Principles of the motion of fluids*

Leonhard Euler

(Dated: May 31, 2008)

The elements of the theory of the motion of fluids in general are treated here, the whole matter being reduced to
this: given a mass of fluid, either free or confined in vessels, upon which an arbitrary motion is impressed, and
which in turn is acted upon by arbitrary forces, to determine the motion carrying forward each particle, and at
the same time to ascertain the pressure exerted by each part, acting on it as well as on the sides of the vessel.
At first in this memoir, before undertaking the investigation of these effects of the forces, the Most Famous
Author! carefully evaluates all the possible motions which can actually take place in the fluid. Indeed, even
if the individual particles of the fluid are free from each other, motions in which the particles interpenetrate
are nevertheless excluded, since we are dealing with fluids that do not permit any compression into a narrower
volume. Thus it is clear that an arbitrary small portion of fluid cannot receive a motion other than the one
which constantly conserves the same volume; even though meanwhile the shape is changed in any way. It
would hold indeed, as long as no elementary portion would be compressed at any time into a smaller volume;
furthermore? if the portion expanded into a larger volume, the continuity of the particles was violated, these
were dispersed and no longer clung together, such a motion would no longer pertain to the science of the motion
of fluids; but individual droplets would separately perform their motion. Therefore, this case being excluded,
motion of the fluids must be restricted by this rule that each small portion must retain for ever the same volume;
and this principle restricts the general expressions of motion for elements of the fluid. Plainly, considering an
arbitrary small portion of the fluid, its individual points have to be carried by such a motion that, when at a
moment of time they arrive at the next location, until then they occupy a volume equal to the previous one;
thus if, as usual, the motion of a point is decomposed parallel to fixed orthogonal directions, it is necessary that
a certain established relation hold between these three velocities, which the Author has determined in the first part.

In the second part the author proceeds to the determination of the motion of a fluid produced by arbitrary forces,
in which matter the whole investigation reduces to this that the pressure with which the parts of the fluid at each
point act upon one another shall be ascertained; which pressure is denoted most conveniently, as customary for
water, by a certain height; this is to be understood thus, that the each element of the fluid sustains a pressure the
same as if were pressed by a heavy column of the same fluid, whose height is equal to that amount. Thus, in such
way in each point of the fluid the height referring to the state of the pressure will be given; since it is not equal
to the one in the neighbourhood, it will perturb the motion of the elements. But this pressure depends as well on
the forces acting on each element of the fluid, as on those, acting in the whole mass; thus, by the given forces, the
pressure in each point and thereupon the acceleration of each element — or its retardation — can be assigned for the
motion, all which determinations are expressed by the author through differential formulas. But, in fact, the full
development of these formulas mostly involves the greatest difficulties. But nevertheless this whole theory has
been reduced to pure analysis, and what remains to be completed in it depends solely upon subsequent progress
in Analysis. Thus it is far from true that purely analytic researches are of no use in applied mathematics; rather,
important additions in pure analysis are now required.

I. FIRST PART

1. Since liquid substances differ from solid ones by the
fact that their particles are mutually independent of each other,
they can also receive most diverse motions; the motion per-

*This is an English adaptation by Walter Pauls of Euler’s memoir ‘Prin-
cipia motus fluidorum’ (Euler, 1756-1757). Updated versions of the trans-
lation may become available at www.oca.eu/etc7/EE250/texts/
eulerl76leng.pdf. For a detailed presentation of Euler’s fluid dynam-
ics papers, cf. Truesdell, 1954, which has also been helpful for this transla-
tion. Euler’s work is discussed in the perspective of eighteenth century fluid
dynamics research by Darrigol and Frisch, 2008. The help of O. Darrigol,
U. Frisch, G. Grimberg and G. Mikhailov is also acknowledged.
Explanatory footnotes and references have been supplied where necessary;
Euler’s memoir had neither footnotes nor a list of references.

'Summaries, which at that time were not placed at the beginning of the corre-
sponding paper, were published under the responsibility of the Academy; the
presence of the words “Most Famous Author”, rather common at the time,
cannot be taken as evidence that Euler usually referred to himself in this way.
2In the original, we find “verum quoniam”; the litteral translation “since in-
deed” does not seem logically consistent.

formed by an arbitrary particle of the fluid is not determined
by the motion of the remaining particles to the point that it
cannot move in any other way. The matter is very different
in solid bodies, which, if they were inflexible, would not un-
dergo any change in their shape; in whatsoever way they be
moved, each of their particles would constantly keep the same
location and distance with respect to other particles; it thus
follows that, the motion of two or, if necessary, three of all the
particles being known, the motion of any other particle can be
defined; furthermore the motion of two or three particles of
such a body cannot be chosen at will, but must be constrained
in such a way that these particles preserve constantly their po-
sitions with respect to each other.

2. But if, moreover, solid bodies are flexible, the motion
of each particle is less constrained: because of bending, the
distance as well as the relative position of each particle can

3 Here Euler refers to the motion of rigid solid bodies treated previously in
Euler, 1750.



be subject to change. However, the manner itself of bend-
ing constitutes a certain law which various particles of such a
body have to obey in their motion: certainly what has to be
taken care of is that the parts that experience in their neigh-
bourhood such a strong bending with respect to each other
are neither torn apart from the inside nor penetrate into each
other. Indeed, as we shall see, impenetrability is demanded
for all bodies.

3. In fluid bodies, whose particles are united among them-
selves by no bond, the motion of each particle is much less
restricted: the motion of the remaining particles is not de-
termined from the motion of any number of particles. Even
knowing the motion of one hundred particles, the future mo-
tion permitted to the remaining particles still can vary in in-
finitely many ways. From which it is seen that the motion of
these fluid particles plainly does not depend on the motion of
the remaining ones, unless it be enclosed by these so that it is
constrained to follow them.

4. However, it cannot happen that the motion of all parti-
cles of the fluid suffers no restrictions at all. Furthermore, one
cannot at will invent a motion that is conceived to occur for
each particle. Since, indeed, the particles are impenetrable,
it is immediately clear that a motion cannot be maintained in
which some particles go through other particles and, accord-
ingly, penetrate each other: also, because of this reason such
motion certainly cannot be conceived to occur in the fluid.
Therefore, infinitely many motions must be excluded; after
their determination the remaining ones are grouped together.
It is seen worthwhile to define them more accurately regard-
ing the property which distinguishes them from the previous
ones.

5. But before the motion by which the fluid is agitated at
any place can be defined, it is necessary to see how every mo-
tion, which can definitely be maintained in this fluid, be rec-
ognized: these motions, here, I will call possible, which I will
distinguish from impossible motions which certainly cannot
take place. We must then find what characteristic is appro-
priate to possible motions, separating them from impossible
ones. When this is done, we shall have to determine which
one of all possible motions in a certain case ought actually
to occur. Plainly we must then turn to the forces which act
upon the water, so that the motion appropriate to them may be
determined from the principles of mechanics.

6. Thus, I decided to inquire into the character of the pos-
sible motions, such that no violation of impenetrability can
occur in the fluid. I shall assume the fluid to be such as never
to permit itself to be forced into a lesser space, nor should its
continuity be interrupted. Once the theory of fluids has been
adjusted to fluids of this nature, it will not be difficult to ex-
tend it also to those fluids whose density is variable and which
do not necessarily require continuity.*

7. If, thus, we consider an arbitrary portion in such a fluid,
the motion, by which each of its particles is carried has to be

4 See the English translation of "General laws of the motion of fluids” in
these Proceedings.

set up so that at each time they occupy an equal volume. When
this occurs in separate portions, any expansion into a larger
volume, or compression into a smaller volume is prohibited.
And, if we turn attention to this only property, we can have
only such motion that the fluid is not permitted to expand or
compress. Furthermore, what is said here about arbitrary por-
tions of the fluid, has to be understood for each of its elements;
so that the volume of its elements must constantly preserve its
value.

8. Thus, assuming that this condition holds, let an arbi-
trary motion be considered to occur at each point of the fluid;
moreover, given any element of the fluid, consider the brief
translations of each of its boundaries. In this manner the vol-
ume, in which the element is contained after a very short time,
becomes known. From there on, this volume is posed to be
equal to the one occupied previously, and this equation will
prescribe the calculation of the motion, in so far as it will be
possible. Since all elements occupy the same volumes during
all periods of time, no compression of the fluid, nor expansion
can occur; and the motion is arranged in such a way that this
becomes possible.

