,x +Ryz _.JVE.&{-.),

i.e. it is a travelling wave. The phase velocity
asSoc:iated with this wave is ¢t .E‘% M %_ & and the
group velocity is t‘ﬁg% H . There are now two
possibilitiés when H is large:

(i) the phase velocity may be large enough to render

thls analysis, 1nva11d since the wave would not stay

long enough,upder the gsame local conditions for a

prediction to be feasible,. If R is the length scale

of the region for which uniformity can be assumed then,

as the charagtéristic time scale of the'uniform strain ;
analyéis is P , this analysis is invalid if :

& % s (P | o

When this condltlon holds then the small scale variations ’ j
would be propogated rapldly through.fluctuatlng local i
condltlons° It may then be 90331ble to have stability %
since one. wduld expect w and Ak to fluctuate.as well,
and they may - do so th%out the amplitude of w growing g

|
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in time.
(ii) The fluid may be bounded by two parallel bound-
aries, a distance L apart, where it may be possible
to dissipate the energy associated with the propogation
of this wave. Stability would then result if the
amplification rate was small relative to the rate at
which the energy of the disturbance is Propogated to
(and dissipated at) the boundaries. Thus if we take
the am?lification rate as P~

stability would result,
whatever the wavenumber of the disturbance, if

b
‘.\/ﬁw&; H > P,
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NUMERICAL ~CALCULATION FOR THE

| STUDY OF TURBULENCE
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3.1 INTRODUCTION

In this chapter we shall describe a numerlcal
calculation which we believe is the basis of a reasonable
model for a high Reynolds number homogenecus turbulent
flow,

The use of numerical computations in the study of
unsteady viscous flow problems is a relatively modern
develoPment in fluid mechanlcs and only in a few recent
examples has the method achieved any degree of success.
Up to now the main difficulty in setting up a success-
ful computational moedel of this sort has lain in the
fact that it has been necessary to have an accurate
descriptlon of the flcw for all length scales right
down to those where v1scous forces are dominant. Con-
sequently the higher the. Reynolds number of the flow
one wighes to lnvestlgate 80 & more detailed descrlptlon
of the motion is requlred. The limitation of the
Reynolds number one can use is then determined directly
by the size of the computer available. This is a
fundamental difficulty in constructing a successful
model for high Reynolds number turbulence and in over-
coming it we belleve that the model presented here is
potentlally the most promising mode of attack.

Before glVlng a detailed description of‘the method
we used we shall briefly survey the numerical methods
which have been used in the past in the study of unsteady
viscous flows and try to evaluate their possible con-
tribution to the study of turbulence. All the methods
dlscussed have in fact been listed already by Batchelor
(1962).
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(i) Expansions in powers of &.

Taylor and Green (1937) have described a calculation
in which they expanded the velocity as a Taylor series
in time. Their initial flow was a simple sinusoidal
form so that the method consisted of expanding the
amplitudes of the fundamental and harmonic modes as
power series and evaluating the coefficients of the
series from the time derivatives of the velocity field
at the initial instant. Although the original cal-
culation was performed by hand the method is adaptable
- to. automatic computatlon. (We have, in fact, done
thls, and so also has Jain (1980) - 1ndependentlywbut
we were unable to develop the calculation much Ffurther
than the original work.)

One advantage of this method is that the Spatial
average of any quantity can be obtained as a functlon
of the modal amplitudes and its behaviour in time may
then be readily investigated. But there are two serious
disadvantages: first, the analysis will be of use .
only in the initial development of a simple flow whilst
the serles converges rapidly; and secondly the amount
of data involved in the calculation increases enormously
as the number of terms in the power series is increasad.
This second disadvantage may be amenable to numerical
épproxim&tion but the'firsf is characteristic of this
method and renders it ineffective for a genéval study
of turbulence,

(ii) Expansmon in powers of the Reynolds number.

Goldsteln (1340) adapted Taylor and Green's tech-
nique to produce an expansion of the velocity field as
a power series inR . The first approximate solution

for this method was obtained from the final perlod
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and successive approximatiors wepre obtained by com-
paring ccefficients of powers of R , Goldstein, alse
working without an automatic computer, considered only
one simple sinusoidal solution of (3.1.1).

~The criticisms in (i) generally apply to the
pPresent context as well. In particular the Qonvergence

method to be useful except in the decay of turbuience
in or near the final period. It does not therefore
Seem to be adaptable enough for ocur purposes,

As Batchelor (1962) points out, if some method |
could be devised to compute'a solution based‘on a’ power
series in R™ then some useful informatioﬁ_could be
obtained even if there is a finite radius of convergeance,
However yhe main feature of such an expansion is that
the first order solution would be involved with the
full non-linearity of the equations of motion and this
is at the heart of the turbulence problem.

(iii) Methods based on hypotheses or models of turbulence,

It has been a basic'postulgte of this dissertation
that the development of a turbulent motion can be pre-
dicted by the Navier-Stokes equation. This has not
proved in the past,to be amenable to solution infitself
and varioﬁs'authors have either added an extra hypothesis
to thé system or feplaced.this whole mode of attack by
constructing new models for the non-linear mechanics
of a fluid motion.
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As yet no new non-linear models have been developed
numerically for the study of an incompressible unsteady
flow but an illustration of this kind of approach can
be seen in the so-called 'particle-in-cell'’ method
developed by Harlow (1964) and others for compressible
flows. There is little information on which one can
base a judgement on the utility of this approcach for
turbulence but it certainly remains a possible numerical
method.

