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It’s all in One contained

Bulleh Shah, English transl. by K. S. Duggal

A 0NA HU3KOW XU3HK BbliK Yncna
Kak goMawHuin, noabspeMHbIA CKOT,
MoToMy YTO BCE OTTEHKMW CMbICNA
YMHOe yncno nepeaaer.

H.C. Tymunes

But on earth the numbers were created,
Like the cattle yoked and confined,
For the numbers always clearly stated
Every shade of meaning they defined.

N. S. Gumilev, English transl. by A. Shaumyan
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Chapter 1

Introduction générale

L’équation’ d’Euler — I’objet central d’étude de cette thése — peut 4 premiére vue paraitre
plutdt simple, voire élémentaire. C’est di partiellement a la fagon tres directe et optimisée
dont elle est obtenue dans les cours de physique modernes, mais ¢’est dii aussi aux notations
qui remontent en fait a Euler lui-mé&me [Eul57], ce qui tend a dissimuler ses aspects non
triviaux. De plus, I’équation d’Euler est fréquemment considerée comme non physique,
car elle ne prend pas en compte la friction interne dans le fluide, décrivant ainsi, selon les
termes de Feynman [Fey64], «de I’eau seche ».

En regardant de plus pres, on se rend compte que ce point de vue contient quelques
conceptions fausses. Prenons par exemple la dérivation de 1’équation décrivant la dy-
namique des écoulements parfaits ¢’est-a-dire précisément de I’équation d’Euler. Pendant
deux décennies (1734-1755) elle occupait les meilleurs physiciens et mathématiciens du
XVIII® siecle; cela a commencé par le travail du jeune D. Bernoulli (la loi de pression dite
de Bernoulli) et a culminé avec Euler établissant sa fameuse équation [Tru54, Cal96, Dar05,
DFO07]. Et cette histoire est loin d’étre terminée ! Environ deux cents ans plus tard, Arnold
[Arn66], s’inspirant de la dérivation variationnelle de 1’équation d’Euler par Lagrange, a
montré que le mouvement des écoulements inviscides peut étre décrit comme un mouve-
ment géodésique sur le groupe des difféomorphismes conservant le volume.

Concernant 1’objection d’étre non physique, 1’opinion est de plus en plus répandue
que I’équation d’Euler reste importante au moins pour deux raisons majeures. Premicre-
ment, elle correspond, du moins formellement, a la limite des nombres de Reynolds infinis
Re — o0. Deuxiemement, il existe des phénomenes qui sont partiellement cachés par la
présence du terme visqueux et qui peuvent €tre étudiés plus facilement dans la forme «nue»
du cas inviscide. Un de ces phénomenes est la déplétion — la tendance d’un écoulement
a supprimer les non linéarités et a approcher, au moins localement, une des nombreuses
solutions de I’équation d’Euler stationnaire.

Les aspects mathématiques de 1’équation d’Euler ont étés intensivement étudiés du-
rant les cent dernieres années, voir, par exemple, [MB02, MP94] et [BT07, Cha07, Con07]
pour des articles de revue récents. Pourtant, quelques questions mathématiques essen-
tielles restent complétement ouvertes. Par exemple, on ne sait pas si I’équation d’Euler
tri-dimensionelle est bien posée pour des données initiales suffisamment lisses : un écoule-
ment intialement, disons, analytique développe-t-il une singularité réelle en un temps fini ?

Pour des données initiales analytiques, les solutions de I’équation d’Euler peuvent
étre prolongées dans le domaine complexe : les variables d’espace ainsi que la vitesse, la
vorticité et la pression sont étendues a des valeurs complexes. Il est connnu depuis les
travaux de [BBZ76, Ben76a, Ben76b] que pour de telles données, d’hypothétiques singu-

"For English translation see page 11.



larités réelles sont précédées par des singularités complexes qui atteignent le domaine réel
apres un temps fini. Ces dernieres peuvent étre extraites du comportement a hauts nombres
d’onde du spectre d’énergie de la solution.

Il a été proposé dans [FMBO03] d’essayer d’obtenir des renseignements sur la géome-
trie et la nature des singularités complexes des solutions de 1’équation d’Euler lesquelles,
en dimension supérieure a un, ne sont pas des points. C’est un objectif important de la
présente these, car on peut espérer qu’une meilleure compréhension des singularités éclair-
cira le probleme de la déplétion (et la possibilité d’avoir des singularités en temps fini).

En pratique, il est tres difficile d’obtenir des renseignement sur les singularités com-
plexes des solutions de 1’équation d’Euler par voie analytique. De ce fait on est naturelle-
ment amené a étudier de telles problémes avec des outils numériques. Toutefois, 1’étude
numérique de problemes aussi délicats que celui des singularités est extrémement difficile;
souvent il n’est pas possible de donner une estimation objective du réle que jouent les er-
reurs numériques.

Analyse numérique des singularités complexes

Supposons qu’on nous donne une solution de 1’équation d’Euler calculée par voie numérique,
par exemple, sous la forme d’un développement en série de Fourier. Si nous voulons étudier

ses singularités complexes, la premiere question qui se pose est: quelle information sur les

singularités complexes de cette solution peut €tre extraite des données numériques ? La

réponse a cette question, discutée dans Partie I, a deux aspects. Le premier aspect est es-

sentiellement mathématique et est traité au Chapitre I. Le second, discuté au Chapitre II,

est plustdt operationnelle et concerne les choix d’algorithmes nécessaires pour traiter les

données numériques.

Géometrie de singularités complexes

Tout d’abord nous avons besoin d’une compréhension détaillée de la relation entre les pro-
priétés des coefficients de Taylor et les singularités des fonction analytiques correspon-
dantes. Dans le cas des fonctions d’une variable complexe cette relation a été établie déja
au XIX¢ siecle par Darboux. En simplifiant, on peut dire qu’asymptotiquement les coef-
ficients de Taylor d’une fonction dont la singularité la plus proche de 1’origine est en Z*
se comportent comme (Z*) ™. Pour des fonctions de plusieurs variables complexes la pre-
miere contribution remonte aussi au XIX¢ siecle. Dans [P0i92] Poincaré a regardé comment
les singularités d’une fonction de deux variables complexes déterminent le comportement
de ses coefficients de Fourier a hauts nombres d’onde, en utilisant un argument de pince-
ment qui plus tard a été repris par Hadamard pour étudier les singularités de la composition
de Hadamard de deux séries.

La relation géométrique entre les singularités d’une fonction rationnelle de deux vari-
ables complexes et les propriétés asymptotiques de ses coefficients de Taylor a été étudiée
d’une facon mathématiquement rigoureuse dans les travaux de Tsikh et de 1I’école d’analyse
complexe de Krasnoyarsk. Comme nous allons I’expliquer au Chapitre 4, dans ce contexte,
quelques notions récemment introduites en géométrie algébrique, telles que les amibes, les
coamibes et les contours, deviennent tres utiles, voir 3.2. 1l s’avere que le comportement
asymptotique des coefficients de Taylor est déterminé par une courbe de dimension réelle
un formant un sous-ensemble de la variété singuliere qui est étroitement liée a ce que 1’on
appelle le contour. Par exemple, le terme dominant dans le développement asymptotique du
module des coefficients de Taylor est donné par e %)% ol k(cos8,sin8) = (kq, k2) est



la représentation en coordonnées polaires et §(6) et la fonction de support du domaine de
convergence de la série correspondante.