9. Since we consider not only the velocity’ of the mo-
tion occurring at every point of the fluid but also its direction,
both aspects are most conveniently handled, if the motion of
each point is decomposed along fixed directions. Moreover,
this decomposition is usually carried out with respect to two
or three directions:® the former is appropriate for decomposi-
tion, if the motion of all points is completed in the same plane;
but if their motion is not contained in the same plane, it is ap-
propriate to decompose the motion following three fixed axes.
Because the latter case is more difficult to treat, it is more con-
venient to begin the investigation of possible motions with the
former case; once this has been done, the latter case will be
easily completed.

10. First I will assign to the fluid two dimensions in such
a way that all of its particles are now not only found with
certainty in the same plane, but also their motion is performed
in it. Let this plane be represented in the plane of the table
(Fig. 1), let an arbitrary point [ of the fluid be considered,
its position being denoted by orthogonal coordinates AL =
x and LI = y. The motion is decomposed following these
directions, giving a velocity Im = wu parallel to the axis AL
and [n = v parallel to the other axis AB: so that the true
future velocity of this point is \ﬂuu + vv), and its direction
with respect to the axis AL is inclined by an angle with the
tangent .

11. Since the state of motion, presented in a way which
suits each point of the fluid, is supposed to evolve, the veloci-
ties v and v will depend on the position [ of the point and will
therefore be functions of the coordinates x and y. Thus, we
put upon a differentiation

du = Ldx +ldy and dv = Mdx + mdy,

3 Meaning here the absolute value of the velocity.
6 Depending on the dimension: Euler treats both the two- and the three-
dimensional cases.
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which differential formulas, since they are complete,’ satisfy

furthermore ‘;—L = 4 gpd M — dm  Here it is noted that
Yy dx dy dx

in such expression %, the differential of L itself or dL, is
understood to be obtained from the variability with respect
to y; in similar manner in the expression dl/dx, for di the
differential of [ itself has to be taken, which arises if we take
x to vary.

12. Thus, it is in order to be cautious and not to take in such
fractional expressions %, %, %, and % the numerators dL,
dl, dM, and dm as denoting the complete differentials of the
functions L, I, M and m; but they designate such differentials
constantly that are obtained from variation of only one coor-
dinate, obviously the one, whose differential is represented in
the denominator; thus, such expressions will always represent
finite and well defined quantities. Furthermore, in the same
way are understood L= 3—;‘, | = %, M= Z—; and m = Z—Z;
which notation of ratios has been used for the first time by the
most enlightened Fontaine,® and I will also apply it here, since
it gives a non negligible advantage of calculation.

13. Since du = Ldx+Idy and dv = Mdz+mdy, here it is
appropriate to assign a pair of velocities to the point which is
at an infinitely small distance from the point [; if the distance
of such a point from the point [ parallel to the axis AL is dz,
and parallel to the axis AB is dy, then the velocity of this point
parallel to the axis AL will be u + Ldx + ldy; furthermore, the
velocity parallel to the other axis AB is v+Mdz +mdy. Thus,
during the infinitely short time dt this point will be carried
parallel to the direction of the axis AL the distance dt(u +

7 Exact differentials.

8 A paper “Sur le calcul intégral” containing the notation 4 for the partial
derivative of f with respect to = was presented by Alexis Fontaine des
Bertins to the Paris Academy of Sciences in 1738, but it was published
only a quarter of a century later (Fontaine, 1764). Nevertheless, Fontaine’s
paper was widely known among mathematicians from the beginning of
the 1740s, and, particularly, was discussed in the correspondence between
Euler, Daniel Bernoulli and Clairaut; cf. Euler, 1980: 65-246.

Ldx + ldy) and parallel to the direction of the other axis AB
the distance dt(v + Mdx + mdy).

14. Having noted these things, let us consider a triangular
element /mn of water, and let us seek the location into which
it is carried by the motion during the time dt. Let Im be the
side parallel to the axis AL and let In be the side parallel to
the axis AB: let us also put Im = dz and In = dy; or let the
coordinates of the point m be x + dx and y; the coordinates of
the point n be x and y + dy. It is plain, since we do not define
the relation between the differentials dx and dy, which can be
taken negative as well as positive, that in thought the whole
mass of fluid may be divided into elements of this sort, so that
what we determine for one in general will extend equally to
all.

15. To find out how far the element Imn is carried during
the time dt due to the local motion, we search for the points
p, q and r, to which its vertices, or the points [, m and n are
transferred during the time dt. Since

of point [|of point m |of point n
Velocity w.r.t. AL= U u+ Ldx | u+ldy
Velocity w.r.t. AB= v v+ Mdz | v+ mdy

in the time dt the point [ reaches the point p, chosen such that:
AP — AL =wudt and Pp— Ll =wvdt.

Furthermore, the point m reaches the point ¢, such that

AQ—AM = (u+Ldz)dt and Qg—Mm = (v+Mdz)dt.

Also, the point n is carried to r, chosen such that

AR — AL = (u +ldy)dt and Rr —Ln = (v+ mdy)dt.

16. Since the points [, m and n are carried to the points p, g
and r, the triangle [/mn made of the joined straight lines pq, pr
and gr, is thought to be arriving at the location defined by the
triangle pgr. Because the triangle /mn is infinitely small, its
sides cannot receive any curvature from the motion, and there-
fore, after having performed the translation of the element of
water Imn in the time dt, it will conserve the straight and
triangular form. Since this element [mn must not be either
extended to a larger volume, nor compressed into a smaller
one, the motion should be arranged so that the volume of the
triangle pgr is rendered to be equal to the area of the triangle
Imn.

17. The area of the triangle Imn, being rectangular at [,
is %d:ﬂdy, value to which the area of the triangle pqr should
be put equal. To find this area, the pair of coordinates of the
points p, ¢ and r must be examined, which are:

AP =2+ udt; AQ=z+dx+ (u+ Ldx)dt;
AR =z + (u+ldy)dt; Pp=y+vdt
Q¢ =y+ (v+Mdz)dt, Rr=y+dy+ (v+mdy)dt

Then, indeed, the area of the triangle pgr is found from the
area of the succeeding trapezoids, so that

pqr = PprR + RrqQ — PpqQ.



Since these trapezoids have a pair of sides parallel and per-
pendicular to the base AQ, their areas are easily found.
18. Plainly, these areas are given by the expressions

1
PprR = iPR(Pp + Rr)

RrgQ = ZRQ(Rr + Qo)

PpgQ = %PQ(PP +Qq)

By putting these together we find:
1 1 1
Apqr = §PQ.R7" — §RQ.Pp — iPR.Qq
Let us set for brevity
AQ=AP+Q; AR=AP+R; Qg¢=Pp+gq; and
Rr =Pp+r,
so that PQ = Q, PR = R, and RQ = Q — R, and we
have Apgr = 2Q(Pp+r) — 2(Q = R)Pp— 2R(Pp+q) or
Apqr = %Q.T — %R.q.
19. Truly, from the values of the coordinates represented

before it follows that

Q = dzx + Ldzdt; q = Mdxdt

R =ldydt; r = dy+ mdydt,

upon the substitution of these values, the area of the triangle
is obtained

1 1
pgr = idxdy(l + Ldt)(1 + mdt) — iMl dxdydt?*, or

1
pgr = idzdy(l + Ldt + mdt + Lmdt* — Midt?).

This should be equal to the area of the triangle Imn, that is

= %dxdy; hence we obtain the following equation

Ldt + mdt + Lmdt?> — Midt> =0 or
L + m + Lmdt — Mldt = 0.

20.  Since the terms Lmdt and Mldt are negligible for
finite L and m, we will have the equation L. + m = 0. Hence,
for the motion to be possible, the velocities u and v of any
point [ have to be arranged such that after calculating their
differentials

du = Ldx + ldy, and dv = Mdx + mdy,

one has L + m = 0. Or, since L= % and m = g’—;, the
velocities u and v, which are considered to occur at the point
[ parallel to the axes AL and AB, must be functions of the

coordinates x and y such that Z—Z + g—; = 0, and thus, the
criterion of possible motions consists in this that % + Z—Z =

0;° and unless this condition holds, the motion of the fluid
cannot take place.