The addition of an extra hypothesis has so far.
been the basis of one set of calculations, being the
work. of Ogura (1962, 1883). This author uses thé
hypctheSis of zero fourth order cumulants of the velocity
at twb different points in space. This hypothesis is
based on sbme'experiméntal cbservations and was known
to be only approximately true. Ogura confirms this by
showing that the resulting equations of motion can,
with.certain initial conditions, predict a:range'of
pegative values for the energy spectrum - by definition
a positive definite function. So in effeect this work
has mefely shown an inconsistency within the hypothesis
and has not been able to make any definite predictions
of the behaviour of turbulence.

The limitations of this approach in computational

work are inherentiy bound up with the accuracy of the

additibnal hypothgsis‘whiCh is. postulated. Consequently,
as there is as yet nc hypothesis for turbulence which
is satiéfactory for a large range of length scales, it
is-diffiqult to envisagg any success on this basis at
the moment.

(iv) Direect numerical integration of the governing
equations.
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The nature of the Navier-Stckes equations is such
that if sufficient information is given of the descrip-
tion of an initial flow. then the development of the
flow can be predicted forward in time. The equations
are of the first order in the time differential so
that an integration forward in time of the velocity
field is in principle a simple matter if the pressure
field can be evaluated at every instant.

Emmons (1847) was the first to attempt such a
calculation (by hand). 1In his case the flow was two
dimensional and bounded between parallel plates,

He prescribed the initial velocity of the fluid at the
points of intersection of a square network in space
and then evaluated the vélocity at these points at
léter instants from'a finite difference form of the
Navier-Stokes equation. The technique is now widely
used in many unsteady flow problems, e.g. in thermal
convection {see the next chapter) and in numerical
weather prediction, and a detailed account of the
method is given by Fromm (1964).

This method does offer a number of advantages: f
the integration forward in time can be made as acocurate
as one wishes by reducing the time step involved in
the computation; the calculation can in pfinciple be
developed for an uplimited time; spatial averages can
be evaluated by a simple‘numérical routine; and
finally the ihitial description of the flow can, with
ingenuity, be made quite complicated (although one
would need to proceed cautiously in order to censerve
the continuity condition). However the method does
suffer from the fundamental difficulty discussed in the
introduction to this section that a computation of
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this type will only be successful for & limited range of
Reynolds numbers., If the Reynolds number is too high
then the turbulence will generate velocity variations
on a length scale of the same order as the mesh size
of the network and the velocities at neighbouring
points will then become uncorrelated and will violate
the finite difference form of the continuity condition.
Thus until some method is found to impose a suitable
constraint on the variations on this length scale,
other than by viécosify, it is doubtful if this approach
can be fruitful in the study of turbulence.

. Lastly this method also suffers from the defect
that boundary conditions are invelved., If rigid, or
free, boundary conditions are stipulated then effects
due to inhomqgeneities may play an important part in
the development_qf the flow. On the other hand if
periodic boundaryuconditions are given, then the
calculation of the preSsure term appears to be a dem-
inant feature in the length of the computation (see

Fromm) and the computation time is increased by a
large factor.

3.2 DIRECT NUMERICAL INTEGRATION OF THE
FOURIER TRANSFORMED EQUATIONS

It is apparent from'the above discussion that
method (iv), the direct integration of'the governing
equations, seems to be the most promising approach to
adopt for a numerical calculation provided some way
can be devised to overcome the difficulty inherent in
the discreteness of the representation of the velocity
field in physical space. But if we represent the
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velocity field by a finite set of discrete Fourier
modes, i.e.

w(x) = %Z A (6) '8

and use the Fourier transformed form of the Navier-
Stokes equations (see Batchelor (1853, p. 82) for its
derivation and form in three dimensional turbulence)
then we do in fact avoid this difficulty,

The representation of a velocity field by the
same Fourier modes throughout the development of a
motion will be that of an actual fluid motion provided -
the velocity field is real, i.e.

8 (-&) = A*(g), (3.2.1)

where the asterisk denotes conjugacy, and prov1ded the
contlnulty condltlon

A= O (3.2.2)

is satisfied. But the Fourier transformed Naviep-
Stokes equations are such that the values of the time
derivatives of the A’s preserve both these conditions.
Thus a computatlonal model on this basis is free of the
dlff;culty a53001ated with the finite difference method.

The model is also well adapted to the deseription
of a homogeneous motion since the representation is
haturally that of a perlodlc flow. This pericdicity
may of course lead to ’free' boundary effects or to
& restriction, not present in aperiodic flows, on the
behaviour of the large scale eddies. But we may
minimize both these effects by first.ensuring arbitrary
phase factors in the complex Fourier modes ﬂ(ﬁ) and

secondly by having only 4 small amount of energy
associated with the modes of smallest wavenumber.
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form,

By cepresenting the fluid motion at every instant
by the same Fourier modes we shall naturally not be
following the actual development of a flyig motion,
for such a development would always involve harmonice
Fourier modes which do not occur in the description,
It will thepvefore be necessary to discover how the

development of the flow is altered by this approximation,

We shall now discuss in detail the methed of
calculation whieh we have used +o mod
'turbulenceo

. threée-dimens

el two dimensional
- Thé method éan ip- principle be extended to
ional”furbﬁfénée‘But'rhe!&UPatipnésizéuand
accuracy required. by sy
still'beyond.thé‘reach
(1)

clta ecalculation are probably

of the modern computer.,

The gbverning equation and its integration.
The vorticity e&uation in ter

function +(x) , where

E 3
(-3 =),

ms of the stream

T8 -4

-

. |
am‘g—hi‘_ + e Vi = 4, Vg, = » Vi (3.2,3)

Thus if qD@) is defined as the Fourier transform
of Fx) 5 i.e.

