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The Hanle effect
Beyond the single scattering approximation.

Single scattering approximation

d$Y
47

I ps =~ jl{/ z,Q, 2", Q' B) I (1,2, Q") da’

|Q /1| o< (1 — p”) x depol. collisions x Hanle depol. x aniso. rad. field

Transfer equation for the Stokes vector

pot = o(a)[I - 8]

dsY
S(1,0) = ]{/ NPa(Q2,Q;B)I(1,2', Q) da’ 1
7T

= (1,Q,U,V)={L;}, ¢=0,...,3, S={5;}, G=A{G;},
complete frequency redistribution, Py : Hanle phase matrix
G(7) unpolarized = Gy #0 other G;=0,i=1,2,3



Decomposition in irreducible spherical components

SZ'(T, Q) — ZTQK(Za 9)55(7)

KQ

Li(r, 2, Q) = Y T (6,0, )15 (7,2, cos 6)
KQ

GO (1) = Go(t) other G5 =0

17,2, 9) = I0(r, 2, 1) + —= (3082 0 — 1) I3(r, , 1)

2v/2
+ termsdependingon:IQ,H, e¥X  with Q=41,42
3
7, 2,Q) = ———(1 —cos® 0) I*(r, x,
Qr, ) = ) (7., 12

+ terms depending on : 122, 0, 9 X  with Q= +1,+2

U(r,2,9) = V3sind S [(13)"e ™% = 36 X] 4 VB eos S [(13)"e 2 -

Remark: ) > 1§ > Ié

IQQeQiX]



Stokes parameters decomposition

I(7,2,9) = Iy(1, 2, ) + 2\—/(3008 6 —1) I5(7, @, )

—V/3cosOsin b (I’ cos x — IV sin )

3
+£(1 — cos? 9)([52 CoS 2 — IQyQ sin 2y)

2
Q(r,x, Q) = >

I I 2\/7
—v/3cos0sin 6 (I¥2 cos x — IV sin )

3
_g(l + cos® 0) (132 cos 2x — I3 sin 2x)

(1 — cos®0) I3 (T, x, )

U(r,z,9) = V3sin@ (I sin x + IV cos x)
+v/3cos 0 (I¥2 sin 2y + I3° cos 2)

notation: IK = RIS (1,2, p)), 14" = SUIE (7,2, )]



New non-LTE Transfer equation

0L

B = ()T - 8]

A +1 A
S(T):g(T)—I—N(B)/%/_l V() Z (1,2, 1) dp dx

for the formal vectors S = {S5}, Z={I5}, G={G§}
Linear polarization only = K = 0,2 = 6 components [ 5
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Scalar non-LTE equation for each I

e Stokes [ not affected by polarization and magnetic field
I(1,2,9) ~ 1) (7,2, 1)
I3 (7, x, 1) solution of a standard scalar transfer equation

e Non-LTE equation for I? (Stokes ()) < keep only terms in N and W

+1
S2(1) ~ (1 — ePNZ (B [ / / WE () I3 (T, 2, 1) dp de
+1

1
_ / : / T2 () 10(7, 2, 1) dpr da

JZ¢(7): anisotropy of Stokes I < W39 (p) = \/_(B,u —1)

e Integral equation for SZ(7)

T

Sg (1) == (1 = 2 )NG,(B) [Jg(T) + . Koo (T — 7S5 (1) dT/]

(2)
6(2) _ e+o

= Trs@ - rate of depolarizing collisions; fj{fj Koo (T)dr = T



Neuman series expansion

S(t)=G(t)+ (1 — e)/o K(r—7)S(") dr’ (scalar)

Expansion

SW(r) = 1—6/ K(t—1)G(7")dr’

T
S(n) +Z 1—€k/ dTlK(T—Tl)/ dro K(11 — 72)
0

oooooooooooooooooo

Convergence
e cverysmall (107*) norm [ K(7)dr=1 = slow convergence when T large

o for S2(7): € ~ 1071, norm [ Koo(7)dr =0.7 = afew terms sufficient
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Approximate expressions for Sg and S3,

e Stokes ()

Se(7) ~ (1 — 6(2)) N&y(B(7))J5 (1) = single scattering

+ (1 — 6(2)) / Koo (T — T Y NG (B()J3 (7)) dr’

Two level atom with unpolarized ground level

29 : 29
N2)(B) = 1 — 3cos? g H2 [ B sin B}

1+ H? + 1+4H?2

H = 27y, /T : Hanle efficiency factor 6p : inclination of the magnetic field vector

“Microturbulence”(constant B, isotropic distribution) : (N2,(B)) =1 — 2 [

H?2 4AH?2
5

1+ H?2 + 1+4H2

e Stokes U

Keep only the terms (second column) in the matrix N (B)

S3(7) 2= S3(T)NGy (B) /Niy(B)



Concluding remarks (qualitative)

Scattering expansion applicable to the calculation of Stokes /
Useful for lines with small optical depth (a few unity)
Scattering expansion applicable to the calculation of linear polarization

Useful for lines with small optical depth (a few unity) may be also for lines with very

large optical depth

Scattering expansion applicable to partial frequency redistribution



Multipolar expansion of the Hanle phase matrix
Atmospheric reference frame

[Pulij (2,9 B ZTQ i) ZNQQ’ (~1)9 T (5, )

1,7 = 0,...,3 Stokes parameter index, K =0,1,2, - K < Q < +K

75" (i,92) : spherical tensors for polarimetry (LL 2004 book)
TA(i,9) = T5(i,0) €' @x  with 7K (i, 6) trigonometric functions of 6
Examples :

T2(1,Q) = (3cos?0 —1); TE(Q,Q) = —=2=sin’0; TZ(U,Q) =

7 2v/2

Matrix notation : Py (Q,Q'; B) = T°"(Q)N(B)T™(Q')

T (Q): 4 x 9 matrix; N(B): 9 x 9 matrix; 77(Q) = [T°"]T(Q): 9 x 4 matrix

0



7o5 (Bu® — 1)

o O O

Matrix U(p) = 7°"(Q)T™(Q)

WER (1) = 30 (—1)0T5, (1, T (1, 9)

1=0

Linear polarisation

ﬁ(:&,ﬂ —1) 0 0
(5 —12p° + 9u®) 0 0
0 31— p) (1 +2p)? 0

0 0 (1= p?) (1 +2p)°
0 0 0
0 0 0
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Spherical Tensors 7, g (,2) Reference angle v = 0
Linear polarisation

K, Q 1 =0 1 =1 i =2
0,0 1 0 0
2,0 7(3 cos? 6 — 1) —2—\3/5 sin? @ 0
2,-1 § sin @ cos @ e ' X @ sin @ cos @ e ' X —i @ sin @ e~ X
2,1 —@sin@ces@eix —@sin@cos@eix —i@sin@eix
2,-2 @ sin” § e~ 2ix i(1 + cos? @) e 21X | 2i \/Tg cos O e—2ix
2,2 P sin® f e X — Y3 (1 +cos?f) e?x | —2i Y3 cosfeix
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