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physical, chemlcalandblologlcal modeling;
w
but also on the mathematical analysis of the models

thus obtained.
The hierarchical modeling “approach allows one to
give proper weightto the understanding provided by the

models vs. their realism, respectively.

This approach facilitates the evaluation of forecasts
(pognostications 2)based on these models.

Back-and-forth between GoyO(conceptual) and detailed
(@ealisticQ models , and between and
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emperatures [1SE:
¥ What'aboutiimpacts?
¥ How to adapt?

Source : IPCC (2001),
TAR, WGI, SPM

Variations of the Earth’'s surface temperature for:




ndicators of the human influence on the atmosphere
Soring the Industrial Era
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But things aren®@that easy!
What to do?

¥ Natural variability introduces
additional complexity into the
anthropogenic climate change problem.

¥ The most common interpretation of observations and
GCM simulations of climate change is still in terms of
a scalar, linear ordinary differential equation (ODE):

dT
—:I
Cdt I kT + Q,

where

k=> k! feedbacks (+ve and —ve);

Q= Z Qj ! sources & sinks, Q; = Q; (t)



Linear response vs. observations

¥ Linear response to change in atmospheric CO2 concentration
vs. observed change in global temperature T.

¥ Hence we need to consider instead a system of nonlinear
partial differential equations (PDESs), with parameters and
multiplicative, as well as additive forcing (deterministic + stochastic)

dX

= N(X,tuy,!
= ( u,!)



Composite spectrum of climate variability

1. High frequencies D white (or !'colored ") noise
2. Low frequencies D slow (!!adiabatic ") evolution of parameters
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 Bretieren's “hermrencegram” of Earih System Selence

CONCEPTUAL MODEL of Earth System process operating on timescales of decades to centuries
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Earth System Science Overview, NASA Advisory Council, 1986



Climate models (atmospheric & coupled) : A classibcation

¥ Temporal
I stationary, (quasi-)equilibrium
I transient, climate variability

¥Space

¥latitudi
1 2-D .
¥horizontal
¥meridional plane —
I 3-D, GCMs (General Circulation Model)
¥horizontal
¥meridional plane
| Simple and intermediate 2-D & 3-D models

I Partial
¥unidirectional
¥asynchronous, hybrid
I Full

Hierarchy : from the simplest to the most elaborate,
iterative comparison with the observational data




Climate and Fluids

TheicotplediclimaiCR
system'is'dominateoloyam . | i
its fluid"components:

the atmosﬁh‘ere-and
hydrosphere.(oceans;
rivers, lakes)

L. Euler’s portrait courtesy of
Georgi S. Golitsyn
(IFARAN, Moscow);
formerly in the collection of the
Imperial Academy of Sciences,
St. Petersburg (till 1918)



An example of bifurcations and hierarchical

J. Apel (1987), Principles of Ocean Physics

The mean surface currents are (largely) wind-driven




The gyres and the eddies

Much of the focus-of physical | .

oceanography over the "70s to
"90s has been with the

@) Othe meanders,
rings & eddies, and the
associated two-dimensional and
guasi-geostrophic

Slope Water
Warm Core Rifg

Cold Core Rings

e
v

Sargasso Sea

Based on SSTs, from satellite IR data




The double-gyre circulation
and its low-frequency variability

Shallow-water model: An "intermediate" model

of the mid-latitude, wind-driven ocean circulation,
with 20-km resolution! about 15 000 variables.
|

| X

U+ " aul) = #g'hhy + TV + 1 JA" 2U# RU# || &
Vi + " &uV) = #ghhy# fU+ 1 A" 2V # RV
5, = #(Ug + V)

#

where U&y + V& = hu = h(u& + ve),
g reduced gravity, g’ = g("2# ")/ "

A: viscosity coeficient (= 300 m?s 1)
R: Rayleigh coeftxient (= 1/ 200 day 1)

#%: wind stress = #,cos(2$/L) (# = 1dyncm & L = 2000 km)



Shallow-water model (continued)

Reduced gravity
X (East) (1.5 - layer)
model

v
u

\ctive Lavyi I%i
S. Jiang, F.-F. Jin &

Inert Layer | Hosh P, M. Ghil (1995)
l J. Phys. O« cunoy.,
25 /604-786




The JJG model’s equilibria

Nenineay (vesiien) N e
effectsibreakstnel(Rean) EE.