+ (x) % P (&) e"ﬁ‘_’.f, (3.2.4)

where @::(Egﬁa) , then equation (3.2,3) becomes

éﬁz(g) - }: [E.‘ Ezl'l "“‘ﬁz‘ Elu ] .@g CP (fl_‘j C;)(@") V_.__\),Qa (_JP
\é_c ‘ £k R ’

or, writing the non-

(&)

linear term in a more symmetric

) ﬁu’-“ 12 . " . : .
e E.gzg;—;f— (€9, PEVPE) - var d(6) (5.5.5,

where

CRLEY, + Re - RGN
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From (3.2.4%) we have that
P(-€) = ™ (&) | ‘

and this is the only restriction imposed on the <?’3
since the use of the stream functlon guarantees the
continuity condition. '

In the actual calculation we chose the length
scale §0 that the vector & had 1nteger components.

We then con51dered only ‘modes ‘having wavenumbers in
the range

where n is a positive integer, in oprder to facilitate
the counting procedures in the computer programme,
However we made the further restrlctlon that only the
modes where

R < n | _ (3.2.8)

were allowed to be non-zero. The slight directional
preferences imposed by the square network of values
of & .were then not a feature of the cut-off boundary
in wavenumber space and the geometry of the system
could be taken to be approximately axisymmetric,

No particular time scale was chosen for the cal-
culatlons, but in the descrlptlon of the results the
time values will usually be cross- referenced to the
initial value of R7*

The behaviour in time of the set of modes satis-
fying (3.2.6) was calculated from (3.2.5) but all
other quég were kept at zero amplitude throughout
the computation. The numerlcal procedure used in the
integration of (3.2. 5), which is now essentially a
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set of simultaneous first order differential equations, .
was that provided in the library of subroutines fop the
EDSAC 2 machine, the computer used for these calcula-
tions. This procedure is one develcped by Gill (1951)
from the Runge-Kutta process and consists of integrating
forward the ¢(§) in time from the values of P (&)

at each instant, the accuracy being equivalent to
expanding the @(@) as a Taylor series in time up to,
and including, the fourth power of & . In this way

the values of P (£) as predicted by (3.2.5) were
evaluated at time intervals of $t ,

(ii) The numerical errors involved in the method.

Now there are two inaccuracies in this method:

-one is the error invelved in the truncation of the

Taylor series in the integration process and the other
results from the evaluation of the right hand side of
(3.2.5) by a machine with a limited accuracy in.the

storage and arithmetic of numbers. (The EDSAC 2 machine

worked at an accuracy of 1 in 10903

The first error was made negligible by reducing
the value of % until the calculation produced a set
of values for the development of the ¢€é) which were
not changed (to the order of 1 in 109) by yet further
reduction of 8 ., This error could then be said to.
be less than or equal to that resulting from the
limited accuracy of the machine.

However the second source of errors is inherent

|

are not negligible then it would be necessary to in- ;
l

crease the accuracy of the machine before continuing
with the calculation. The non-linear term in equation
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(3:.2.5) consists of a large number of summations of
quantities which ray possibly be all of the same order
of magnitude. But if just two numbers x and 4 s both
having relative errop & say, are added together then

the maximum relative error in the summation 15
Il + 1yl

x+5
and, 1f x#£-yv, this can be nmuch larger than & . The
non-linear term must therefore be 1nvest1gated to
ensure that these "cancellation errors' are not sig~-
nificant in the evaluation of the right hand side of
(3.2.5) for any value of. kR, '

The strongest evidence that we have that these
errors were negllglble for the computations we carried
out lS in the observatlon that the predicted behaviour
in tlme of quantltles like the energy and vorticity
spectra was highly reprodu01ble. Thus the calculated
development of . two initial flows which differed from
each other by slight alteratlons in all the Fourler
amplltudes showed only slight differences even over
a perlod of time of the order of SSZ“* {(where $§2,
is the 1n1t1a1 value of L in the computation). But
if the predlcted development was due largely to can-
cellatlon errors one would not expect the behaviour i
of the spectra to be reproduc1ble 4at all, sznce errors
of this nature would be to some extent random.

Secondly the convergence of the numerical inte-

of thls model under slightly differlng conditions. We : i
therefore belleve that all numerical errors could be @
ignored. _ . i
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In fact we can construct estimates of +the can-
cellation errors involved in the evaluation of the
nen-linear term for particular values of the wavenumber

R . Thus, for instance, when g takes its smallest _
values we can show that the ernors are negligible,
irrespective of the value of the cut-off wavenumber n. .,
The non-linear term in (3.2.5) is bounded above for
these R in order of magnitude by
2. R (g2 (3.2.7)

. ol @
since IR™-6*z 2K.6'| fop R'>k  and, we assume,

(&Y ~ (&)

when R"'2 & . Thus the non~-linear term is at most
of orderZEf(é?the energy) whatever the value of n .
Consequently if the errer in ¢' is £¢ then the order
cf ‘magnityde of the cancellation errors fop the smallest
wavenumbef'modes‘is at'mosf4€E'. In the actual cal-
culations £ was of order 10 and # of order” i0™? go
the estimate of the cancellation errors is'of the corder

cof 4yt But fiuctuations of the ¢is‘were always a
feature of the dévelqpment of the flows and, from
occcasional inspectioh of the behaviour of individual
mddes?'it was observed that %g was usually at least

Of the order of /0 for modes in the first two wave-
bands (see below for the definition of the waveband) .
Thus the cahce}lation errors were negligible for the
smallest wavenumbers. ‘

“55.;_,4{_.‘_, TR R, s

(It is also interesting to note that the non-
linear term for small & is determined mainly by inter-
actions of the small wavenumber modes: (3.2,7) implies
that the maximum contribution to the non-linear term
from interactions of modes with wavenumbers of order

R' ig £ (k) . But from the first chapter we know
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in the inertial range, so the contribution of the
large wavenumber modes to the non- linear term for
small wavenumbers is uniformly convergent whatever
the value of the viscosity. This conclustion is also
confirmed by the results described below.)