9 This is the two-dimensional incompressibility condition, which in a slightly
different form has already been established by d’Alembert, 1752; cf. also
Darrigol and Frisch, 2008:§ III.

21. We shall proceed identically when the motion of the
fluid is not confined to the same plane. Let us assume, to
investigate this question in the broadest sense, that all parti-
cles of the fluid are agitated among themselves by an arbitrary
motion, with the only law to be respected that neither con-
densation nor expansion of the parts occurs anywhere: in the
same way, we seek which condition should apply to the veloc-
ities that are considered to occur at every point, so that motion
be possible: or, which amounts to the same, all motions that
are opposed to these conditions should be eliminated from the
possible ones, this being the criterion of possible motions.

22. Let us consider an arbitrary point of the fluid A. To
represent its location we use three fixed axes AL, AB and AC
orthogonal to each other (Fig. 2). Let the triple coordinates
parallel to these axes be AL= z, LI = y and [\ = z; which
are obtained if firstly a perpendicular Al is dropped from the
point A to the plane determined by the two axes AL and AB;
and then a perpendicular /L is drawn from the point [ to the
axis AL. In this manner the location of the point ) is expressed
through three such coordinates in the most general way and
can be adapted to all points of the fluid.

23. Whatever the later motion of the point ), it can be
resolved following the three directions Ay, Av, Ao, parallel to
the axes AL, AB and AC. For the motion of the point A we
set

the velocity parallel to the direction Ay = wu,
the velocity parallel to the direction Av = v,

the velocity parallel to the direction Ao = w.

Since these velocities can vary in an arbitrary manner for dif-
ferent locations of the point A, they will have to be considered
as functions of the three coordinates x, y and z. After differ-
entiating them, let us put to proceed

du = Ldx + ldy + \dz
dv = Mdz + mdy + pdz
dw = Ndx 4+ ndy + vdz.

Henceforth the quantities L, I, A, M, m, u, N, n, v will be
functions of the coordinates z, y and z.



24. Because these formulas are complete differentials, we
obtain as above

dL_dldL_ v d_d
dy dz’ dz dx’ dz dy
dM dm_ dM dy dm di

d7y T de’ dz dr’ dz dy
N _do o AN v dn
dy dx’ dz dx’ dz dy’

where it is assumed that the only varying coordinate is that
whose differential appears in the denominator.'”

25. Thus, this point A will be moved in the time dt by
this threefold motion, which is considered to take place at the
point X; hence it moves

parallel to the axis AL the distance = udt
parallel to the axis AB the distance = vdt
parallel to the axis AC the distance = wdt

The true velocity of the point A, denoted by V, which clearly
arises from the composition of this triple motion, is given in
view of orthogonality of the three directions by V' = ﬂuu +
vv + ww) and the elementary distance, which is travelled in
time dt through its motion, will be Vdt.

26. Letus consider an arbitrary solid element of the fluid to
see whereto it is carried during the time dt; since it amounts to
the same, let us assign a quite arbitrary shape to that element,
but of a kind such that the entire mass of the fluid can be di-
vided into such elements; to investigate by calculation, let the
shape be a right triangular pyramid, bounded by four vertices
A, i, v and o, so that for each one there are three coordinates

of point A|of point x|of point v |of point o

w.r.t. AL T T+ dz T x
w.rt. AB Y Y y+dy Y
w.r.t. AC z z z z+dz

Since the base of this pyramid is Auv = Imn = %dxdy and
the hight Ao = dz, its volume will be = %dxdydz.

27. Let us investigate, whereto these vertices A, p, v and
o are carried during the time dt: for which purpose their three
velocities parallel to the directions of the three axes must be
considered. The differential values of the velocities u, v and
w are given by

Velocity |of point A |of point | of point v |of point o
w.r.t. AL U u+ Ldx | u+ldy | v+ Adz
w.rt. AB v v+ Mdzx |v+mdy | v+ pdz
w.rt. AC w w~+ Ndz | w + ndy | w+ odz

28. If we let the points A, p, v and o be transferred to the
points 7, ®, p and o in the time dt, and establish the three
coordinates of these points parallel to the axes, the small dis-
placement parallel to these axes will be

10 The partial differential notation was so new that Euler had to remind the
reader of its definition.

AP—AL = udt

AQ-AM = (u+ L dz)dt
AR-AL = (u+1 dy)dt
AS—AL = (u+\dz)dt
Pp — LI =wvdt

Qq¢ — Mm = (v+ Mdz)dt
Rr —Ln = (v+mdy)dt
Ss —Ll = (v+pudz)dt
pm —1l A =wdt

q®—mp = (w+Ndx)dt
rp —nv = (w+ndy)dt
soc—lo =(w+vdz)dt

Thus the three coordinates for these four points 7, ®, p and o
will be

AP = x + udt;

pm = z 4+ wdt

RQ = z + dx + (u + Ldx)dt;

q® = z + (w + Ndx)dt

AR = z + (u + ldy)dt;

rp =z + (w + ndy)dt

AS =z + (u+ Mdz)dt;

so =z+dz+ (w+ vdz)dt

Pp =y + vdt;

Qq =y + (v+ Mdx)dt;

Ss =y + (v + pdz)dt;

29. Since after time dt has elapsed the vertices A, p, v
and o of the pyramid are transferred to the points 7, ®, p and
o, m®po defines a similar triangular pyramid. Due to the na-
ture of the fluid the volume of the pyramid 7®po should be
equal to the volume of the pyramid Auvo put forward, that is
%dmdydz. Thus, the whole matter is reduced to determin-
ing the volume of the pyramid 7®po. Clearly, it remains
a pyramid, if the solid pgrn®po is removed from the solid
pqrm®po; the latter solid is a prism orthogonally incident to
the triangular basis pgr, and cut by the upper oblique section
mp®.

30. The other solid pgrm®po can be divided by similarly
into three prisms truncated in this manner, namely

L. pgrsm®o; 1L prsmpo; 1. qrs®po

This has to be accomplished in such a way that
1
éd:cdydz = pgsn®o + prsmpo + qrs®po — pqro®p.

Since such a prism is orthogonally incident to its lower base,
and furthermore has three unequal heights, its volume is found
by multiplying the base by one third of the sum of these
heights.

31. Thus, the volumes of these truncated prisms will be

1
pqsw@a=§pqs(p7r+q<1>+sa)

1
prswp0:§prs(p7r—|—rp +so0)

1
qrs@pozygrs(q@—i—rp +s0)

1
para®p =opqr(pm +q®+7p).

Rr =y + dy + (v + mdy)dt;



Since pgr = pgs—+ prs+ qrs, the sum of the first three prisms
will definitely be small, or

1 1 1 1 1
éd:cdydz = —gpﬂ'.qrs — gqq).prs — gr,o.pqs + gsa.pqr,

or

dxdydz = 2pqr.so — 2pqs.rp — 2prs.q® — 2qrs.pm.

32. Thus, it remains to define the bases of these prisms:
but before we do this, let us put

AQ=AP+Q Q¢ =Pp +q; ¢® =pr +&;
AR=AP+R; Rr =Pp +r; rp =pr +p;
AS =AP+S; Ss =Pp +s; so =pr +o,

in order to shorten the following calculations. After the substi-
tution of these values, the terms containing pm will annihilate
each other, and we shall have

dxdydz = 2pqr.c — 2pgs.p — 2prs.®

so that the value of the bases to be investigated is smaller.

33. Furthermore the triangle pqr is obtained by removing
the trapezoid PpqQ from the figure PprqQ, the latter being the
sum of the trapezoids PprR and RrqQ; from which it follows
that

Apar = JPR(Pp+Rr)+ JRQ(Rr +Qq)~ ; PQ(Pp-+Qq):

or, because of PR = R; RQ = Q — R; and PQ = Q we shall
have

1 1 1 1
Apgr = SR(Pp—Qq) + ;QRr — Pp) = ;Qr — SRa.