Détermination numérique des développements asymptotiques

L’analyse numérique du comportement asymptotique des coefficients de Taylor peut étre
placée dans un cadre plus général que celui que nous avons discuté jusqu’ici. Supposons
qu’on nous donne une suite monotone g(n) et que cette suite ait un développement asymp-
totique que nous souhaitons déterminer. Si nous ne disposons que d’un nombre fini de ter-
mes (jusqu’a Np,ax), combien de termes du développement asymptotique de g(n) pouvons
nous déterminer? Il se trouve que ce probléme peut étre traité par la méthode d’interpolation
asymptotique de van der Hoeven qui a étée développée récemment [Hoe06] et qui est brieve-
ment décrite dans [PFO7]).

Avec Uriel Frisch j’ai testé cette méthode dans divers cas, tels que la détermination
numérique des développements asymptotiques des coefficients de Fourier des solutions de
I’équation de Burgers et du nombre de polygones autoévitants sur un réseau carré et en nid
d’abeille.

La méthode d’interpolation asymptotique de van der Hoeven ne s’applique pas aux
cas ol les singularités les plus proches viennent par exemple par paires a la méme distance
de l'origine. Le comportement asymptotique des coefficients de Taylor est alors donné
par (ZF)~™ 4 (Z3)~", et donc la suite g(n) est oscillante. Or la méthode d’interpolation
asymptotique ne s’applique qu’a des suite monotones.

Pour traiter de tels cas on peut utiliser la tranformation de Borel numérique avec un
theoreme dii & Pélya. Ce dernier affirme que la transformée de Borel d’une fonction analy-
tique f(z) avec des singularités qui sont a une distance finie de I’origine est une fonction
entiere F({). Asymptotiquement cette fonction entiere se comporte comme eh(Arg(0))I¢]
pour |[¢| — oo, ou 'indicatrice, ¢’ est-a-dire la fonction h(-) est déterminée par les singular-
ités de f(z). Une fois I’indicatrice connue, par exemple par voie numérique, on peut obtenir
des renseignements sur les singularités des la fonction f(z). Avec Uriel Frisch j’ai testé la
méthode BPH sur les singularités des solutions de 1’équation d’Euler uni-dimensionelle,
voir [PFO7].

Le pas suivant consiste a généraliser la méthod BPH a plusieurs dimensions. Ici, pour
des raisons de simplicité nous nous limitons au cas bi-dimensionel. Une approche directe
utilisée dans cette these est d’analyser les asymptotiques des coefficients ﬁ'(kl, k2) le long
des directions rationnelles : on fixe deux nombres premiers entr’eux p et g, et on considere
la suite g(n) = F(np,nq). La suite g(n) peut alors étre analysée de la méme fagon que
dans le cas uni-dimensionel.

Dans la Section 4.2 nous proposons de tester cette généralisation sur un exemple de
fonction rationnelle. Le développement en série de Taylor de telles fonctions est calculé a
tres haute précision en utilisant 1’équation aux différences linéaire associée a ces fonctions
rationnelles, voir 4.2.2. Ensuite, nous appliquons la méthode a la détermination du contour,
variété de dimension réelle un, située sur la variété singuliére, qui est elle de dimension
complexe un.

Singularités complexes de diverses équations hydrodynamiques
Les outils pour I’étude numérique des singularités complexes, décrites dans la Partie I, tels

que la méthode d’interpolation asymptotique et la méthode BPH, nécessitent des données
ayant a la fois une haute résolution et une trés haute précision. Il s’avere qu’il est assez



difficile d’obtenir des telles données a partir de calculs numériques, surtout en raison des
erreurs de troncature et de discrétisation.

Ici, pour réduire ces erreurs, nous utilisons des développements de Taylor en temps
et des développements de Fourier en espace et nous nous limitons a des écoulements péri-
odiques. Nous restreignons aussi les données initiales 2 étre des polyndmes trigonométriques?.
Dans ce cas les équations hydrodynamiques se ramenent a des relations de réccurence non
linéaires avec des convolutions, en sorte que les coefficients de Fourier spatiaux et les coef-
ficients de Taylor temporels peuvent étre calculés en précision arbitraire. Notons toutefois,
que de cette fagon nous déplacons le probleme en quelque sorte dans le domaine de la
théorie de nombres, perdant I’intuition analytique et géométrique.

Cette approche a été introduite par Taylor et Green dans I’article clef [TG37] et
dévéloppée ultérieurement dans [BMONMEFS83, PG97]. Notons qu’en utilisant des con-
ditions initiales complexes trés simples dont le nombre d’harmoniques est égal au nombre
des dimensions spatiales, la complexité combinatoire se trouve grandement simplifiée. En
fait, de telles conditions initiales donnent la description des singularités complexes dans le
régime asymptotique des temps courts pour des écoulements a conditions initiales du type
polyndmes trigonométriques, voir [PMFBO06].

Plus précisement nous étudierons les équations du type

Sw = B(w,w), (1.1)

dans un domaine d-dimensionel périodique. Ici, w désigne un champs vectoriel hydro-
dynamique, B(-,-) est un opérateur quadratique homogene, et la condition initiale est la
somme de d ondes planes

d
wo = 3 w(p)e =P, (12)
=1

ou p, désigne les modes intiaux. En observant que I’équation (1.1) admet des solutions
auto-similaires complexes

w = (1/t)w(2), Z =z +1\1nt, (1.3)
nous pouvons la réduire a un probleme indépendant du temps
(=1 +iX- V)b = B, ). (1.4)

Ici, A est un vecteur complexe convenablement choisi et dépendant de p,. Dans [FMBO03]
1’équation ci-dessus est appelée équation de similarité. Enfin, sous certaines restrictions® sur
la forme de 1’operateur B(-, -) I’équation (1.4) peut étre écrite sous la forme d’une relation
de récurence.

Au Chapitre 4, Section 4.1 cette approche est testée dans le cas analytiquement solu-
ble de I’équation de Burgers uni-dimensionelle avec la condition initiale ug = (—1/2) sinz ;
nous déterminons en particulier, le développement de Taylor—Fourier complet de la solution.

Pour des équations qui ne sont pas complétement académiques, comme par exemple
les équations d’Euler bi- et tri-dimensionelles et les équations de la MHD bi-dimensionelle,
il y a treés peu de chances d’obtenir des solutions analytiques. C’est pourquoi, j’ai calculé
leurs solutions numériquement a tres haute précision (a I’exception du cas tri-dimensionel,

2A noter que récemment Sinai et Li [LS06] ont prouvé I’existence de singularités complexes pour des
solutions des équations de Navier—Stokes tri-dimensionnelles pour des conditions initiales a valeurs complexes
convenablement choisies.

3Essentiellement, B(-, -) ne devrait inclure que des multiplications et des dérivées. Les cas que nous avons
étudiés satisfont clairement cette condition.



ou les calculs a précision élevée ne sont pas faisables pour I’instant). Une fois les coeffi-
cients de Taylor/Fourier déterminés, leur comportement asymptotique est étudié numérique-
ment avec les outils des Chapitre I et II.