symmetry:
(perturbed)fpitchfork
bifurcation?
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Multiple equilibria (nonlinear case): (o, a)=(1.53,0.9)
SprOIar gyre a) hir=0)mO b) .h_fh;):-h,c_x.,\)
dominates :

Subtropical gyre
dominates

h=ULT = upper-laver thickness




periodic and chaotic

Time-dependent solutions

pLUrelSpaces

1. Periodic, w/ interannual period (2.8 years) |

TIME VARIATION OF ULT M)

oceanographers
often use
Hovmsllerdiagrams

2. Aperiodic (weakly chaotic)
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Poor man’s continuation method

Bifurcation diagram

Perturbed pitchfork +« Hopl 4+ transition to chaos
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The double-gyre circulation:
A different rung of the hierarchy

Another "intermediate" model of the double-gyre circulation:
slightly different physics, higher resolution — down to 10-km in the
horizontal and more layers in the vertical, much larger domain, ...
Quasi-geostrophic, 2.5-layer model:

D1 2hy" 12(hy" hy))+ "= g +J[h1,! *hy" FE(hi" h)]
+Ap! 4hy" C! 2(hy" h2)+ curl(%)

2(1 2h," 13(hy" hy)) + " % =" ?—OJ[hz,. ha" F#(h2" hi)]
+Ap! *hy" Cl 2(hy" hy)" R! 2hy

where h1, h2: height anomalies for upper and lower layer
H1, H> : mean heights for upper and lower layer

A1, A2 : Rossby radii of deformation; A1 = \/h'H1/f&, X2 = /h' Ha/ f3

fo, B : Coriolis and beta parameters
po, g': mean density and reduced gravity

C, R: Rayleigh coefficient for interface and lower layer, and 7 : wind stress



Quasi-geostrophic model (continued)




Y (20 KN)

Model-to-model, qualitative comparison

model grid distribution
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model in:North=AtlanticE
shaped basin;and

(b) Cooperative:®©cean-
Atmosphere Data Set
(COADS) Gulf=Stream
axis data

Lottt em o™

se - 1Py = - ¥ o . ”

TRt enrrrrrey

(LA{RE 81 8 SR RaN

Lame Jme aue e aum am aan T ey B
T srathe

Fagae 7. Companuon between bow Srageency varubdiny a an deakand docbie gyre model sl -
Ot vl ot of e Coal Savare aus. () \"!sllu' o tvas) 5 by W \Sl"( 2 b that
oeotimotes the North AMlastc 3 wae and shope. sung a8 idaluad wind wres. Maveran




L SSTsnir (he
century-long
1895B1994%Interval

»w =0 Q’ 00 o
Fowe B Phune componnies of the recomtucied 7 L yewr SST oscillsticn The MSSA window
eagth w40 your aad B costour smerval s 002°C




o0 Simovtnet ef gl (Oass geastrophic doulie: gwre civonlonon s’

¥ 300

e e ——

model. pitchfork;,
mode-merging,
Hopf, and homoclinic

Fipue | Schamatic bfuscation Sagram of sa oguvalest -barctropee QO meadel plotied in somen of
AR BIVTRERatry messare Ay (e Secton S Tuthar dedow ) v windatress aescey. The lene
cvcher e sclomac ally drawn bor Saaratiw perpose aod 0 e am lenct oo pell s Cormespoad
g o the Gurow sieady atate booches - ssbtropscal astio acenc, and ssbpola (from wop b




Homoclinic orbit: numerical and analytical

2008 Sumonact ef al.: Qwast peostrophic dowble. gyee circwanon - 2003) Simonnet et al.: Quasi-geostrophic double-gyre circulation 041
| | |
Hom:oclinic ?
||
| |
oY) . . . P ........ ; ;
L L
2 = =\ 4 &5 0 05 1t 15 2 W
A14A3
: Figure 3. Bifurcation diagram of the highly truncated, four-mode model (5), projected onto the
"u 010 (A Ay Ay) plane for p = Tand s = 2; P stands for pitchfork bifurcationat o = o = 7,61,