In the same manner we have

Apgs = %PS(PP +8s) + %SQ(SS +Qq) — %PQ(PP + Qq),

or

Apgs = $5(Pp+55) + 1 (Q — S)(Ss + Qq) ~ 2Q(Pp+ Qq)

from where it follows that:

1 1 1 1
Apgs = 5S(Pp — Qq) + 5Q(Ss = Pp) = 5Qs — 58¢.

And finally

Aprs = %PR(Pp +Rr)+ %RS(RT + Ss) — %PS(Pp + Ss),

or

1 1 1
Aprs = §R(Pp +Rr) + 5(8 —R)(Rr + Ss) — §S(Pp + Ss)

from where it follows that

1 1 1 1
Aprs = ~R(Pp — Lsmr —pp) = tsr - LRs.
prs 2R( p —Ss) + 2S(Rr D) 287" 2Rs

34. After the substitution of these values we will obtain
drdydz = (Qr —Rq)o + (S¢ — Qs)p + (Rs — Sr)®;
thus the volume of the pyramid 7®po will be
1 1 1
E(QT —Rq)o + E(Sq —Qs)p+ E(RS —Sr)®.

From the values of the coordinates presented above in §. 28
follows

Q=dxr+ Ldxdt ¢q=Mdzxdt & = Ndxdt
R =ldydt r =dy + mdydt p = ndydt
S = Adzdt s = pdzdt o =dz + vdzdt.

35. Since here we have

Qr —Rq = daxdy(1 + Ldt + mdt + Lmdt* — Mldt?)
Sq¢ — Qs = dxdz(—pdt — Ludt? + MAdt?)
Rs — Sr = dydz(—\dt — mAdt* + ludt?)

the volume of the pyramid 7®po is found to be expressed as

1 +Ldt +Lmdt? +Lmv dt3
+mdt —MI dt* —Miv dt?
+v dt +Lv dt? —Lny dt3

+mydt? +Mn) dt3
—np dt? —Nm\dt3
—NAdt? +Nip dt?

1
gd:rdydz

which (volume), since it must be equal to that of the pyramid
Ao = %dxdydz, will satisfy, after performing a division by
dt the following equation'!

0=L+m+v+di(Lm+Lv+mv—M —NX—npu)
+ dt*(Lmv + Mn + Nip — Loy — My — Nip).

36. Discarding infinitely small terms, we get this equa-
tion:'> L+m + v = 0, through which is determined the re-

» lation between u, v and w, so that the motion of the fluid be

possible. Since L= du g — dv gpnd p = W

I Iy 72, atan arbitrary
point of the fluid A, whose position is defined by the three
coordinates x, y and z, and the velocities u, v and w are as-
signed in the same manner to be directed along these same

coordinates, the criterion of possible motions is such that

du dv dw

— 4+ — =0.
das+dy

dz
This condition expresses that through the motion no part of the
fluid is carried into a greater or or lesser space, but perpetually

1 This is the calculation to which Euler refers in his later French memoir
Euler, 1755.
12 This is the three-dimensional incompressibility condition.



the continuity of the fluid as well as the identical density is
conserved.

37. This property is to be interpreted further so that at the
same instant it is extended to all points of the fluid: of course,
the three velocities of all the points must be such functions of
the three coordinates x, y and z that we have g—g + % + % =
0: in this way the nature of those functions defines the motion
of every point of the fluid at a given instant. At another time
the motion of the same points may be howsoever different,
provided that at an arbitrary point of time the property holds
for the whole fluid. Up to now I have considered the time
simply as a constant quantity.

38. If however, we also wish to consider time as variable
so that the motion of the point A whose position is given by
the three coordinates AL= z, LI = y and [\ = z has to
be defined after the elapsed time ¢, it is certain that the three
velocities u, v and w depend not only on the coordinates =,
y and z but additionally on the time ¢, that is they will be
functions of these four quantities x, y, z and ¢; furthermore,
their differentials are going to have the following form

du = Ldx + ldy + \dz + £dt;
dv = Mdzx + mdy + pdz + 9dt;
dw = Ndz + ndy + vdz + Ndt;

Meanwhile we shall always have L + m 4 v = 0, having in
view that at every arbitrary instant the time ¢ is considered to
be constant, or dt = 0. Howsoever the functions u, v and w
vary with time ¢, it is necessary that at every moment of time
the following holds:

du dv dw

— 4+ — =0.
da;ery

dz
Since the condition expresses that any arbitrary portion of the
fluid is carried in a time dt into a volume equal to itself, the
same will have to happen, due to the same condition, in the
next time interval, and therefore in all the following time in-
tervals.

Il. SECOND PART

39. Having presented what pertains to all possible motions,
let us now investigate the nature of the motion which can re-
ally occur in the fluid. Here, besides the continuity of the fluid
and the constancy of its density, we will also have to consider
the forces which act on every element of the fluid. When the
motion of any element is either non-uniform or varying in its
direction, the change of motion must be in accordance with
the forces acting on this element. The change of motion be-
comes known from known forces, and the preceding formu-
las contain this change; we will now deduce new conditions'?

13 Here Euler probably has in mind the condition of potentiality, which he
will obtain in §§. 47 and 54 for the two-dimensional case and in §. 60 for
the three-dimensional case.

which single out the actual motion among all those possible
up to this point.

40. Let us arrange this investigation in two parts as well;
at first let us consider all motions being performed in the same
plane. Let AL = x, LI = y be, as before, the defining coor-
dinates of the position of an arbitrary point /; now, after the
elapsed time ¢, the two velocities of the point [ parallel to the
axes AL and AB are u and v: since the variability of time has
to be taken into account, u and v will be functions of z, y and
t themselves. In respect of which we put

du = Ldx + ldy + £dt anddv = Mdz + mdy + Mdt

and we have established above that because of the former con-
dition encountered above, we have L +m = 0.

41. After an elapsed small time interval dt¢ the point [ is
carried to p, and it has travelled a distance udt parallel to the
axis AL, a distance vdt parallel to the other axis AB. Hence,
to obtain the increments in the velocities v and v of the point
l which are induced during time dt, for dx and dy we must
write the distance udt and vdt, from which will arise these
true increments of the velocities

du = Ludt +lvdt+ £dt and dv = Mudt+mudt+9dt.

Therefore the accelerating forces, which produce these accel-
erations are

Accel. force w.r.t. AL = 2(Lu+ lv + £)
Accel. force w.r.t. AB = 2(Mu + mov + M)

to which therefore the forces acting upon the particle of water
ought to be equal.'*

42. Among the forces which in fact act upon the particles
of water, the first to be considered is gravity; its effect, how-
ever, if the plane of motion is horizontal, amounts to nothing.
Yet if the plane is inclined, the axis AL following the inclina-
tion, the other being horizontal, gravity generates a constant
accelerating force parallel to the axis AL, let it be . Next we
must not neglect friction, which often hinders the motion of
water, and not a little. Although its laws have not yet been ex-
plored sufficiently, nevertheless, following the law of friction
for solid bodies, probably we shall not wander too far astray
if we set the friction everywhere proportional to the pressure
with which the particles of water press upon one another.'

43. First, must be brought into the calculation the pres-
sure with which the particles of water everywhere mutually act
upon each other, by means of which every particle is pressed
together on all sides by its neighbours; and in so far as this
pressure is not everywhere equal, to that extent motion is com-
municated to that particle.'® The water simply will be put

14 The unusual factors of 2 in the previous equations have to do with a choice
of units which soon became obsolete; cf. Truesdell, 1954; Mikahailov,
1999.

15 Tt is actually not clear why Euler takes the friction force proportional to the
pressure.

16 Here Euler makes full use of the concept of internal pressure, cf. Darrigol
and Frisch, 2008.



everywhere into a state of compression similar to that which
still water experiences when stagnating at a certain depth.
This depth is most conveniently employed for representing the
pressure at an arbitrary point [ of the fluid. Therefore let that
height, or depth, expressing the state of compression at /, be p,
a certain function of the coordinates x and ¥, and should the
pressure at [ vary also with the time, the time will also enter
into the function p.