L’équation d’Euler bi-dimensionelle

Le Chapitre 5 contient les résultats centraux de cette these. Je commence par la formu-
lation générale du probleme des asymptotiques aux temps courts pour 1’équation d’Euler
bi-dimensionelle. Ici, il importe de noter que pour la condition initiale F'(p)e~*#% +
F(q)e 9% la solution peut étre rendue indépendante des amplitudes initiales F(p) et
F (q), voir la Section 5.1. Ensuite, la solution dépendante du temps de 1I’équation d’Euler
est ramenée a la solution d’une équation indépendante du temps, avec deux parametres: le
rapport des modules 7 = |q|/|p| des deux modes de base et leur angle ¢. Comme il a été
remarqué dans [PMFBO06], cette équation de similarité a la forme d’une équation d’Euler
stationnaire avec un terme de résistance de Rayleigh.

Comme je n’ai pas pu trouver des solutions non triviales exactes de I’équation de
similarité, j’ai essayé un développement perturbatif. Pour cela je note que lorsque |q| = |p|
on obtient une solution exacte de I’équation de similarité qui correspond a une solution sta-
tionnaire de I’équation d’Euler (dans laquelle la non linéarité est completement “dépletée’).
Utilisant alors € = |q|/|p| — 1 comme petit parametre, je fais un développement de la so-
lution en puisance de €. Au premier ordre j’obtiens une équation linéaire aux dérivées
partielles qui est en gros I’équation d’Euler linéarisée avec un terme source convenable.
En supprimant le terme non local dans cette équation (celui qui comporte un laplacien in-
verse) on obtient un modele dans lequel la vorticité est traitée comme un scalaire passif,
voir [PMFBO06]. La solution correspondante est conjecturée &tre une fonction méromor-
phe, avec une singularité qui est un pole simple. La variété singulariere peut étre décrite
explicitement, voir [PMFBO6] et le Chapitre 5, Section 5.2. Les deux premiers termes du
développement asymptotique ont la forme k—5/2e=%(%), o1 la fonction d(0) est la solution
d’une équation différentielle ordinaire convenable.

Contrairement aux solutions du modele de scalaire passif, les solutions de 1’équation
qui s’obtient au premier ordre du développement en € ne sont pas méromorphes, en raison
de la présence du laplacien inverse qui introduit des corrections logarithmiques. Toutefois,
le terme dominant et le premier terme sous-dominant du développement asymptotique de
la fonction de courant en espace de Fourier sont les mémes que pour le modele du scalaire
passif. Les différences émergent seulement a des ordres plus élevés du développement.

Pour I’étude numérique de 1I’équation de similarité on utilise sa représentation sous
la forme d’une relation de récurrence (équation aux différences partielles) pour calculer
les solutions en espace de Fourier pour divers choix des vecteurs de base p et q avec
une treés haute précision. Ensuite ces solutions peuvent €tre analysées en utilisant la mé-
thode d’interpolation asymptotique. Le terme dominant et le premier terme sous-dominant
du développement asymptotique sont de la forme usuelle k~*e %)% 1l n’est pas sur-
prenant que la fonction §(8), qui détermine la géométrie de la variété singuliere des so-
litions, dépende des vecteurs de base p et q. Ce qui est surprenant, ce que I’exposant o
du préfacteur algébrique dépend aussi en partie des parametres qui définissent les données
initiales. Plus précisement, I’exposant o dépend de 1’angle ¢ entre les modes de base, mais
ne dépend pas du rapport 77 de leur modules, voir [PMFBO06]. Cela rend les singularités non
universelles, ce qui est une situation assez exceptionelle dans le domaine de la dynamique
non linéaire et qui pourrait &tre li€ a la dépletion susmentionnée.

Dans le domaine de parametres ¢ € [0, 7] deux cas sont d’un intérét particulier :
¢ = 0et ¢ = w. Bien évidemment, pour des modes de base aussi bien paralleles (¢ =



0) qu’anti-paralleles, les conditions initiales sont également des solutions stationnaires de
I’équation d’Euler, pour lesquelles les coefficients de Fourier de tous les modes s’annulent,
sauf les modes initiaux. Ce qui est alors intéressant c’est d’étudier les limites ¢ — 0 et
¢ — m accompagnées de remises a I’échelle convenables.

Dans la pratique, le cas ¢ = 0 est étudié en utilisant les solutions qui sont renor-
malisée en fonction de 1’angle entre les deux modes de base. Il se trouve que dans ce cas
spécial le développement asymptotique de la solution peut étre étudié de fagcon tres précise :
j’ai déterminé I’exposant a(0) = 5/2 avec une précision absolue entre 108 et 10710, En
outre, j’ai déterminé la structure du développement asymptotique avec deux termes de plus
par rapport aux cas ¢ # 0. La théorie de ce resultat extrémement précis est toujours mal
comprise. A ce propos il est important de mentionner que la structure de la solution dans le
cas ¢ = 0 est identique a celle des solutions de 1’équation d’Euler linéarisée.

Contrairement au cas ¢ = 0, il n’est pas possible d’étudier le cas des modes an-
tiparalleles ¢ = 7 directement, et cela en raison de la présence de résonances. En fait, un
nombre infini de coefficients deviennent infini dans ce cas®.

Toutefois, 1’étude numérique des solutions quand ¢ s’approche de 7 indique que
a(m) = 3. Notons ici que la méme valeur de 1’exposant est obtenue pour les solutions
de I’équation de Burgers bi-dimensionelle. Pour des valeurs de ¢ entre 0 et m 1I’exposant
a(¢) semble étre une fonction monotone croissante de ¢. Cela confirme que la nature des
singularités de 1’équation d’Euler bi-dimensionnelle est non universelle, étant fortement
dépendant des conditions initiales, du moins dans le régime asymptotique des temps courts.

Dans la Section 4.4 quelques commentaires sur la non universalité de 1’exposant du
préfacteur algébrique sont présentés. Je note d’une part, a propos des conditions initiales
avec ¢ — 0, que (i) la variété singuliere est presque plate, et (ii) la non linéarité est fortement
réduite et I’écoulement se comporte presque comme un scalaire passif. D’autre part, pour
les écoulements avec ¢ — 7 la variété singuliere n’est pas loin d’étre complétement repliée
et les interactions non linéaires dans 1’écoulement sont tres fortes (ce qui se reflete dans la
valeur ¢ = 3). Il est tentant de lier la géometrie de la variété singuliere (par exemple sa
courbure) a la déplétion du terme non linéaire dans I’équation d’Euler. Je note aussi que
la non universalité de 1’exposant & ne semble pas étre une particularité des écoulements
bi-dimensionnels inviscides.

Nous discutons aussi dans la Section 4.4 la pertinence des résultats obtenus dans le
régime asymptotique des temps courts quand on passe aux temps intermédiaires. Aux temps
courts les singularités d’une solution de 1’équation d’Euler bi-dimensionnelle s’obtiennent
en superposant les différentes parties de la variété singuliere qui correspondent aux di-
verses directions asymptotiques alors que les interactions non linéaires entr’elles peuvent
étre étudiées par un développement en £. Bien évidemement, aux temps intermédiaires et
bien plus encore aux temps longs, I’interaction entre les singularités devient tres forte ; on
ne peut plus alors parler des diverses parties de la variété singulieére en interaction entre
elles.