The only estimate we have of the cancellation
errors for waveﬁunbers near to R=n is dependent on
the value of n and 1ndlcates that, with the maximum
value of 12 forwn Wthh we used, the calculations were
working almost to the limit of the accuracy of the
computer. Thus with k=wn +he non~linear term in
(3.2.5) is at most of the order

2 REIAEY G (e < 2 R b (g0
RichM | :
since R pr2p g g2 & A6 < KR

and since the largest values. of q) were contained in
the smaller wavenumber modes., Now

IR (I
was of order 10 in the calculatlons 8o the maxmmum
order of magnitude of the non-linear term was [0
With a relatlve error of /07 in the values of the §’s
this. would glve 2 maximum possible error in the non-
linear term of opdep 2I0~7 | But it was observed
that ™ was in general of order IO"WP and CP )
for large‘ﬁ » was of -order /0™* 5o the non-linear
term was of order 107F which is not very much greatey
than the possible error. The evidence we have given
already is sufficient to show that the cancellation
errors were in fact negligible, but this estlmate
clearly shows that an increase in the value of n
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much beyond 12 was not feasible for this particular
calculation model,

Finally, a check on fhe net accuracy of both the
integraticn process and the evaluation of the non-
linear term was pro#ided by a series of calculations

_ for which the viscous terms were identically zero.
: For these éomputations the‘energy‘and mean-square

: vorticity should both remain constant. In practice
% they varied by one part in lo? over:times of the

3 order of K™% despite marked fluctuations of the
individual Fourier components. This was taken as a
clear indication of the accuracy of the model.

’ : (iii) The initial flow,

The initial values of the Fourier modes were

generated within the computer in a pseudo-random fashion.
A computer subroutine was used to produce a sequence

of random numbers having a unit normal deviate. Each
term in the sequence was then scaled by a factor,

depending only on the wavenumber magnitude of the mode

s R R R

1

with which it was to correspond, so as to approximate

ey

L

-

g

to a spectrum of a specified shape. In particular

f% both the energy and vorticity spectra were designed

f% to have one maxzmum at prescribed wavenumbers in all
ﬁ% initial flows,

.%' This method was used in order to avoid selecting
f% particular simple, and thus perhaps uncharacteristic,
% initial flows and also to be able to generate a number

of dlfferent initial flows having roughly the same
overall structure. It was also hoped to be able to

5
i
&

produceﬂépproximately isotropic cénfigurations by

these means so that the model would have favourable

inp b e R




il g NI

R

108

conditions in which to confirm the predictions made

for two dimensional turbulence in the first two chapters
of this dissertation., In practice, however, we could
not achieve this isotropic distribution. The reason

for this was that in all initial flows it was necessary
te have the peak of the energy spectrum at a small
wavenumber . Consequently most of the energy was dis-
tributed amongst a small number of modes and only a
slightly uneven distribution between them resulted in

a néticeable directional preference.

(iv) Evaluation of the results.

The averaging procedure we adopted for the
evaluation of the results was, in the first instance,
the spatial average. It would also have been possible
to construct an ensemble average since the realization
of an initiél flow was through a pssudo-random process,
but it was not feasible, in the computer time avail-
able, to calculate the development of a large number

of different initial flows for a sufficiently long
time.,

The Fourier components of the velocity are
(ke P (R) , LR PR )
so that the energy of the flow is

E< g @ = -5 27 @ k) P(E) p o) e EHED

lL.@.

b ]

E= % ; £ (E) P () .

The mean-square vorticity can similarly be shown to ‘
be

R=Ltm = & §£4c§>(§:)¢*(@).
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Now as there are only discrete values of § we
could not use the spectral functions Z(k) and $U(R)
which are defined for continuously varying R , We
therefore used the approximate spectral functions E (&)
and St(k) defined as the summation of

R G&)P* &)  and  R*PR) PUA

respectively for all modes with wavenumbers in the
range' |

Ry —0§ ¢ k & R, + 05,
This particular bandwidth was chosen in order that
there was a reasonably large number of modes in each
waveband and alsc in order that this number should be
approximately proportional to the value of Ro o

For most of the results we restricted ke to take
1nteger values only and made comparison between the
spectrum functions for thése R. under different con-
ditions, such as varying ¥ and n . However in the
final evaluation of the shape of the spectral functions
half-integer values of R, were also used.

No continuous observation was made of the degree
of anisotropy of a flow during a calculation. In
fact occésional evaluations were sufficient to show
that only approximate isotropy was ever achieved. For
these evaluations we used the function

+ ) F (x+1) = Zcpg)cp*‘(ﬁ)w(éﬂ (3.2.8)

which, for an isotropic flow, should depend on the
magnitude of + alone. This function was evaluated

for t=(x,0) and +={0,u) and comparison was made
between the coeffigients.of cesRx and wsky which
occur in the right hand side of (3.2.8). Table 1 shows
two typical evaluations of these coefficients. Case
(a) 1is taken from the calculation with n=8 and »= O,
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and case (b) from the calculation with n=12 and »=0
(seef3.3 (ii)). The coefficients of coskx and ces Ry
are of the same order of magnitude for most values of &
but very few show any degree of equality, and hence

any degree of isotropy. However, from this cursory
investigation it was noticeable that the coefficients
did fluctuate in time (see also§3.4) and it seemed as

if there was no recognlzable fixed preferential direction
of anisotropy.