44. Thus let us set dp = Rdx + rdy + fRdt, and let us
consider a rectangular element of water, lmno, whose sides
are [m = no = dx and In = mo = dy, whose area is dxdy
(Fig. 3). The pressure at [ is p, the pressure at m is p+ Rdx, at
nitis p+rdy and at o itis p+Rdz +rdy. Thus the side Im is
pressed by a force = dx(p + %Rd:c), while the opposite side
no will be pressed by a force = dx(p+3Rdz+rdy); therefore
by these two forces the element Imno will be impelled in the
direction In by a force = —rdxdy. Moreover, in a similar
manner from the forces dy(p + 3rdy) and dy(p + Rdz +
rdy), which act on the sides In and mo will result a force
= —Rdxzdy impelling the element in the direction Im.

VLp—1
i b7

45. Thus will originate an accelerating force parallel to
Im = —R and an accelerating force parallel to In = —r,
of which the one directed along the force of gravity o gives
a — R. Having ignored friction so far, we obtain the following
equations:'’

a—R=2Lu+2lv+2& or R=ao—2Lu—2lv—2¢

—r =2Mu+2mv + 29t and r = —2Mu — 2mv — 29N

from which we gather that

dp = adz —2(Lu+lv+ £)dx — 2(Mu+mov + ) dy + Rdt,

17 Here the so-called Euler equations of incompressible fluid dynamics appear
for the first time, but the notation and the units are not very modern, in
contrast to the memoir he will write three years later (Euler, 1755).

a differential which must be complete or integrable.

46. Because the term « dz is integrable by itself and noth-
ing is determined for PR, from the nature of complete differ-
entials it is necessary that the following holds in the notation
already employed:

dlu+lv+ £  dMu+mv+M

dy dx
Since Z—Z =L, fl—Z =1 g—; =M, and Z—Z = m it follows that
udL vdl  d€ udM vdm  dIN
Li+——+1 —+— = ML+—— M = —
+dy+m+dy+dy +dm m +dx dz
which is reduced to this form:
(L+m)(l —M)+
(AL Y qdl dm) dg o
dy dx dy dx dy dr

47. In fact, since we knew Ldzx + ldy + £dt and Mdx +
mdy + 9Mdt to be complete differentials,

dL_dl o dm M dS_dl o ddM
dy dx’ de  dy' dy dt de  dt
after the substitution of which values we have the following
equation

(L+m)(l — M)+

" dl — dM Yo dl — dM +dl—dM_0
dx dy a

Plainly, this is satisfied if / = M: so that §% = 9. Since this

condition requires that Z—Z = 49 18 jt appears finally that the

differential formula udx + vdy must be complete; in this lies
the criterion of actual motion.

48. This criterion is independent from the preceding one,
which was provided by the continuity of the fluid and its uni-
form constant density. Therefore even if the fluid in motion
changes its density, as happens in the motion of elastic flu-
ids such as air, this property will hold nonetheless, namely
udz + vdy has to be a complete differential. In other words,
the velocities u and v must always be functions of the coordi-
nates x and y, together with time ¢, in such a way that when
the time is taken constant the formula udx + vdy admits an
integration.

49. We shall now determine the pressure p itself, which is
absolutely necessary for perfectly determining the motion of
the fluid. Since we have found that M = [ we have

dp = adx — 2u(Ldz + ldy) — 2v(ldz + mdy) — 28dz
—2Mdy + Rdt.

18 Here there are two problems. The minor problem is a typographical error
in the published version (Z—; instead of %), which is not present in a
1752 copy of the manuscript (not in Euler’s hand), henceforth referred to as
Euler, 1752. A more serious problem is that Euler here repeats the mistake
of d’Alembert, 1752 who confused a sufficient condition — the vanishing

of the vorticity — with a necessary one.



Moreover Ldx + ldy = du — £dt; ldz + mdy = dv — 9dt;
hence we have

dp = adxr—
2udu — 2vdv + 2Ludt 4+ 2Mudt — 2Ldx — 2Mdy + Rdt

Therefore, if we wish to ascertain for the present time the pres-
sure at each point of the fluid, with no account of its variation
in time, we shall have to consider this equation

dp = adx — 2udu — 2vdv — 2Ldzx — 29Mdy,
and in our notation £ = % and 9 = %.'9 Hence

du dv
dp = adr — 2udu — 2vdv — 2 i dx — 2 i dy,

in the integration of which the time is to be taken constant.

50. This equation is integrable by hypothesis, and is in-
deed understood as such, if we consider the criterion of the
motion which, as we have seen, consists in that udx + vdy
be a complete differential when the time ¢ is taken constant.
Let therefore S be its integral, which consequently will be a
function of x, y and ¢ themselves. For dt = 0 we obtain
dS = udz + vdy, while assuming the time ¢ variable as well,
let us write

dS = udx + vdy + Udt,

on which account we obtain % = 4U

dt dx
fact U = Cfl—f.
51. After inserting these values we will obtain

dv __ dU :
and &= a Then, in

du dv dU dU

and this differential formula is manifestly integrated at con-
stant time ¢ to give U. For this to become clearer, let us set

dU = Kdx + kdy; thus % = K and % = k, so that

%.dm—i—% = Kdz+kdy = dU. Since its integral is U = %,
we shall have

dp = adxr — 2udu — 2vdv — 2dU
from where it appears by integration:

2dS
p:Const.—i—cw:—uu—vv—W

with a given function S of the coordinates x, y and ¢ them-
selves, whose differential, for dt = 0 is udx + vdy.

52. In order to understand better the nature of these for-
mulas, let us consider the true velocity of the point [, which
is V.= /(uu + vv). And the pressure will be: p =

19 The printed version has L = v jnstead of £ = 4 Euler, 1752 is

dt dt -’
correct.

Const. + ax — VV — % : in which the last term dS de-
notes the differential of S = [(udz + vdy) itself, where the
time ¢ is allowed to vary.

53. If we now wish to also take friction into account, let us
set it proportional to the pressure p. While the point [ travels
the element ds, the retarding force arising from the friction is
= ?; so that, setting % = U, our differential equation will be
for constant ¢

dp = adz — %ds —VdV - 2dU,

from where we obtain by integration, taking e for the number
whose hyperbolic?” logarithm is = 1,

p=e7 /e%(ada: —2VdV — 2dV) or

1 —S S
p=ax—VV-2U-— ?GT /6’7(05.’13 —VV —2U)ds.

54. The criterion of the motion which drives the fluid in
reality consists in this that, fixing the time ¢, the differential
udx + vdy has to be complete: also continuity and constant
uniform density demand that % + Z—Z = 0, hence it follows

too that this differential udy — vdx will have to be complete.?!
From where both velocities v and v jointly must be functions
of the coordinates x and y with the time ¢ in such a way that
both differential formulas udz + vdy and udy — vdz?* be
complete differentials.

55. Let us set up the same investigation in general, giving
the point A three velocities directed parallel to the axes AL,
AB, AC. Let u, v, w denote these functions, which depend on
coordinates x, y, z, besides t. After a differentiation we obtain

du = Ldx + ldy + M\dz + £dt
dv = Mdz + mdy + pdz + Mdt
dw = Ndx + ndy + vdz + Ndt.

Although here the time ¢ is also taken as variable, nonetheless
for the motion to be possible, by the preceding condition? we
have L + m 4 v = 0, or, which reexpresses the same

du dv dw
—_— 4 — R — 07
de dy dz
a condition on which the present examination does not de-
pend.

56. After the passage of time interval dt¢ the point A is
carried to 7, and it travels a distance udt parallel to the axis
AL, a distance vdt parallel to the axis AB and a distance wdt
parallel to the axis AC. Thus the three velocities of the point
which has moved from ) to 7 will be:

parallel to AL =u + Lu dt +1 v dt + Awdt + £ dt;
parallel to AB = v + Mu dt + nw dt + pwdt + M dt;
parallel to AC = w+ Nu dt + nv dt + vwdt + N dt,

20 Natural

21 The published version has udz +vdy, a mistake not present in Euler, 1752.
22 Previous mistake repeated in the published version.