Equations de la MHD bi-dimensionnelle

Au Chapitre 5 nous donnons une formulation générale de 1’approche asymptotique aux
temps courts pour les équations de la MHD bi-dimensionnelle. Puisque nous avons deux
champs hydrodynamiques — la fonction de courant ¥ et le potentiel magnétique A — au lieu
d’un (ce qui était le cas pour 1’équation d’Euler) et deux modes de base, la solution dépend
de quatre parametres : le rapport des modules 7 = |q|/|p| des deux modes de base, leur
angle ¢ et les deux parametres complexes qui fixent les amplitudes des conditions initiales,

“Nous conjecturons que ces résonances sont dues 2 I’incompressibilité.



voir la Section 7.1. De ce fait, une étude systématique des solutions exige plus d’efforts
mais reste faisable.

Jusqu’a maintenant j’ai étudié plusieures conditions initiales en utilisant des calculs
numériques a haute précision. J’ai constaté que la positivité des coefficients de Fourier
que j’avais observée dans le cas de 1’équation d’Euler bi-dimensionnelle, est perdue pour
certaines conditions intiales. Cela indique que la «division » de la variété singuliere, qui
dans le cas eulerien n’a lieu qu’au-dela du régime des temps temps courts, dans le cas
MHD est déja présente aux temps courts. Ainsi, pour étudier des telles solutions en détail
avons-nous besoin de la généralisation bi-dimensionnelle de la méthode BPH décrite au
Chaptitre 2.

Toutefois, pour quelques conditions initiales spéciales la positivité des coefficients de
Fourier persiste. Ces cas spéciaux peuvent étre étudiés avec la méme méthode d’interpolation
asymptotique que celle utilisée pour I’équation d’Euler bi-dimensionnelle. Il s’avere aussi
que les coefficients de Fourier ont la forme asymptotique k£~ *e~%()¥ . Au moins dans deux
cas je trouve 1’exposant du préfacteur algébrique o ~ 3/2 aussi bien pour la fonction de
courant que pour le potentiel magnétique. Cependant, les contributions des termes sous-
dominants suivants sont assez fort, si bien que la précision avec laquelle on peut déterminer
a est beaucoup plus basse que dans le cas eulérien.

L’ équation d’Euler tri-dimensionnelle

Au Chapitre 6 nous discutons 1’approche asymptotique aux temps courts pour 1’équation
d’Euler tri-dimensionnelle. Une condition initiale générique en trois dimensions possede
trois modes initiaux et neuf amplitudes initiales qui doivent satisfaire la condition d’incom-
pressibilité. Par conséquent, il y a quatre parametres réels qui décrivent la dépéndance de
la solution dans les modes de base et neuf parametre réels (trois parametres complexes plus
trois parametres réels) qui sont déterminés par les amplitudes initiales.

L’exploration numérique de cet espace de parametres d’une dimension aussi élevée
ne me semble pas €tre faisable actuellement. De ce fait, je me suis décidé a ne considérer
que quelques conditions intiales simples, comme celle de Kida—Pelz, ou la condition initiale

%1 = sinzs + sinzs,
Uy = sinz; + sinzg, (1.5)

U3z = sinz; + sin o,

introduite par Pelz et Ohkitani, voir [PO05]. Un autre obstacle est le fait que je fais les
calculs en utilisant directement les relations de récurence obtenues a partir de 1’équation
d’Euler en régime asymptotique a temps courts, ce qui n’est pas tres efficace numérique-
ment. Méme en se contentant de calculer les coefficients de Fourier en double précision, on
n’est pas capable d’atteindre des hautes résolutions.

Néanmoins, j’ai obtenu quelques résultats préliminaires qui sont présentés dans la
Section 6.2.

Singularités complexes en coordonnées lagrangiennes

Une approche prometteuse pour améliorer notre compréhension de la dynamique des sin-
gularités complexes des solutions de 1’équation d’Euler, en deux aussi bien qu’en trois di-
mensions, consiste a étudier leur comportement en coordonnées lagrangiennes. Cette ap-
proche a été initiée par Takeshi Matsumoto, Jérémie Bec et Uriel Frisch in 2002, qui ont
étudié les singularités complexes numériquement pour la condition initiale ¥(2q, 22) =
cos 21 + cos 225, see [MBFO07].



Il y a au moins deux raisons pour étudier les singularités complexes en coordonnées
lagrangiennes : (i) comprendre le mécanisme par lequel un champ hydrodynamique, par
exemple la vorticité, peut devenir singulier dans le domaine complexe et (ii) analyser le role
de la déplétion dans un cadre lagrangien plutdt qu’eulérien.

Concernant le premier point, on peut remarquer que, la vorticité étant conservée le
long des trajectoires, la seul facon d’obtenir une singularité est d’avoir une singularité dans
I’application lagrangienne inverse. Il existe un simple mécanisme — d’ailleurs purement
cinématique — pour créer des singularités complexes: 1’application lagrangienne inverse
peut envoyer des points qui sont a distance finie du domaine réel a I’infini en un temps fini.
Un exemple particulierement simple est donné par les solutions stationnaires de 1’équation
d’Euler. En effet, dans les cas les plus simples le champ de vitesse est intégrable, c’est a
dire que I’application lagrangienne peut étre calculée explicitement. Ainsi, dans [PMO5a,
PMO05b], mon premier travail sur les singularités complexes fait avec Takeshi Matsumoto,
j’ai donné une représentation explicite de I’ensemble des points singulier de I’application
lagrangienne pour un cas intégrable de 1’écoulement ABC.

Transport stochastique en €coulements cellulaires dans la limite des
nombres de Péclet infinis

Avec Eric Vanden-Eijnden et George Papanicolaou j’ai travaillé sur le probleme du trans-
port stochastique dans des écoulements cellulaires dans la limite de diffusivité nulle. Ce
travail est présenté au Chapitre 8. Avec George Papanicolaou j’ai donné une description
asymptotique du transport stochastique qui s’applique a des écoulements cellulaires bornés
arbitraires et a des écoulements cellulaires non bornés dans lesquels les cellules sont con-
nectées par une seule ligne de niveau de la fonction de courant. Le processus asymptotique
correspondant est une marche aléatoire a temps continu sur le graphe associé a I’écoulement.
Pour cette marche aléatoire nous avons déterminé les probabilités de transition et les temps
de transition.

Avec Eric Vanden-Eijnden j’ai analysé la diffusion stochastique dans des écoule-
ments avec une structure topologique differente, a savoir dans les écoulements dans lesquels
chaque ligne de niveau de la fonction de courant est bornée. Dans ce cas le processus asymp-
totique est construit en utilisant les resultats de Wentzell et Freidlin [FW93, FW98] sur des
petites perturbations stochastiques des systemes intégrables. L’espace des états est dans ce
cas le graphe de Reeb de la fonction de courant, la diffusion ayant lieu le long les arétes
du graphe. Les équations de Fokker— Planck correspondantes sont alors obtenues par une
procédure qui ressemble aux méthodes de perturbations en mécanique classique.

Goulot d’étranglement et « thermalisation avortée »

Enfin, je mentionne un travail que j’ai décidé de ne pas inclure dans cette these car il n’est
que faiblement relié au reste des matériaux et n’a été commencé qu’il y a quelques mois. En
turbulence développée, ce que 1’on appelle habituellement un goulot d’étranglement (bottle-
neck) c¢’est un comportement non monotone du spectre d’énergie compensé k5/3 E (k) dans
la région de transition entre le domaine inertiel et le domaine dissipatif (essentiellement une
bosse dans le spectre compensé).