Apart from (3. 2 8) no correlation functions were evaluated.
Such functlons are mainly of use in investigating the
structure of the large scale variations and in our case
these would have shown a strict periodicity as a result

of the flnlte Fourler representation,

3.3 DESCRIPTION OF RESULTS

The main aim in darrying out the series of com-
putations described below was first to examine the
effect of the absolute cut-off of possible Fourier
modes at the wavenumber £=n and secondly to try to
obtain an estimation of the spectral functions at
wavenumbers larger than the vorticity containing range,
As the total number of Fourier modes was relatively
small it was necessary to confine the vortxcxty con-
taining range to the first few bandwidths (in fact the
first three). ‘In‘this way the vorticity near the cut-
off waﬁenumber would be smali and reasonably favourable
conditions would prevail fop mlnlmlslng the effect of
The cut-off, The behaviour of the vorticity containing
modes was then likely to be influenced by the dis-
creteness of the representation, but an intermediary
range of wavenumbers between these modes and R=n might
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be influenced only slightly by either the discreteness
or the cut-off, It is in this latter range that we
hoped to obtain results for the spectral functicns,

(i) The first calculation had the viscosity term
identically zero and w=4 . There were then only 22
independent complex Fourier modes in the calculation.

The values of £ and R were W7 and §2.3 respectively
and the integration process was accurate with the time
interval o015 for St » 1.e. approximately a tenth

of the time scale ™% - . The calculation was con-
tinued over some sixteen time scales.

The behaviour of the £ (&) with time is given

~in figure 2, Inltlally there was only a small amount

of vorticity in & (3) but by the time €=o04 , i.e.
within about three tlmelscales; gi(35 contained the
largest proportion of the vorticity. Figure 2 indicates
that this was also the time taken for the E(’) to
settle to steady values. Soon after that, i.e. at about

L=0% , it can be seen that oscillations were set up
between the EYQJ with ever increasing amplltude - £
and £ (3) being in phase and £(2) -out of phase.

This calculation clearly shows the possxble drastic
effect of the cut-off wavenumber . The.development of
the flow could be interpreted (and this is a consistent
interpretation for all the.Succeedihg calculations too)
as trying to-adjust itself to some 'equilibrium' state,
which in this case was achieved by about &t=06.4, But
for this particular calculation the state then con-
tains a significant amount of energy and vorticity in
all modes, since the cut-off prevents.the development
of the normaiﬁsingle«peaked spectra, and eventually
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an 'unstable' oscillation is set up.

In all the succeeding calculations the value of n
was larger and the oscillatory and cut-off effects
appeared to be independent. Thus after the initial
period of the adjustment of the spectral functions
the only effect of the cut-off was to prevent vorticity
from being cascaded to wavenumbers larger thann so
that there was a consequent build-up of the vortiéity
in the largest wavenumbers. All the computations
were stopped after this build-up of vorticity became

‘noticeable so that the eventual result of this process

is not known. However the oscillatory effects were
observed in all the flows whatever the state of the
modes near the cut-off. The amplitudes of the

‘'oscillations were never as large as those in figure 2,

but this may be a result of not allowing tha flow to
develop for a sufficiently long time. The most pro-
bable explanatlon of this phenomenon seems to 11e in
the dlscreteness of the Fourier representat;on 80

that only a flnlte.number of modes contain significant
amounts of energy: b@t we shall return to 'a fuller
discussion of this in§3.4,

One furthef detail of this, and all succeeding,

'calculatiQns was that, apart from an initial adjust-

ment over the first time scale, the energy in the
modeés with the smallest wavenumber, i.e., R=i
gradually increased throughout. the caleculation, The
rate of increase was approx1mately three or four
hundredths of the total energy in one time scale.

We shall attempt to explain this phenomenon in§3,8,

(ii) A second series of calculations were per-
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formed mainly to establish the value of % for accurate
time integration at various values of n and also to

observe the transfer of vorticity to larger wavenumbers,

A different initial flow from (i) was used but
the computation was again set up with A=4 and »=0 ,
After a while n was increased to & and then successive
: changes were made through the values %, {0 and /X.
! The total energy and vorticity were !/+9 and $é-|
respectively and it was sufficiently accurate to take
the values of St as 0:0/5 fop A=4,6 and 8, and ©-Of
for w=i0 and /2 . The introduction of many more
Fourier modes into the calculation did not therefore
imply a drastic reduction of % . In fact the limiting
size of $& for those caleculations which included vis-
cosity (see (iii) ahd (iv) below) was determined just
as much by the viscgﬁs term as the non-linear term.

Each time n was increased, vorticity was trans-
ferred into the new wavebands. The time scale of this
transfer was such that the new wavebands contained a
sufficient amount of vorticity to produce a R
spectrum law within a time of about R after the
change of n (althdugh of course the transfer continued
after this time as well).

After each change of A there was a marked diff-
erence in the behaviour df the spectra only for those
waQenumbers néar.the former value of W ., There was
very litflg noticeable change in the other waveband
spectra. ;

In order to confirm this last cobservation the
two calculations for n=4 and n=6é were allowed to

overlap for a while, and so also were those
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for wn=6 and w=% , In the n=4 and é calculations,
after a time of about &V , a difference of only
one part in ten was observed in the values of $L ()
and & (2) as given by the two predictions; and in
the n=6 and € calculations a difference of at most

one in @ hundred occurred in the first four waveband

: spectra over. a time of about ‘2 S . Thus it seemed
; that the model could provide reasonable estimates of