23 From Part I.
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and the accelerations parallel to the same directions will be ferentials, we have
dL. dl dm dM d\ dl
par. AL = 2(Lu +1 v + Aw+ £); dy  dz’ dr  dy’ dy  dz’
par. AB = 2(Mu + nw + pw + M); dp —dM  d€ dl ~ dM_dM
par. AC = 2(Nu +nv +vw+MN). de dz' dy dt’ dr @ dt
LA\ d_dA o dN
57. If we take the axis AC to be vertical, in such a way that dz  dx’ dz dy’ dzdy’
the remaining two AL and AB are horizontal, the accelerating dl _ d7N . E _ Q @ _ d7N .
force due to gravity arises parallel to the axis AC with the de  dz’ dz dt’ dx dt’
value —1. Then indeed, denoting the pressure at A by p, its dM _dp dN _dn o dm _ dp
differential, at constant time is dz  dx’ dy Cde’  dz dy’
dv _dn AW _dp N _dn
dp = Rdz + rdy + pdz, dy dz’ dz dt’ dy dt’
after substituting of which values those three equations will
from which we obtain the three accelerating forces be transformed into these?®
dl — dM dl — dM dl — dM
par. AL =R; par. AB=—r; par. AC=—p dt tu dx T dy +
dl —dM
which are in fact easily collected in the same manner as was w ( dz ) + (I =M)(L+m)+An—puN =0,
done in §§. 44 anq 45, so that it is not necessary to repeat d\ — dN d\ — dN d\ — dN
the same computation. Hence we obtain the following equa- — | tu|—— )+ | ——— | +
tions>* dt dx dy
d\ — dN
w|l—— | +AN=—N)(L+v)+Ilp—nM=0,
R = —2(Lu+ v+ w + £) ( dz ) ( ) )

r = —2(Mu + mv + pw + M) (d,udn>+u<dudn)Jrv<aludn>+
p=—1—=2(Nu+nv+rvw+MN) dt dx dy

w(w“*m>+w—nmn+m+hu_Nhﬂ1

58. Since the differential formula dp = Rdx + rdy + pdz dz
has to be a complete differential, we have 60. Now it is manifest that these three equations are satis-
fied by the following three values
dR _dr dR _dp dr _dp I=M; A=N; pu=n

dy dx’ dz  dr’ dz dy o . L . .
in which is contained the criterion furnished by the consider-
ation of the forces. Here therefore follows that in the notation
chosen we have?’

du dv  du dw dv dw

After a differentiation and a division by —2 the following three
equations are obtained?

dy  dz’ dz  dx’ dz dy

vdl wdA

wdL, e _
I { E/I + jc?llm + jgﬂ + gz L = these conditions moreover are the same as those which are
aw T 4 t @ t @ + ML+ mM 4+ N required in order that the formula udx + vdy +wdz be a com-
I { wdl  yovdl g wdd oy dE TN 4y 4 W = plete differential. From which this criterion consists in that
wdN | wdn | wdv | dR 4 N[, 4 pM 4 yN the three velocities u, v and w have to be functions of x, y and
‘ZIM d; fizd d;m 2z together with ¢ in such a manner that for fixed constant time
I et e T+ S+ MA + mp + = the formula udz + vdy + wdz admits an integration.
w4y w4 N+ oam o+ oun 61. Taking the time ¢ constant or dt = 0, we have

du = Ldx + Mdy + Ndz
dv = Mdx + mdy + ndz
dw = Ndx + ndy + vdz

59. Moreover, because of the nature of the complete dif-

24 These are the three dimensional Euler equations.

23 The printed version contains mistakes not present in Euler, 1752: in the 26 These are the equations for the vorticity.
formula labelled 11, instead of L there is £; in the formula labelled III there 27 Here Euler repeats the mistake of assuming that the only solution is zero-
is a v instead of u. vorticity flow; in Euler, 1755 this will be corrected.



moreover, for R, r and p the values are

R = —2(Lu+ Mv + Nw + £)
r = —2(Mu + mv + nw + M)
p=—1-—2Nu+nv+rvw+MN)

Regarding the pressure p, we obtain the following equation

dp = —dz
— 2u(Ldz + Mdy + Ndz) = —dz — 2udu — 2vdv — 2wdw
— 2v(Mdz + mdy + ndz) —28dz — 29N — 2Nd=

— 2w(Ndz + ndy + vdz)
— 28dx — 29Mdy — 2Nd=

62. Since in truth £ = %; M = %; N = %’, we obtain
by integration

du dv dw
p= szfuufvvfwwa/ <dtdm+ %der dtdz)

By the previously ascertained condition udz + vdy + wdz
is integrable. Let us denote its integral by S, which can also
involve the time ¢; taking also the time ¢ variable, we have

dS = udx + vdy + wdz + Udt,

du _ dU. dv _ dU. dw _ dU
and we have G = dxdodl T oy At T e From where,
with time generally taken constant, it can be assumed in the

above integral that

dU dU dU
L+ T ay+ T =4
dx erdy erdz 7= du,

and we obtain®®

p=C—2z—uu—vv—ww—2U, or
ds
D Z—Uuu — U — Www 7
63. Thus, vu+vv+ww is manifestly expressing the square
of the true velocity of the point ), so that, if the true velocity
of this point is denoted V/, the following equation is obtained
for the pressure®

2dS
p=C—-2-VV T

To use this, firstly one must seek the integral S of the formula
udx +vdy + wdz which should be complete. This is differen-
tiated again, taking only the time ¢ as variable. After division
by dt, one obtains the value of the formula %, which enters
into the expression for the state of the pressure p.

64. But before we may add here the previous criterion, re-

garding possible motion, the three velocities u, v and w must

28 The published version has a ds in the denominator, instead of the correct
dt, found in Euler, 1752.
29 This is basically the Bernoulli pressure law for potential flow.
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be such functions of the three coordinates z, y and z, and of
time ¢ that, firstly, udx 4+ vdy + wdz be a complete differen-
tial and, secondly, that the condition g—z + j—; + % = 0 holds.
The whole motion of fluids endowed with invariable density
is subjected to these two conditions.

Furthermore, if we take also the time ¢ to be variable, and
the differential formula udzx 4+ vdy + wdz + Udt is a complete
differential, the state of the pressure at any point A, expressed
as an altitude p, will be given by

p=C—z—uu—vv—ww-—2U,

if only the fluid enjoys the natural gravity and the plane BAL
is horizontal.

65. Suppose we had attributed another direction to the
gravity or even adopted arbitrary variable forces acting on the
particles of the fluid. Differences would arise in the values of
the pressure, but the law which the three velocities of the fluid
have to obey would not suffer any changes. Thus, whatever
the acting forces, the three velocities u, v and w have to satisfy
the conditions that the differential formula udx + vdy + wdz
be complete and that % g—;’ + %’ = 0 should hold. There-
fore, the three velocities u, v and w can be fixed in infinitely
many ways while satisfying the two conditions; and then it is
possible to prescribe the pressure at every point of the fluid.*

66. However, much more difficult would be the following
question: given the acting forces and the pressure at all places,
to determine the motion of the fluid at all points. Indeed, we
would then have some equations®! of the formp = C — z —
uu — vv — ww — 2U, from which the relation of the functions
u, v and w would have to be defined in such a way that not
only the equations themselves would be satisfied , but also the
previously contributed rules** would have to be obeyed; this
work would certainly require the greatest force of calculation.
It is fitting therefore to inquire in general into the nature of
functions proper to satisfy both criteria.

67. Most conveniently therefore let us begin with the char-
acterization of the integral quantity S, whose differential is
udx + vdy + wdz, when time is held constant. Let thus S be
a function of z, y and z, the time ¢ being contained in con-
stant quantities. When S is differentiated, the coefficients of
the differentials dz, dy and dz are the velocities u, v and w
which at the present time suit the point of fluid A, whose co-
ordinates are x, y and z. The question thus arises here to find
the functions S of z, y and z such that % + g—z + %’ =0
%, v = fl—s and w = Z—S it follows

Yy z
that 925 + 415 + 455 = 0.5

68. Since it is not plain how this can be handled in general,

I shall consider certain rather general cases. Let

S=(Az+By+Cz)".

now, since we have u =

30 Many statements in this paragraph are rendered invalid by the generally
incorrect assumption of potential flow.

31 The plural is here used probably because this relation has to be satisfied at
all points.

32 Incompressibility and potentiality.

33 This is what will later be called Laplace’s equation.



We have
ds n—1
e nA(Az + By + Cz)"™ " and
x
dd
dT:S =n(n—1)AA(Az + By + Cz)" 2
and the expressions for % and % will be similar. Thus we

have to satisfy
n(n —1)(Az + By + C2)" " 2(AA + BB+ CC) =0

which is plainly satisfied when either n = 0 or n = 1. Thus
we have the solutions S = Const. and S = Az + By + Cz,
where the constants A, B and C' are arbitrary.