Le travail concerne les équations du type hydrodynamique (incluant 1’équation de
Navier—Stokes, I’équation de Burgers et des modeles de turbulence divers, comme par ex-
emple la fermeture EDQNM) avec «hyperviscosité », c’est-a-dire avec un taux de dissipa-
tion u(|k|/kq)?* et @ > 1. 1l est conjecturé que pour a — 00 et u, kq fixés, les solutions



tendent vers celles obtenues en imposant une troncature de Galerkin avec dissipation nulle
et suppression des modes de Fourier au-dela du la coupure k4. On sait depuis le travail
récent de Cichowlas et al. [CBDBOS5] que pour des valeurs de k4 suffisamment grandes, la
solution de I’équation avec troncature de Galerkin développe un domaine thermalisé a hauts
nombres d’ondes (avec un spectre qui se comporte comme k2 en trois dimensions). Il est
proposé d’interpréter le phenomeme de goulot d’étranglement (qui devient plus prononcé
pour des valeurs de a croissantes) comme une thermalisation avortée. Cela implique en
outre une réduction forte de I’intermittence aux échelles du goulot d’étranglement.

Un rapport d’avancement sur ces questions (écrit avec Uriel Frisch) se trouve a www .
obs-nice.fr/etc7/bottle.pdf.

En fait, ce travail avait ét¢ commencé il y a longtemps (par Uriel Frisch et Achim
Wirth) et était resté en sommeil jusqu’a I’article récent de Chichowlas et al. Maintenant
nous collaborons sur divers aspects de ces questions avec Jian-Zhou Zhu, Susan Kurien,
Rahul Pandit, Samriddhi Ray, Konstantin Khanin, Mikhail Blank et Achim Wirth.
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Chapter 2

General introduction

The Euler equation — the central subject of study in this thesis — at first sight may seem to
be quite simple, almost elementary. This is partially because of the straightforward way
in which it is derived in the modern physics courses, but it is also due to the notations
which actually go back to Euler himself [Eul57] and which hide some of its nontrivial
aspects. Furthermore, the Euler equation is sometimes viewed as unphysical, because it
is not taking into account the internal friction of the fluid and thus, in Feynman’s words
[Fey64], describes “dry water”.

Looking more closely, we see that this point of view holds some misconceptions.
Take for example the derivation of the Euler equation. It took two decades (1734-1755) of
efforts by the best physicists and mathematicians of the XVIIIth century, beginning with
the D. Bernoulli’s early work ( Bernoulli’s pressure law) and culminating with Euler estab-
lishing his celebrated equation [Tru54, Cal96, Dar05, DF07]. And it was not yet the end
of the story! Approximately two hundred years later Arnold [Arn66] showed, very much
in the spirit of Lagrange’s variational derivation of the Euler equation, that the motion of
inviscid fluids can be understood as geodesic motion on the group of volume preserving
diffeomorphisms.

As to the unphysical objection, there is a growing consensus that the Euler equation
(and not just the Navier—Stokes equation) remains of interest for at least two major reasons.
Firstly, it corresponds, at least formally, to the high Reynolds number limit Re — oo.
Secondly, there exist certain phenomena which may be partially obscured by the presence
of the viscous term and which are more easily and effectively studied in the “bare” form
in the inviscid case. One of these phenomena is depletion, i.e. the tendency of the flow to
suppress nonlinearities and to approach — at least locally — one of the numerous steady-state
solutions of the Euler equation.

Mathematical aspects of the Euler equation have been intensively studied in the
course of the last hundred years, see, for instance, [MB02, MP94] and [BT07, Cha07,
Con07] for recent reviews. Nevertheless, some essential mathematical questions remain
open. For example, it is not known whether the three-dimensional Euler equation is well-
posed for sufficiently smooth initial data: do solutions starting from, say real analytic initial
conditions, develop a real singularity in a finite time?

For analytic initial data, the solutions of the Euler equation can be extended to the
complex domain: the space variables, together with the velocity, the vorticity and the pres-
sure are then extended to complex values. It is known since the work of [BBZ76, Ben76a,
Ben76b] that, for such data, hypothetical real singularities are necessarily preceeded by
complex ones, hitting the real domain after a finite time. It was pointed out in [SSF83]
that this can be used to detect such real singularities by monitoring numerically the ap-
proach to the real domain of complex singularities. The latter can be inferred from the
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high-wavenumber behavior of the energy spectrum of the solution.

It was suggested in [FMBO3] that we should try to obtain information about the ge-
ometry and type of complex singularities of solutions of the Euler equation which in more
than one spatial dimension are definitely not point-like. This is an important goal of the
present thesis, since we can expect that better understanding of singularities will shed light
on the issue of depletion (and the possibility of a finite-time blow-up).

In practice, information on complex singularities of solutions of the Euler equation
is very hard to obtain analytically. Therefore, we are naturally lead to exploring such issues
by numerical means. However, numerical investigation of such delicate problems as singu-
larities is tremendously difficult and it is often impossible to give an objective estimation of
the role played by numerical errors.

Numerical analysis of complex singularities

Suppose that we are given a numerically calculated solution of the Euler equation, for ex-
ample in the form of an expansion into a Fourier series. If we want to study its complex
singularities, the first problem which arises is: what information on complex singularities of
this solution can be extracted from the numerical data? The answer to this question, which
is discussed in Part I, has two aspects. The first aspect is mostly mathematical and is treated
in Chapter 4. The second aspect is operational and concerns the choice of algorithms which
we need to process the data, see Chapter 5.

Geometry of complex singularities

First of all, we need to have sufficient understanding of the connections between the prop-
erties of Taylor coefficients and the singularities of the corresponding analytical functions.
In the case of function of one-complex variable this relation has been established already
in the 19th century by Darboux [Dar78]. Simplifying, one can say that asymptotically Tay-
lor coefficients of a function whose singularity closest to zero is Z* behave like (Z*) ™.
For functions of several complex variables the first contribution also goes back to the 19th
century. In [Poi92] Poincaré has analyzed how singularities of a function of two com-
pex variables determine the high wavenumber behaviour of its Fourier coefficients, using a
pinching argument which has been later applied by Hadamard to studying singularities of
Hadamard’s composition of two series.

The geometrical connection between singularities of a rational function of two com-
plex variables and the properties of its Taylor coefficients has been studied rigorously in
the works of Tsikh and the Krasnoyarsk school of complex analysis. As we shall explain
in Chapter 4, in this context notions recently introduced in the algebraic geometry, such as
amoeba, coamoeba and contour become very useful, see 3.2. It turns out that the asymp-
totic behavior of Taylor coefficients is determined by a curve of real dimension one on the
singular set which is closely related to the contour. For example, the leading order term in
the asymptotic expansion of the modulus of Taylor coefficients is of the form e 9(®)%¥ where
k(cos8,sin ) = (ki1, k2) is the representation of the wavevector in polar coordinates and
0(0) is the support function of the domain of convergence of the corresponding series.

Numerical determination of asymptotic expansions

Let us remark that the numerical analysis of the asymptotical behavior of Taylor coefficients
can be put into a more general setting which is the following. Suppose that we are given
(numerically, but with a very high precision) a monotonic sequence g(n). We assume that
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this sequence has an asymptotic expansion which we need to determine. Given only a finite
number of terms (say up to Ny.x) how many terms can we determine in the asymptotic
expansion of g(n)? This problem can be handled by a recently developped asymptotic
interpolation method of van der Hoeven [Hoe06] (which is briefly described in [PFO7]).