%‘ the behavicur of the spectral functions in time for

: wavenumbers - R<n-2 ,

As already stated, fluctuations occurred in all
of the waveband spectra, especially in the highest
wavenumbers, throughout. these calculations. But
’ E‘ unlike case (i) above the fluctuations were by no
means regularo Conééquently as these calculations
were never extended over long periods of time, in
order not to allow the development of a significant
amount of vorticity near k=w , these calculations

could not be used for predicting the shape of the
spectra,

It is relevant to point out that the time taken
by the computer tc calculate one time step in the in-

tegration process was about 10 minutes for wn=% , 15
minutes for w=i0 and 30 minutes for w=1/2 ., The EDSAC 2
computer could not be relied upon for periods in excess
of these times so the caiculation‘with n=i2 was per-
formed at the limit of the capabilities of that machine.,

(iii) It is apparent from the above results that
the calculation model may givéua reasonably accurate
description of the development of an inviscid motion
for all except the largest wavenumber modes provided
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the vorticity in the latter modes is sufficiently small.
But, as has been pointed out, vorticity is continually
transferred to the largest wavenumbers and this would
presumably wreck the calculation once a sufficient
amount were allowed to accrue near R=wn , Consequently
we introduced the viscous term into the next series

of calculations in order to limit this growth of vor-
ticity by dissipation. The value of the viscosity

was so chosen that §iscous effects were practically

negligible for all except the highest wavenumber
bands.

The first calculation of this type had an initial
distribution taken from one of the calculations des-
eribed in (ii) above when an appreciable amount of
vorticity had been ‘transferred to the highest wave-
band. The value of . was /0 , » was 0.0l and St
was again ©0.0! . The initial values of £ and §} were.
II-3 and $6°1 respectively and the calculation was
continued over a time of the order of § 842 where

s is the initial value of & . With this con- |
figuration it was found that &, was of order 27 ({see
§3.6), so that the viscous cut~off wavenumber &4 was
about 17°3  and was therefore significantly larger
than n . '

The behaviour of the waveband spectra.for integer
valﬁes of R are shown—in figure 3. The fluctuations
in'thislaiagram are typical'of all the calculations
we cgfried out except in case (i) above.

In view of the rapid fluctuations we decided to
average the.spéctral functions in time as well as over
physical space when determining the shape of the spectra.
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This step seemed justified in that there was no marked
decay or growth in any of the functions over the whole
duration of the calculation so that the system could
be supposed to be oscillating about some fixed state,
The resulting values for the vorticity spectrum are
pPlotted in figure 4: the centres of the vertical
lines denote the average values of log 8 (%) for in-
teger values of kR and the crosses the values for
half-integer values of R ; the height of the ver-
tical lines is twice the standard deviation of the
fluctuations of @331M) from the average value.

Despite the fact that the fluctuations are quite
marked the range of wavenumbers from R=4 +to A= 7
i.e. between the vorticity containing range and the
range affected by the cut-off, does seem tec indicate
a &f‘ law, as predlcted in the first chapter.

kN

]

But in the largest wavenumbers there is an appre—
ciable amount of vorticity so that the apparent g-'.
range may have been infiuenced by this. To test the
susceptibility of the Spectrum shape to cthanges in
condltlons near the cut-off wavenumber we therefore
repeated the calculatlon with the same initial values
and with n=lio , Se= O+0l , but with viscous terms
identically zero except for a narrow band of wave-
numbers satlsfylng ﬁn-?wahere the viscosity was O-f .
With this configuration the accretion of vorticity
near the cut-off was limited by fairly strong viscous
affects but the modes away from this region were go-
verned by an anlSCld equation, '

4 The hlgh wavenumber spectral functlons took the
order of SL™* to adjust themselves and then they




W LD ALS RALI2ILAOA IHL

By woz 1O =4

s8>y Wo3 o =4 qCwy O =W g oy 1O 2 A Ay Ol =W ".v..wj...m.
S AIRWAN FA LM N ™t . . . . IR
440 ~LaD SOOVEA Wo.mmu , k . . . Ly 9&,3 L
. ) ! . . A ‘ ..M.m
-2 /*‘ 8-Q 4.0 40 20 o0t Bl m._.o .wa 20
T T T ) T 20 T i , 1 T BT
-1 0 ! ~o
- ATS 1 =
oS
X
X e
4o
_ ("%
A '/.'
s -0
=. Mba.qm. Aw B

-1 Qt

N

e et AR N et 2o B




115

fluctuated as in the previous calculations. The vorticity
spectrum functions, averaged over the time elapsing

after the initial perlod of adjustment,are shown in
: figure §,

This time the region of approximately R~ be-
o haviour is from £=4 to about k=6 » and beyend that
there is a 31gn1f1cant fall away from a R law right
to the highest wavenumber., The values of 3 (8%) and
31(9) are necessarily as small as they are because
of the strong viscous-effects at these wavenumbers but
this cannot be an explanation for the reduction of
values of R (%) between #=4¥ and R=80. We can
only conclude that the vortiecity in these particular
. f; wavenumber bands is very much ~dependent on the state
| of the highest wavenumber bands and consequently cannot
be hgld to be reliable in- predlctmng the spectral shape
of an actual turbulent flowo‘ However there still

remains a narrow range of wavenumbers where a R™' law
is feasible,

PRI A
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By dlmenSLOnal arguments we obtalne& see equation
(1.6.8), the form for the vorticity spectrum in the
inertial subrange as

SL(ky= CaJ® R

where C ig a un1versa1 constant. Now &, took the

value 27 (agaln see§3 6) for both the above calculations
and moreover, the values of fZOO in the g™ ranges

.1n flgures i and 5 are not significantly different.