69. Butif n is neither 0, nor 1, we necessarily have: AA +
BB + CC = 0: and then S is given by

S = (Az +By+Cz)"

for any value of the exponent n; even the time ¢ itself will
possibly enter in n. Furthermore we can add up arbitrarily
many such S and obtain yet another solution.’* The function

S=a+fx+yy+0z+e(Axz+By+Cz2)"+
C(A'z+ By +C2)" + A"z +B'y+C"2)" +
O(A" z +B"y+ C"2)"" ete.
will satisfy the condition only if we have:
AA+BB+CC=0; A'A'+BB +C'C' =0;
A"A" +B"B" + C"C" = 0 etc.
70. Here suitable values are given for S in which the co-

ordinates x, y, z have either one, or two, or three, or four
dimensions>?

I.LS=A
II.S= Az + By + Cz
III. S = Azx + Byy + Czz + 2Dzy + 2Exz + 2Fyz
with A+B+C=0
IV.S = Az® + By® + C22 4 3Dzay + 3Fzxz + Hyyz+
6Kzyz + 3Exyy + 3Grzz + 3lyzz
with A+E4+G=0; B+D+1=0;
C+F+H=0
V.
+ Az* + 6Dzzyy + 4G23y + 4Hzy® + 12Nzzyz
S = + By? 4+ 6Ezzzz + 41232 4+ 4Kz2® + 120zyy2
+ Cz* + 6Fyyzz + 4Ly 2 + 4Myz3 + 12Pzyzz
with A+D+E=0 G+H+P=0
B+D+F=0 I+K+0=0
C+E+F=0 L+M+N=0

34 In modern terms, Euler is here using the linear character of the Laplace
equation.

35 In modern terms we would say “which are polynomials in x, y, z of degrees
up to four”.

12

71. Hence it is clear how these formulas are to be ob-
tained for any order. First, simply give to the various terms
the numerical coefficients which belong to them from the law
of permutation, or, equivalently, which arise when the trino-
mial x + y + z is raised to that same power. Let indefinite
letters A, B, C, etc., be adjoined to the numerical coefficients.
Then, ignoring the coefficients, observe whenever there oc-
cur three terms of the type LZz? + MZy? + NZz? having a
common factor Z formed from the variables. Whenever this
occurs, set the sum of the literal coefficients L + M + N equal
to zero. For example, for the fifth power we have

S =Az® + 5Dty + 50z2 + 10G23yy + Sadzz+
20Kz3yz + 30Nzyyzz+
Bz® + 5Exty + 5¢2*z 4+ 10Hz3yy + Had 22+
20L2%yz + 300zyy 2z
+ Ca® + 5Fxty + 5322 + 10123yy + Jad 22+
20Mz3yz + 30Pzyyzz

and the following determinations of the coefficient letters are
obtained

A+G+6=0; D+H+0=0; D+I1+P=0;
B+H+$H=0; E4+G+N=0; 8+F+P=0;
K+L+M=0;

C+I+3=0 F+6+N=0; F+9H+0=0.

In the same way for the sixth order such determinations will
give 15, for the seventh 21, for the eighth 28 and so on.

72. 1In the very first formula S = A the coordinates z, y
and z are clearly not intertwined. Thus the three velocities u, v
and w are equal to zero, and hence this describes a quiet state
of fluid. Also the pressure at an arbitrary point for different
times will be able to vary in an arbitrary manner. Indeed A
is an arbitrary function of time and, for a given time ¢, the
pressure at the point A is p = C — % — z. Through this
formula is revealed the state of the fluid, when it is subjected
at an arbitrary instant to arbitrary forces, which nevertheless
balance each other, so that no motion in the fluid can arise
from them: where it happens, if the fluid is enclosed in a vase
from which it can nowhere escape, it is also compressed by
suitable forces inside.

73. Moreover, the second formula S = Az + By + Cz,
after differentiation, gives these three velocities to the point \:

u=A; v=B and w=C.

Thus simultaneously, all points of the fluid are carried by an
identical motion in the same direction. From which the whole
fluid moves in the same manner as a solid body, carried only
by a forward motion. But at different times the velocities as
well as the direction of this motion are able to be varied in an
arbitrary way, depending on what the extrinsic driving forces
require. Therefore, the pressure at the point A at the time ¢ on
which A, B, C depend, isp=C—2—AA-BB-CC—

36 The printed version, but not Euler, 1752, has a missing BB in the formula.



Zx% — Zy% - 22%.

74. The third formula S = Azz + Byy + Czz + 2Dxy +
2Ezz + 2Fyz, where A + B 4+ C = 0, gives the following
three velocities’” of the point \: v = 2Azx + 2Dy + 2Ez;
v = 2By + 2Dz + 2Fz; w = 2Cz + 2Ex 4 2Fy, or w =
2Ex + 2Fy — 2(A 4 B)z. Here, at a given instant, different
points of the fluid are carried by different motions; moreover,
in the time development an arbitrary motion of a given point
is permitted, because A, B, D, E, F can be arbitrary functions
of the time ¢. Finally, a much greater variety can take place, if
more elaborate values are given to the function S.

75. In the second case the motion of the fluid was cor-
responding to the forward motion of a solid body in which,
plainly, at any instant the different parts are carried by a mo-
tion equal and parallel to itself. In other cases the motion of
the fluid could be suspected to correspond to solid-body mo-
tion, either rotational or anomalous. It suffices to put forward
such a hypothesis — beyond the second case — to find that it
cannot take place. Indeed, in order to happen, not only would
it be necessary that the pyramid 7®po would be equal,*® but
also similar to the pyramid Auvo, or that the following holds

T® = A\ =dz = /(QQ + qq + ®P)
mp=Av=dy=/(RR+717+ pp)
7o = Mo =dz=,/(SS + 55+ 00)
Op = v = /(dz® + dy*) =
VIQ-RP+(q—7)°+(®—p)%)
o = po = \/(dxz +dz?) =
VIQ=9+(g—9)°+(@—-0)%)
PO =vo = \/(dyQ + d22) =
VIR =8+ (r =9+ (p—0)?),
where we applied the values taken from §. 32.

76. Then the three latter equations, combined with the
former, are reduced to these:

QR+qr+®p = 0; QS+gs+®o = 0and RS+rs+po = 0.
Moreover, if the values assigned in §. 34 are substituted for

the letters Q, R, S, g, 7, s, @, p, o and the higher-order terms
for the rests are neglected, the three former will give

1=1+2Ldt; [+ M=0;
1=14+2mdt; A+ N=0;
1=142vdt; p+n=0,

sothat wehave L=0m =0andv =0, M = —|, N = —\
and n = —pu.

37 In both the printed version and in Euler, 1752, the first velocity component
is mistakenly denoted by .
38 In volume.
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77. Thus, the three velocities of this point A would have to
be compared to the condition that the following hold>’

du = ldy + Adz;
dv = —ldz + pdz;
dw = —dx — pdy.

But the second condition demands a motion of the fluid such
that [ = M, A = N and n = u; hence all the coefficients [, A
and p vanish; also the velocities u, v and w will take the same
value everywhere in the fluid. Therefore it is plain that the
motion of the fluid cannot correspond to solid-body motion
other than pure translational.