Together with Uriel Frisch I have tested this method in various cases, such as the de-
termination of asymptotic expansion of Fourier coefficients of solutions of the one-dimensional
Burgers equation and of the number of self-avoiding polygons on square and honeycomb
lattices, see [PFO7].

The asymptotic interpolation method of van der Hoeven is not applicable in the case
when there is a pair of singularities, both at the same distance from the origin. The asymp-
totics of the Taylor coefficients are then given by the sum (Z5) ™ + (Z%) ™ and are oscil-
latory, whereas the asymptotic interpolation applies only to monotonic sequences.

To handle this case, numerical Borel transformation in combination with a theorem
due to Pélya can be used. Namely, the Borel transformation of an analytical function f(z)
with sigularities which are at finite distance from the origin is an entire function F'(({).
Asymptotically it behaves like e*(Ar&(0)I¢I for |¢| — oo, where function h(-), called indi-
catrix, is determined by the singularities of f(2). Once the indicatrix is known, for example
calculated numerically, we can obtain information on the singularities of the function f(z).
We will refer to this method as the BPH (Borel-Pélya—Hoeven) method. Together with
Uriel Frisch I have tested the BPH method on the singularities of solutions of the one-
dimensional Burgers equation, see [PF07].

The next step consists in generalizing the BPH method to several dimensions. Here
we find it convenient to concentrate only on the two-dimensional case. A straightforward
aproach which is used in this thesis consists in analyzing the asymptotics of the coefficients
ﬁ'(kl, k2) along rational directions, that is, fixing two relatively prime numbers p and g we
consider the sequence ﬁ'(np, ng). This sequence can be analyzed in the same way as in the
ordinary one-dimensional case.

In Section 4.2 we propose to test this generalization on the example of rational func-
tions. The Taylor series expansion of such functions can be calculated with high precision
using the linear difference equation associated to this rational function, see 4.2.2. Then we
can apply the method described above to determine numerically a curve of real dimension
one on the singular set, the latter having complex dimension one.

In Section 4.2.3 we describe a multi-dimensional generalization of Pélya’s theorem
due to Ivanov and Stavsky and propose to use it for the numerical analysis of Taylor/Fourier
coefficients.

Complex singularities of various hydrodynamic equations

The tools for numerical analysis of complex singularities which we describe in Part I, such
as the asymptotic interpolation method and the BPH method, require data obtained with
both high resolution and high precision. However, getting such data from numerical simu-
lations turns out sometimes to be quite hard, most notably because of truncation errors and
errors introduced through time discretization.

Here, to reduce such errors, we use Taylor expansions in time and Fourier expansions
in space and limit ourselves to periodic flows. We also restrict the initial conditions to those
given by trigonometric polynomials.! Then our hydrodynamic equations are reduced to
nonlinear recursion relations involving convolutions and the spatial Fourier coefficients and

'Note, that recently Sinai and Li [LS06] have proved the existence of complex singularities for solutions of
the three-dimensional Navier—Stokes equations for specially chosen complex-valued initial conditions.
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Taylor coefficients in time can be calculated with arbitrary precision. Note, that in this way
we in some sense shifted the problem into the domain of number theory, losing geometrical
and analytical intuition.

This approach has been pioneered by Taylor and Green in the seminal paper [TG37]
and further developed in [BMONMEF83, PG97]. Note that if we use very simple complex
valued initial conditions in which the number of harmonics is equal to the number of space
dimensions, the combinatorial complexity is greatly reduced. Actually, such initial condi-
tions give an asymptotic description of complex singularities in the asymptotic régime of
t — 0 for flows with intial conditions of trigonometric polynomial type, see [PMFBO6].

More precisely, we will study equations of the type

Siw = B(w, w), (2.1)

on a d-dimensional periodic domain. In Equation (2.1) w denotes some vector-valued hy-
drodynamic field, B(-, -) is a homogeneous quadratic operator, and the initial condition is a
sum of d plane waves

d
wo =) b(p;)e P, (22)
=1

where p,; denote the initial modes. Observing that Equation (2.1) admits self-similar com-
plex solutions
w = (1/t)w(2), Z =2z +1\1Int, (2.3)

where A is a suitably chosen complex vector depending on p;, we can reduce it to a time
independent problem
(=1 +iX- V)b = B, ). (2.4)

Following [FMBO03] the above equation is referred to as the similarity equation. Finally,
under some restrictions? on the form of the operator B(-, -), Equation (2.4) can be converted
to a recursion relation.

In Chapter 4, Section 4.1 this approach is tested in the analytically solvable case of the
one-dimensional Burgers equation with initial condition uy = (—1/2)sin z, in particular
determining the complete Taylor—Fourier expansion of the solution. In Section 4.2 remarks
are made on the extension of this approach to the two-dimensional Burgers equation.

For equations which are not completely academic, such as the two-dimensional Eu-
ler and MHD equations and three-dimensional Euler equations, the chances of obtaining
analytical solutions are slim. Therefore, I calculated their solutions numerically with very
high precision (except for the three-dimensional case, where high precision calculations
are not feasible at the moment). Once the Taylor/Fourier coefficients are determined, their
asymptotic behavior is determined numerically, using the tools presented in Part I.

Two-dimensional Euler equation

Chapter 5 contains the central results of this thesis. I start by giving a general formulation
of the short-time asymptotic problem for the two-dimensional Euler equation. Here, it is
important to note that for the initial condition #'(p)e 1?* + F(q)e 192, the solutions can
be made independent of the initial amplitudes F'(p) and £(q), see Section 5.1. The time-
dependent Euler equation is then reduced to a two-dimensional time-independent equation
with two parameters: the aspect ratio 7 = |q|/|p| and the angle ¢ between the basic modes

“Essentially, B(-, -) should involve only mutiplications and derivatives. The cases which we have studied
clearly satisfy this condition.
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p and gq. As has been observed in [PMFBO06], this similarity equation has the form of a
stationary Euler equation with a Rayleigh drag term.

Since I have not been able to find any nontrivial exact solutions of the similarity
equation, I have tried to use a perturbation expansion. For this I note that for |q| = |p]
an exact solution of the similarity equation is obtained which corresponds to a stationary
solution of the Euler equation (in which the nonlinearity is completely depleted). Using
€ = |q|/|p| — 1 as a small parameter I make an expansion of the solution in powers of €. At
first order in € I obtain a linear partial differential equation which is basically a linearized
Euler equation with a suitable source term. Omitting the nonlocal term in the linearized
Euler equation (the one which involves the inverse Laplacian) yields a model in which the
vorticity is treated as a passive scalar, see [PMFB06]. The corresponding solution is a
conjectured meromorphic function, with a simple pole singularity. Its singular set can be
described explicitly, see [PMFBO06] and Chapter 5, Section 5.2. The first two terms in the
asymptotic expansion of the solution in the Fourier space have the form k—5/2e=%(¢) where
the function §(0) is determined as a solution of a suitable ordinary differential equation.

Contrary to the solutions of the passive scalar model, solutions of the linearized Euler
equation are not meromorphic, due to the presence of the inverse Laplacian which intro-
duces logarithmic corrections. Still, the leading and the first subleading order terms in the
asymptotic expansion of the stream function in the Fourier space are the same as for the
passive scalar model. The differences appear only at higher orders of the expansion.