Thus both these calculatlons give the same value for C
namely 1-9

Lastly these two calculatlons, startlng from the
same initial values, had two striking SLmllarltles.
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It was observed that the development of the spectra

in the first five bandwidths as predicted by the two
calculations differed very slightly indeed over the
whole duration of thig calculation, that is for aPProx-
imately four times the initial value of §L~% | Sécondly
the occurrences of the maxima and minima of the spectral
flucdtuations were identical in the two calculations,
even for the spectra in the highest wavenumber bands,
Both of these observations indicate the surprisingly
slight effect of the cut-off wavenumber and of variations
in'the‘conditions of the large wavenumber modes.

(iv) Two furthepr calculations were performed:
with n=%8 and with viscous terms non-zero only for those
wavenumbers R3S, The Ffirst galoulation'had a value
for » of 0:§ and thé'initigl'disfribution was the
same as the initial distribﬁtion of the n=¥% calculation
described in (ii) above. The initial values of £ and. §,
were thérefobe IQ} and S$&<l . This calculation

‘was carried forward for about.five times the initial

value of 7% after the flow had: adjusted itself to
the new conditions near &k=wn ., The second caleulation

“had a value for ¥ of 0-25° and the initial distribution

was taken from the first calculation after the latter’'s
initiai‘pepiodAof adjustment. This calculation was.
then carried forward for the same time as the othepr
calculation. (The values of k4 for the first and

~Second calculations were - seel§3.6 -~ 2.5 and 3.5 re-

spegtivély,so that they were well within the range of
wavenumbers used in the calculation.)

As in the second n=IlC caleulation in (iii) above
the high values of the viscosity led to values of the
vorticity spectrum at large wavenumbers which wepe

&
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well below a & law - but this time the viscosity
was so large that there was no R™ range at all.

However for the viscous region we might expect that
(see equation (2.3.8))

Qe =De £ epf-Coa™ R (5 5y

As a test for this figure 6 shows the graph of Qﬁ (RSY)
against ®%* for the calculation with »=0'% (the

values of §1 having been obtained by averaging over

the duration of the calculation). Unfortunately the
number of data points in the viscous range (and beyond
the vorticity containing range, which was confined to
aPProximately R< 35 ) is so small and so close to Rsn
that the results are incc:mclusivec

The calculation with ¥=0-2§ was notable only in
the fact that the two similarities described in (iii)
above between the two n=I0 calculations were also
characteristic of the two n=8 calculations.

3.4 THE NATURE OF -THE FLUCTUATIONS
CF THE SPECTRAL FUNCTIONS

The fluctuations of the waveband spectra with time
were a nofable feature in all the calculations des-
cribed in§3.3. We believe that they are inherent to
the calculation model as set up. For in a turbulent
motion each individual Fourier mode of the velocity
field is naturally a fluctuating function of time.
Consequently, as each waveband confains‘only a finite
and, moreover, small number of modes, the fluctuations
of the waveband spectra are merely a reflection of
the behaviour of these individual modes.
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As confirmation cof this argument a plot of the
waveband spectra with half the bandwidth produces a
quite chaotic variation with time in all the spectral
functions whereas a doubling of the bandwidth produces
the opposite effect. Thus figure 7, which is a plot
of the energy spectra for the same calculation as
that depicted in figure 3 but with double bandwidths,
shows clearly a smoothing out of the fluctuations, ‘
especially in the smaller wavenumbers.

Now given that fluctuations do occcur in the wave-

rar g, SN EAEL

band spectra, we may utilize them in investigating the
behaviour of the transfer of vorticity to high wave-
numbers. For, provided the transfer of vorticity
through the spectrum may be thought of as a wholly

3 coherent process, the maxima and minima in the fluc-

3t s A

tuations clearly mark in time the passage of an excess
or deficit of meanwsquaré vorticity through a wave-

'fé band. Moreover if we assume that the uniform strain

: analysisrbf§2°3 is valid for some range of wavenumbers

k in the caleculation then we have a prediction for this

E vorticity transfer, namely that vorticity is transferred
conservatively through wavenumber space such that the

wavenumber £ associated with one particular quantity
of vorticity behaves as | :

R « up{«/(‘i"'*}’a)t} (3.4.1)

(see equation (2.2.25)).

Figures 8 and 9 are plots of the positions in
wavenumber space and time of the maxima and minima
occurrihg in the fluctuations for the. calculations
described in§3.3 (iii) and (iv) respectively. . (It

will be recalled that the positions of the e#t?éga‘

A




E (1)

(2)+ E(3)

E

E(5)

(4)+

£

(&)

E

P e e

PR

10

' E()+ E(9)

et ST

6:2

-

£ BEHAVIOUR GF THE DOVELE RAMDWIDTH ENERGY

-

3
-

”‘.F:e. 7

wiTH  TIME

SPECTRA




i 2

Srarvh e

<A

119

were identical in the two calculations in (1iii) and
were also identical in the two calculations in {(iv).)
The lines joining the various points on the graphs
have been constructed to indiéate the probable paths
follewed by particular quantities of mean-square vor-
ticity. They have been drawn on observation of the
general pattern of the points on the graphs and also
of the size and shape of the fluctuations from the
original spectral graphs, such as figure 3.

Both of these graphs indicate that (3.4.1) is a
fairly reasonable basis for this transfer of verticity.
The value of 40@'Pﬂ does fluctuate a little but it
does seem to vary about a definite average value of
around 3 for either figure 8 or 9. Moreover this
value of 3 is of the right order of magnitude on
theoretical grounds. There are two estimates of this
rate of‘transfer: the first 13 based on the postulate
that it must be of order ( or Qﬂ) % and these
are both of magnltude (51/2)"2 whereas we have now
shown that the rate of transfer is about 6.4 8"
the second is based on the postulate that this quantity
must be determined by Kolmogoroff arguments in the
equilibrium range so that it would have the value FeJe
where F is a constant which would be expected to be of
order 1 and which actually has the value 1 from these
calculations. The agreement between the numerical
calculation and theoretical aralysis is therefore
remarkadbly good, especially for the highest wavenumbers
in the calculation where we would expect the effect
of the cut-off wavenumber to be noticeable.