P 2

Untokding of the iebansson o iliuons mwdocnd by the oo modes donn i o plow B while 0 = @, = 104299 at the homoclinic bifurcation. The branches of periodic orbits are
alie by 8¢ tal poseatd voe ey { the sodetrn ) » and B Sl evonce .1‘ twov s the ul{- L rep]aced h), Se\'eml expllcnly Compu[edllm“ C){Cle\

potent il esergy s the sebtropucal one (see bent for detaihy. The orbets of several lendt cycles we




Uncertainties in the forcing

m ah The uobal moan radiative forcing of the climate syslem
> ol s

Con.trl oS i e for the year 2000, relative to 1750
forcingNnattraliane ;

have substantial
uncertainties
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So what’s it gonna be like, by 21007

The global climate of the 215t contury
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Can we, nonlinear people, help?

N EIURCELAINLIES

' VECTOR FIELDS, . .° " :
AR e ST HEAVEN

B e e

NN

Might Pt in nicely with
recent taste for

tochastic
parameterizationsO

Figure 7.5-1. The three towers of differentiable dynamics.

The DDS dreanhstructural stabilibyh Abraham & Marsden, 1978)




Random Dynamical Systems DRDS

* This theory Is a combination of
measure (probability) theory
and dynamical systems,
Initiated by the "Bremen group"
(L. Arnold, 1998).



Random Dynamical Systems DRDS

* This theory Is a combination of
measure (probability) theory
and dynamical systems,
Initiated by the "Bremen group"
(L. Arnold, 1998).

* |t allows one to treat
stochastic differential equations ( ),
and more general systems
driven by some oise", as



The setting of RDS theory
* A phase space X. R".



The setting of RDS theory

* A phase space X. R".

A probability space (! , F, P).
The Wiener space! = Cy(R;R")
with Wiener measure P = |,



The setting of RDS theory

* A phase space X. R".
A probability space (! , F, P).
The Wiener space! = Cy(R;R")
with Wiener measure P = ! .
» A model of the noise "(t) : ! — ! that

preserves the measure P, i.e. "(t)P = P;" is
called the driving system.

W(t,"(s)#) = W(t+ s,#) —W(s,#);
it starts the noise at s instead of t = 0.



The setting of RDS theory

* A phase space X. R".

A probability space (! , F, P).
The Wiener space! = Cy(R;R")
with Wiener measure P = ! .
» A model of the noise "(t) : ! — ! that

preserves the measure P, i.e. "(t)P = P;" is
called the driving system.
W(t,"(s)#) = W(t+ s,#) —W(s,#);
it starts the noise at s instead of t = O.
« Amapping$ : R x! x X — X with the
cocycle property.
The solution of an SDE.



RDS D A geometric view of SDES

{#(9" xX
{#(s+ )"} xX

I( 1#(9")

/‘\A /\ Cog/cle property:

(5) X S s X

I( t+s,") X

* 1 Is a random dynamical system (RDS)

FO()(X,") = (#1)", ! (L7 )x)

IS a [fow on the bundle



Stochastic equivalence
Toward a robust classibcation

¥ Stochastic conjugacy: two cocycles
1 (t," )and ! 5(t," ) are conjugated iff
there exists a random homeomorphism
h! Homeo(X ) and an invariant set €2 of full
P-measure (w.r.t. #) such that h(" )(0) = 0 and

(6" ) = h(@#O)" ) 2" 1 ,t,")" h("):

his also called a ofl yand ! 5:
It Is a random change of variables!



Stochastic equivalence (continued)

¥ Motivation: We would like to measure
guantitatively the difference between

As the noise variance tends to zero and/or the
parametrizations are switched off, one recovers
the structural instability, as a

O " of model space.

For , the random attractor
A (" ) associated with several GCMs might
fall into and classes

as the



Stochastic equivalence (continued)

Could noise help the
classibcation?

-' > Stochastic Classes of GCMs



RDS b Concluding remarks

¥
(GCM ! team), :dU = fy(U)dt + ! 1(x, U)dW;

(GCM ! team),: dU = f(U)dt + ! 5(x, U)dW,

Under which conditionson fq! foand!4! !>
will A1(") " Ax(") hold?