The numerical study of the similarity equation makes use of its representation in the
form of a recursion relation (partial difference equation) to calculate the solutions in the
Fourier space for various choices of the basic vectors p and g with very high precision. The
solutions can then be analyzed using the asymptotic interpolation method. The leading and
the first subleading order terms in the asymptotic expansion of the stream function are of
the standard form k~*e~%(®)% It is not surprising that the function d(6) which determines
the geometry of the singular set of the solutions depends on the basic vectors p and q.
What is surprising, is that the exponent o of the algebraic prefactor also depends on some
of the parameters characterizing the initial data. More precisely, the scaling exponent o
depends on the angle ¢ between the basic modes, but not on the ratio 7 of their moduli, see
[PMFBO06]. This makes the singularities nonuniversal, a most unusual situation in the field
of nonlinear dynamics that can be related to the aforementioned depletion.

In the whole parameter range of ¢ € [0, 7| two cases are of particular interest: ¢ = 0
and ¢ = m. Of course, both for parallel (¢ = 0) and antiparallel (¢ = ) basic modes
the initial conditions are stationary solutions of the Euler equation for which the Fourier
coefficients at all modes except the initial ones are zero. It is interesting to study the limits
¢ — 0 (¢ — m respectively) accompanied by suitable rescalings.

Practically, the case ¢ = 0 is studied using solutions which are renormalized with
respect to the angle between the two basic modes. It turns out that in this special case the
asymptotic expansion of the solution can be found very accurately: the exponent a(0) =
5/2 can be determined with absolute precision between 10~8 and 10~1°. Furthermore, 1
identified the structure of the asymptotic expansion with two more subleading terms than in
the case ¢ # 0. The theory of this exquisitely precise result is still poorly understood. In
this respect it is worth noting that the structure of the solution in the case ¢ = 0 is similar
to the structure of solutions of the linearized Euler equation.

Contrary to the case ¢ = 0, the case of antiparallel basic modes ¢ = 7 cannot be
studied directly due, to resonances. In fact, infinitely many coefficients become infinite.>
However, numerical study of solutions for ¢ close to 7 indicates that a(m) = 3. Note,

3We conjecture that these resonances are due to incompressibility.
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that the same exponent is obtained for solutions of the two-dimensional Burgers equation.
For values of ¢ between 0 and 7 the exponent a(¢) seems to be a monotonically increasing
function of ¢. This confirms that the nature of the singularities of the two-dimensional Euler
equation is nonuniversal — at least in the short-time asymptotic régime — being strongly
dependent on the initial conditions.

In Section 6.4 some commments on the nonuniversality of the scaling exponent are
made. On the one hand, considering initial conditions with ¢ — 0 I observe that (i) the
singular manifold is almost flat, and (ii) the nonlinearity is strongly depleted with the flow
behaving almost like a passive scalar. On the other hand, for ¢ — = the singular manifold
is almost completely folded back and nonlinear interactions in the flow are strong (which is
reflected in the value a = 3). It is tempting to relate the geometry of the singular manifold
(e.g. its curvature) to the depletion of the nonlinear term in the Euler equation. I also note
that the observed nonuniversality of the scaling exponent a does not seem to be a particular
feature of two-dimensional inviscid flows, as we shall see later.

In Section 6.4 we also discusss the relevance of the results obtained in the short-time
asymptotic régime for intermediate times. At short times the singularities of a solution of
the 2D Euler equation are obtained by superimposing the pieces of the singular manifold
corresponding to different asymptotic directions whereas the nonlinear interactions between
them can be analyzed by an expansion in ¢. Of course, at intermediate times and even more
so at longer times the interaction between the singularities becomes very strong and it does
not make sense anymore to speak about different parts of the singular manifold interacting
with each other.

Two-dimensional MHD equations

In Chapter 7 we give a general formulation of the short-time asymptotic approach to the two-
dimensional magnetohydrodynamic (MHD) equations. Since we have two hydrodynamic
fields (the stream function ¥ and the magnetic potential A) instead of one in the Euler
case, and two basic modes, the solution depends on four parameters: the aspect ratio 7
of moduli of the basic modes, the angle ¢ between the basic modes, and two complex-
valued parameters depending on the amplitudes of the initial conditions, see Section 7.1.
A systematic numerical study of the solutions is therefore more laborious than in the Euler
case, but still feasible.

Until now I have studied several initial conditions using high-precision arithmetics. I
observed that the positivity of the Fourier coefficients found for the two-dimensional Euler
equation is lost in the MHD case for some initial conditions. This indicates that the “split-
ting” of the singular manifold which for the Euler equation occurs beyond the short-time
régime is already present in the short-time régime of the MHD equations. Thus, to study
such solutions in detail we need the two-dimensional generalization of the BPH method
described in Chapter 5.

Surprisingly, for some special initial conditions the positivity of the Fourier coeffi-
cients persists. These special cases can then be analyzed by the asymptotic interpolation
procedure which has been applied to the two-dimensional Euler equation. It turns out that
the Fourier coefficients still have the asymptotic form k~%e~%(®)%_1In at least two cases we
found the algebraic prefactor exponent o & 3/2, both for the stream function and the mag-
netic potential. However, the contributions from the next following subleading order terms
are quite strong, so that the precision in determining & is much lower than in the Euler case.
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Three-dimensional Euler equations

In Chapter 8 we discuss the short-time asymptotic approach to the three-dimensional Euler
equation. The generic initial condition in three dimensions has three initial modes (p, q and
v) and nine initial amplitudes which have to satisfy the incompressibility condition. Thus,
there are four real-valued parameters which describe the dependence on the basic modes
and nine real-valued parameters (three complex ones and three real ones) determined by the
amplitudes of the initial conditions.

Exploring this large parameter space numerically does not seem feasible for the mo-
ment. Therefore, we have restricted ourselves to some simple initial conditions, such as the
Kida—Pelz flow or the flow

%1 = sinzs + sin 3, Uog = sinz; + sin 3 U3z = sinzy + sin o, (2.5)

which has been introduced by Pelz and Ohkitani in [POO0S].
A further obstacle is that a direct use of the recursion relations obtained from the
Euler equation in the short-time régime is not very efficient numerically. Even when calcu-
lating the Fourier coefficients in double precision we are not able to reach high resolutions.
Nevertheless, some preliminary results can be obtained which are presented in Sec-
tion 8.2.

Complex singularities in Lagrangian coordinates

One possible way to improve our understanding of the dynamics of the complex singular-
ities of solutions of the Euler equation, both two and three-dimensional, is to study their
behavior in Lagrangian coordinates. This approach has been initiated by T. Matsumoto,
J. Bec and U. Frisch in 2002, who have investigated this numerically for the initial condi-
tion ¥(21, 22) = cos 21 + cos 222, see [MBFO7].

There are at least two reasons for studying complex singularities in Lagrangian coor-
dinates: (i) understanding the mechanism by which a hydrodynamic field, e.g. the vorticity,
can become singular in the complex domain and (ii) analyze the role of depletion in the
Lagrangian frame as opposed to the Eulerian one.

Concerning the first point, one can note that, since the vorticity is conserved along
particle trajectories, the only way by which it can become singular is to have a singular in-
verse Lagrangian mapping. There is a simple mechanism — which is purely kinematical, by
the way — for the creation of complex singularities: Lagrangian locations at finite distances
can be mapped to infinity by the inverse Lagrangian map in a finite time. A particularly
simple example are flows given by stationary solutions of the Euler equation. In fact, when
the dynamical systems associated to their velocity fields are integrable the Lagrangian map
can be calculated explicitly. Thus, in [PM05a, PM05b], which was my first work carried out
on complex singularities together with Takeshi Matsumoto, I have given an explicit repre-
sentation of the set of complex Lagrangian singularities for the velocity field corresponding
to an integrable instance of the ABC flow.