It is to be noted too that the coherency in the
transfer of vort1c1ty thrbugh the spectrum appears
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even at fairly small wavenumbers near the vorticity-
_ containing range. The uniform strain theory may
: therefore have some degree of validity in providing
the basis for a dimensional argument which would hold

for all wavenumbers in the inertial and viscous sub-
ranges.

BT A Rl S

ey

Finally we note that if a quantity of 'excess
vorticity' covers a band of wavenumbers of width $&
at time & then the uniform strain analysis predicts
that
Sk« exp § Sar-ptyed )

(see (2,2.21)). Thus.%k will always be eventually
larger than the bandw;dths used above for the spectrum
2; functions. Consequently we must expect the hlgher .
wavenumber waveband spectra to have more marked fluc-
tuations than those with smaller wavenumbers. Figure 7
illustrates this behaviour to a notable degree.

T

.

14 3.5 THE BEHAVIOUR OF THE ENERGY
13 n CONTAINING RANGE

In all the calculations the energy'and verticity

1% containing ranges covered the first three wavebands.,

i Within these wavebands there was a total of only 22
independent Fourier modes, The discreteness of the
representation of the‘turbulence within this range was
thereforé most marked and the model could not be ex-
pected. to behave as a freely developing, unbounded, ’
tﬁrbulgnt flow,

Howevéf,'just as we expected the model to show
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a transfer of vorticity to high wavenumbers, we might

exXpect the model to try to adjust itself so that there

is a continuous shift of the energy, or vorticity,

containing range towards the smallest possible wave-

numbers - as was predicted in the similarity theory in
$§1.7. This does in fact seem to have happened in all
the above calculations since E () was always a mono-
tonically increasing function of time, except perhaps
for the initial pericd of adjustment. In addition E(2)
and & (3) ,_which cover the range just beyond the

maximum energy containing wavenumbers, had a tendency

to decrease in time (see figure 7). Thus this com-

putational model may, with a larger range of wave-
'numbers, be capable of testing the conditions for
validity of the similarity theory of§l.7” and also
provide some information about the general behavicur -

of the energy containing range for an unbcunded tur-
bulent flow.

3.6 THE DECAY OF TURBULENCE

If the similarity theory of§l.7 is valid'for
these calculations then the decay of the vorticity is
given by

a
§& = o+ & (3.6.1)

(see -equation (1.7.7)) where A and R, are constants
and S$bo is to be interpreted as a measure of the extent

to which a similarity theory covers the whole vorticity
spectrum.

Now élthough all the calculations had truncated

viscous dissipation ranges, the actual rate of dissipation
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was probably determined by the state of the energy

and vorticity containing ranges. Therefore as the

latter ranges did not overlap the dissipation range
one could suppose that the decay of the turbulence

would behave as though an equilibrium range existed
| and would perhaps even obey (3.6.1).

5 Figures 10 and 11 show the vorticity decay curves
for the calculations deseribed in$3.3 (iii) and (iv)
respectively. The'accdfacy with which the decay law
(3.6.1) with §l,=0 is followed is very striking indeed,
particularly as one would have expected an appreciable

e L

value for $l, in view of the non-similar structure
in the small wavenumbers, |

The decay lawérfor-the.four curves are

" = o.ocdolc+4-44) for ne (0, v=0-01,
7" = o.o3g(e+4-26) for n=lD, v=01,

77 = 0.030(t+4-82) for n=9¢ , »=0.§

a,f\(k y= 027,

All these calculations had similar initial flows and

we have now shown that they all obey the same relation-
ship (see$l.7)

)
&2 s 0. Q"

despite the fact that » varied from ©-0I. to o5 ,
This is therefore vefy'strong evidence indeed for the
existence of a cascade mechanism for vorticity in two
dimensional turbulence.

b 3.7 CONCLUSIONS

T

Even though we have only been able to perform a
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limited range of calculations with this computaticnal
model there is every indication that this method can
be the basis of a useful model for high Reynolds number
turbulence. The results we have achieved so far
cannot be said to have confirmed absolutely the
general outlines of the theory of two dimensional
turbulence, since they may have been obtained by quite
fortuitous conditions within the particularp compu~
tations performed, but they do lend some support
particularly to the cascade mechanism for vorticity,
to the equilibrium theory, to the uniform strain
theory, and to some aspects of the similarity theory
for the decay of turbulence. |

It is not 1mposszb1e for this model to be developed
and refined beyond that descrlbed here for, although:
the above calculations were performed almost‘at_the
limit of the accuracy and reliability of the EDSAC 2
machine, more modern computers which have greater
speed and storage capacities should be capable of

-handling more Fourier modes in the calculation. More-

over it may be possible to'stért approximating the
non-linear term on the basis of experience gained with
this computational model and consequently to'shorteﬁ
the amount of calculation involved. Thus, for;ekample,
the argument in$3.2 (ii) and the results we have
obtained both indicate that the interactions of the
larger wavenumber modes may have a negllglble effect
in the evaluatlon of the non-linear term'for small
wavenumber modes sc¢ that we could ignore these terms
altogether in a future computation. It may also be
possible to vary the value of the time step %t in

the computation for varying wavenumber kR when the
range of wavenumbers is extended: one would expect
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the time scale of the variations to decrease as &
increases so that % éould have large values for small
k and small values for large k . Both these refine-
ments could shorten the length of calculation con-
siderably and it may then be. possible to perform a
largeé number of calculations with more Fourier modes
and thus provide a very useful method for studying
homogeneous turbulence.
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