Let k denote the GCM resolution dU = f (U, #(t)" , k)dt.
One would like to study the behavior of A (") as k # O.

- Joint analysis of model simulations and
observational data sets.

- Parameter estimation, based on
data assimilation methods (sequential, variational).



What do we know less well?
¥ How does the 3uid dynamics of the climate system really work?

¥ How does natural variability interact with
anthropogenic forcing?

What to do?
¥Better understand the system and its forcings.
¥ Better understand the effects on economy and society,
and vice-versa.
¥Explore the models’, and system's, stochastic structural stability.
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The “hockey stick” & beyond

JINERNCCKEVISTICKS
OTAIARI(SIOFASSESIIENE
Report)listattypically;
(over)simplifiediversion
of much more:detailed
and reliable;tknowledge.

National Research Council, 2006:
Surface Temperature Reconstructions
For the Last 2000 Years.

National Academies Press,
Washington, DC, 144 pp.

http://www.nap.edu/openbook.php?
record_id=11676&page=2
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THE GENERAL ATMOSPHERIC CIRCULATION B
Schematic Diagrams

Hadley Circulation (direct)
Solar IR

Radiation l t Radiation

ol — ==

window

Equator

The observed mean __ _polar “cell”
circulation is made up - — = :>(\\\ T ——
of the Hadley, Ferrel N

and polar cells: these w:‘;"';‘.":s
are complemented Dy |—EE—__—_-—-.
NERVRIUEIES e (- easterlies

(monsoons, semi-
permanent “centers of

action, etc.).

mirror
symmetry

The general circulation of the atmosphere, perspective view. *

*after Ghil & Childress (1987), Ch. 4



Modeling Hierarchy for the Oceans

Ocean models
2 0-Dboximodelsichemistiyi(BGC)¥paleo

-D:vertical(mixedilayersthermocline)

"2-DB
— also'2.5:DAali

— also 2.5-D: reduced-gravity. models'(n.5)

3-D: OGCMs - simplibed ’ -
- with bells & whistles (Q&itchen'sinkd

|dealized (0-D & 1-D): intermediate couple models (ICM)
Hybrid (HCM) - diagnostic/statistical atmosphere
- highly resolved ocean

Coupled GCM (3-D): CGCM
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T, and GHGs over 400 kyr

4 glacial cycles recorded in the Vostok ice core
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This is true, a fortiori;
of polariice sheets!




TEMPLRATURT OCPARTURE (*C)
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|

Ice cover of the Arctic Ocean and subpolar seas ‘
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Ice cover of the Arctic Ocean at the end of August (above) and
summer temperature deviations w.r. to the 19401960 mean (below).

The heavy curve is a 5-year running mean; after Barry (1983).




Great Natural Catastrophes 19502003
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Extreme Events:
Causes and Consequences
(E2-C2)

® EC-funded project bringing together
researchers in mathematics, physics,
environmental and socio-economic
sciences.

@ €1.5M over three years (March 2005—-Feb.
2008).

@ Coordinating institute: Ecole Normale
Supérieure.

® 17 'partners’ in 9 countries.

® 72 scientists + 17 postdocs/postgrads.

@ PEB: M. Ghil (ENS, Paris, P.1.),
S. Hallegatte (CIRED), B. Malamud (KCL,
London), A. Soloviev (MITPAN,Moscow),
P. Yiou (LSCE, Gif s/Yvette, Co-P.1.)
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Sun-Climate Relations
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Solar<terrestrial influences on weather and climate
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Solar Effects on Interdecadal Climate Variability

Irradiance Anomaly: dw/dt+ wl! = k Kt)
(tm ~timeofsolarmin, tMm ~ solar max.: I~ 12]")
1) Cycle-Length (CL) Model: P (tm+1 2) = k2 | (tm+1 -tm)

2) Cyle Decay-Rate (CD) Model: Fi(tm) = k1 / (tm-tm)
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Climate Model: Global energy-balance model, with upwelling-
diffusion ocean model underneath (cf. IPCC)

S. L. Marcus, M. Ghil, and K. Ide, Geophys. Res. Lett., 26 1449-
1452,1999



Surface Temperature Anomaly (C)
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Surface Temperature Anomaly (C)
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