78. To ascertain the effect of the forces which act from the
outside upon the fluid, it is first necessary to determine those
forces*® which are required for effecting the motion which we
have assumed to exist in the fluid. These are equivalent to the
forces which in fact work upon the fluid; furthermore we have
seen above in §. 56 that three accelerating forces are required,
which are here repeated. If an element of fluid is conceived
here, whose volume, or mass is dxdydz, the moving forces
required for the motion are

par. AL = 2dxdydz(Lu + lv + Aw + £) =
du du du  du
9 - - b i
dxdydz (udw —I—vdy +wdz + dt)
par. AB = 2dzdydz(Mu + mv + pw + M) =
dv dv dv dv
2dxdyd — — — 4+ —
rayaz (udx Tyttt dt)
par. AC = 2dzdydz(Nu 4+ nv + vw + 9) =

dw dw dw dw >

b

)

+U7+w$+ﬁ

2
dxdydz (u . i

so that by triple integration the components of the total forces
which must act on the whole mass of fluid may be obtained.
79. But since the second condition requires that udx +
vdy + wdz be a complete differential, whose integral is S, let
us put as before, with time allowed to vary, dS = udz +vdy+

wdz + Udt. Since g—;‘ = %; ‘fl—;‘ = fl—’:; % = % those three
moving forces emerge:*!
par. AL = 2dudydz (udu + vdv + wdw + dU)
dx
udu + vdv + wdw + dU
par. AB = 2dxdydz ( a )
par. AL = 2dzdyd- (udu + vdvc—;— wdw + dU)
2

80. Letus set now uu + vv +ww + 2U = T. The function
T depends on the coordinates x. y, z; take it at a given instant

39 In the printed version, but not in Euler, 1752, there are several sign mis-
takes.

40 Here, internal forces are meant.

41 There is a misprint in the printed version, w instead of +.



of time ¢:*2

dT = Kdx + kdy + kdz.

The three moving forces of the element dxdydz are*

par. AL = Kdxdydz
par. AB = kdzxdydz
par. AC = kdzdydz

and by triple integration these formulas ought to be extended
throughout the mass of the fluid; thus forces equivalent to all**
and their directions may be obtained. Truly this discussion is
for a later investigation, which I shall not deepen here.

81. Furthermore, the quantity T = wu + vv + ww +
2U, which is analyzed in this calculation, furnishes a simpler
formula for expressing the pressure through the height p; we
have indeed p = C — z — T when the particles of the fluid
are pressed upon solely by the gravity. But if an arbitrary
particle )\ is acted upon by three accelerating forces which are
Q, q and ®, acting parallel to the directions of the axes AF,
AB and AC, respectively, after a calculation similar to the
previous one has been carried out, the pressure will be given
by

po—i—/(de—i—qdy—i—@dz)—T.

Thus it is plain that the differential Q + qdy + ®dz must be
complete, as otherwise a state of equilibrium, or at least a pos-
sible one, could not exist. That this condition must be imposed
on the acting forces Q, ¢ and & was shown very clearly by the
most famous Mr. Clairaut.*’

82. Here are, therefore, the principles of the entire doctrine
of the motion of fluids, which, even if they at first sight may
seem insufficiently fruitful, nevertheless embrace almost ev-
erything treated both in hydrostatics and in hydraulics, so that
these principles must be regarded as having very broad extent.
For this to appear more clearly, it is worthwhile to show how
the precepts learned in hydrostatics and hydraulics follow.

83. Let us therefore consider first a fluid in a state of rest,
so that we have u = 0, v = 0 and w = 0; in view of T = 2U,
the pressure in an arbitrary point A of the fluid is

p:C+/(de+qdy+<I>dz)—2U.

Here, U is a function of the time ¢ itself which we take as
constant. Indeed, we investigate the pressure at a given time;
the quantity U can be included in the constant C, so that we
obtain

p:C+/(de+qdy+<I>dz)

42 There is a misprint: u instead of &.

43 Here is again a misprint: k instead of .
44 The pressure forces.

45 Clairaut, 1743.

14

where Q, ¢ an @ are the forces acting on the particle of water
A, parallel to the axes AL, AB and AC.

84. The pressure p can only depend on the position of
the point A that is on the coordinates x, y and z; it is thus
necessary that [(Qdz + gdy + ®dz) be a prescribed function
of them, which therefore admits integration. Thus it is firstly
clear that in the manner indicated the fluid cannot be sustained
in equilibrium, unless the forces acting on each element of the
fluid are such that the differential formula Qdx + qdy + ®dz
is complete. Thus, if its integral is denoted P, the pressure at
A will be p = C + P. Therefore, if the only force present is
gravity, impelling parallel to the direction CA, we shall have
p = C — z; hence, if the pressure is fixed at one point A,
the constant C can be obtained. From which the pressure at a
given time will be defined completely at all points of the fluid.

85. However, with time passing, the pressure at a given
place can change; and this plainly occurs, if variability is as-
sumed for the forces impelling on the water, whose calcula-
tion cannot be made from those forces which are assumed to
act on each element of the fluid,*® but in such a way that they
keep each other in equilibrium and produce no motion. But
if, moreover, these forces are not subject to any change, the
letter C will indeed denote a constant quantity, not depending
on time t; and at a given location A we will always find the
same pressure p = C + P.

86. Itis possible to determine the extremal shape of a fluid
in a permanent state, when it is not subjected to any force.*’
Certainly, at the extreme surface of the fluid at which the fluid
is left to itself and not contained within the walls of the vase
in which it is enclosed, the pressure must be zero. Thus we
shall obtain the following equation: P = const; the shape
of the external surface of the fluid is then expressed through
a relation between the three coordinates =, y and z. And if
for the external circumference held P = E, since C = —E,
in another arbitrary internal location A the pressure would be
p = P — E. In this manner, if the particles of the fluid are
driven by gravity only, and because p = C — z, the following
will hold at for the external surface z = C; from which the
external free surface is perceived to be horizontal.

87. Next, everything which has so far been brought out
concerning the motion of a fluid through tubes is easily de-
rived from these principles. The tubes are usually regarded as
very narrow, or else are assumed to be such that through any
section normal to the tube the fluid flows across with equal
motion: from there originates the rule, that the speed of the
fluid at any place in the tube is reciprocally proportional to
its amplitude. Let therefore A be an arbitrary point of such
a tube, of which the shape is expressed by two equations re-
lating the three coordinates x, ¥ and z, so that thereupon for
any abscissa z the two remaining coordinates y and z can be
defined.

88. Let henceforth the cross section of this tube at \ be rr;

46 That is the internal pressure forces.
47 Here, Euler will comment on the shape of the free (extreme) surface of a
fluid contained in an open vessel.



in another fixed location of the tube, where the cross-secion
is f f, let the velocity at the present time be &; now after the
time dt has elapsed, let the velocity become G +d3, so that G

is a function of time ¢, and similarly with dtj . Hence the true

velocity of the fluid at A will be at the present time V = £ f g

Since now y and z are obtained from the shape of the tube, we
have dy = ndx and dz = Odx; thus the three velocities of the
point X in the fluid, parallel to directions AL, AB and AC, are

I e 1 I8 n ,
VA +00) VA +00)
W 140 0
V(L4 +00)

and hence, uu+vv+ww = VV = f4£j g. : and rr is function
of x itself, thus of the dependent variables y and z.

89. Since udx+vdy+wdz must be a complete differential,
the integral of which is denoted = S, we have:

fft5 de(1+mm+00) [f8

ds =
/(L +00) T

dmﬂl + nm + 66).

Moreover, dx \f( 14+nn+606) expresses the element of the tube

itself; if we denote it by ds, we shall obtain dS = %édsz

although O is a function of the time,*® here we fix the time
and, furthermore, the quantities s and 7 do not depend on
time but only on the shape of the tube; thus we have S =
o [ L2

90. Turning now to the pressure p which is found at the
point of the tube A, the quantity U has to be considered; it
arises from the differentiation of the quantity S, if the time

only is considered as variable, so that we have U = @ . Thus,

since the integral formula f ! f ds Joes not involve t1me t, on

the one hand we shall have fg U= % f £ f fs, and on the
other hand it will follow from §. 80 that:

f%tj 2dk§/ffds

T=

Therefore, after introducing arbitrary actions of forces @, ¢
and @, the pressure at A will be

4
p:C+J(de+qdy+<I>dz) f&j 2dtf/ffds

48 As was stdted in §. 88.
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This is that same formula which is commonly written for the
motion of a fluid through tubes; but now much more widely
valid, since arbitrary forces acting on the fluid are assumed
here, while this formula is commonly restricted to gravity
alone. Meanwhile it is in order to remember that the three
forces QQ, ¢ and ® must be such that the differential formula
Q dx 4 qdy + ® dz be complete, that is, admit integration.
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