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Whether incompressible flows governed by the unforced 3D Navier-Stokes equations

ut + u ·∇u = −∇p + ν △u

∇ ·u = 0

(ν > 0) or the 3D Euler equations (ν = 0), starting from smooth initial data, will remain
smooth for all time or form a singularity in finite time is a long-standing open problem of
great interest to both mathematical and physical communities ([Con97], [Fri95]).

It has been shown (Constantin [Con86]) that as long as the solution to the Euler equa-
tions stays smooth, the solution to the Navier-Stokes equations with the same initial data
will remain smooth for arbitrarily long time when the viscosity is small enough. Thus to
solve both singularity problems it is important to understand the dynamics of the Euler
flow.

The dynamics of the Euler flow can be reduced to the dynamics of curves called vortex
lines that remain for all time tangent to the vorticity vector field ω = ∇× u everywhere.
Vortex lines are not only transported, but also twisted and stretched by the flow. Since
the vorticity magnitude |ω | is just the local stretching of vortex lines, in light of the
famous result by Beale, Kato and Majda ([BKM84]), which states that

∫

0

T

max |ω( · , t)| dt =∞

is a necessary and sufficient condition for the formation of a finite time singularity at time
T , it is important to understand the dynamics of vortex lines in the context of possible
finite time singularity formation.

In Deng-Hou-Yu [DHY05], [DHY06], subtle relations between the twisting of vortex
lines and the possible formation of finite time singularity are revealed. More specifically, a
small segment of a vortex line in the high vorticity region is considered. Let its length be

denoted by L(t), the maximum curvature along it by K(t), the maximum
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by M(t), and the maximum tangential and normal velocities along it by Uξ(t), Un(t)
respectively. Then the following was shown.
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Let T be any given time. The local stretching stays finite up to T , that is no finite
time singularity can form up to T , whenever the following conditions are satisfied.

1. Uξ(t) +K(t) L(t)Un(t)= O
(

(T − t)
−A

)

for some A < 1

2. K(t) L(t),M (t)L(t) =O(1), and

3. L(t)
−1

= O
(

(T − t)
−B

)

for B < 1−A.

Thus vortex lines have to be severely twisted for finite time singularities to form.
The above conditions 1–3 are all verified by the recent numerical computation by Hou

and Li [HL06] for the anti-parallel vortex tube initial data.
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