Stochastic transport in cellular flows in the high Péclet number limit

Together with Eric Vanden-Eijnden and George Papaicolaou I have worked on the problem
of stochastic transport in cellular flows in the small diffusivity limit, see Chapter 10. With
George Papanicolaou I have given an asymptotic description of stochastic transport which
applies to arbitrary bounded cellular flows or to unbounded cellular flows connnected by a
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single unbounded level line. The asymptotic process is a continuous time random walk on
the graph associated to the flow for which we have determined the transition probabilities
and transition times.

With Eric Vanden-Eijnden I have analyzed stochastic diffusion in flows with a differ-
ent topological structure, namely the flows in which every level line of the stream function
is bounded. In this case the asymptotic process is constructed using the results of Wentzell
and Freidlin [FW93, FW98] on small stochastic perturbations of integrable systems. The
state space in this case is the Reeb graph of the stream function, with particles diffusing
along the edges of the graph. The corresponding Fokker—Planck equations are obtained
using a procedure reminiscent of the perturbation method in clasical mechanics.

Bottleneck and ‘“‘aborted thermalization”

I mention finally some work which I decided not to include in this thesis because it is only
weakly related to the rest of the material and it has started but a few months ago. In fully de-
veloped turbulence what is usually called the bottleneck effect is a non-monotonic behavior
of the compensated energy spectrum &5/ 3E(k) in the transition between the inertial range
and the dissipation range (basically a bump in the plot).

The work concerns equations of hydrodynamical type (including the 3D Navier—
Stokes equations, the Burgers equation and various models of turbulence, such as the EDQNM
closure) with “hyperviscosity”, i.e. having a dissipation rate u(|k|/kq)?* with a > 1. It
is conjectured that when @ — oo at fixed p and kg4, the solutions tend to those obtained
by a Galerkin truncation with zero dissipation and suppression of all Fourier modes whose
wavenumber exceeds the cutoff k4. From recent work of Cichowlas et al. [CBDBO05] it is
known that when k4 is large enough the solution of Galerkin-truncated equations develop
a thermalized range at high wavenumbers (with a k? spectrum in 3D). It is proposed to in-
terpret the phenomenon of bottleneck (which becomes stronger when increasing o) as an
aborted thermalization. This implies among other things a strong reduction of intermittency
at bottleneck scales.

A progress report on these matters (written with U. Frisch) may be found at www .
obs—-nice.fr/etc7/bottle.pdf.

Such work was actually started a long time ago (by U. Frisch and A. Wirth) and
remained dormant until the recent paper of Cichowlas et al. We are now collaborating on
various aspects of these questions with Jian-Zhou Zhu, Susan Kurien, Rahul Pandit and
Samriddhi Ray, Konstantin Khanin, Mikhail Blank and Achim Wirth.
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Part I

Numerical reconstruction of complex
singularities
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Chapter 3

Amoebae, algae and all that

In this chapter we explain some elementary notions of the analysis in several complex vari-
ables and algebraic geometry which are useful for the numerical study of the complex sin-
gularities of functions of several complex variables. In physical applications, for example
in hydrodynamics and statistical physics, information on complex singularities is obtained
from data calculated (mostly numerically) in the form of Taylor (or Laurent) series expan-
sions. A complete mathematical characterization of the domains of convergence of such
series can be established by rather elementary means. In some cases, for example when all
the coefficients are positive, the numerical determination of these domains of convergence
can be done using the multi-dimensional analogue of the ratio test (cf. Section 3.1).

Actually, we can get hold of more than just the domain of convergence of the series,
since the high-wavenumber asymptotical behavior of Taylor (Fourier) coefficients is deter-
mined by a subset of the singular manifold of real dimension one, usually called contour.
To explain the relation between the asymptotics of the Taylor coefficients and the geometry
of the singular set we start with the simple case of rational functions. In this context the re-
cently developed notions of amoebae, coamoebae and contours become useful, Section 3.2.
It turns out (see the following chapter) that our main object of interest in this case will be
what is called the diagonal of a double Taylor series, Section 3.3.

In Section 3.2.4 we give several concrete examples of singular manifolds and the
corresponding amoebae, coamoebae and contour.

3.1 Domains of convergence of double power series

In this section we restrict ourselves to functions of two complex variables, essentially to
keep our notation simple. Note that all notions introduced below are easily generalized to
an arbitrary number of dimensions, see [Sha92].

We use the following notation: (£1,£,) is a vector in C2, (r1,72) = (|&1], |€2]) €
R+ x Rsq are the componentwise moduli. We also use the coordinatewise logarithmic
mapping (the principal branch) defined via (£1,€2) = (%1, €?2), where (21,22) = (z1 +
Y1, T2 + 1y2), (21, 22) € R2, and (y1,92) € [0,27) x [0, 2m) = T2 is 27 periodic.

3.1.1 Some elementary notions

Let us consider a function F'(£1, £2) which is given by the power series

F(b,62) = Y > F(ny,mp)€065° (3.1

n1=0ns=0
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on its domain of convergence Dz C C2. To characterize the domains of convergence of the
power series (3.1) we will need the notions of a complete Reinhardt domain and logarithmic
convexity.

Definition 3.1.1 A Reinhardt domain D with center at a point (£},€3) € C? is a domain
such that for any point (£1,&5) in D it also contains any point

(6n6) = {(&+ @ -ene® &+ (& -&)e”)} (32)

for 0 < 81, 85 < 2m. A Reinhardt domain is said to be complete if along with each point
(€1, &3) it contains all points (€1, &2) for which |& — €1] < [€ — €7, [€2 — &3] < 16 — &51.

In what follows we use the complexified torus C\{0} x C\{0} = TZ where C\{0} is the
punctured complex plane. We define the mapping Log : T% — R? by

Log (¢1,&2) = (log 1], log|€2]) = (21, Z2). (3.3)

Definition 3.1.2 A set M C C2 is called logarithmically convex if Log (M) C R? is convex.

Domains of convergence can be characterized as follows: any logarithmically convex
Reinhardt domain is the domain of convergence of a power series [Sha92]. Thus, Dy is a
logarithmically convex Reihardt domain. Furthermore, to calculate Dz, we use the fact that
the Cauchy—Hadamard formula which in one dimension gives the radius of convergence of
a power series can be generalized to several dimensions. To state this formula we need the
following definition.

Definition 3.1.3 A polydisk

D(r1,r2) = {(£1,€2) € C*: |&a] <71, [€2| <72}

is called a polydisk of convergence of the series (3.1) if D(r1,72) C Dy and, furthermore,
in any polydisk

D('I‘ll,’l‘é) - {(617&2) € C2 : ‘51‘ < 7‘/1: ‘62’ < 7'/2}:

where r] > r1, T4 > 1o and at least one of these two inequalities is strict, there are points at
which the series (3.1) diverges. The radii r1, ro are called conjugate radii of convergence.

The following theorem [Sha92] is the generalization of the Cauchy—Hadamard formula.

Theorem 3.1.4 The conjugate radii of convergence of the series (3.1) satisfy the relation

ni+n

lim /| F(ny, o) P2 = 1. (3.4)

|(n1,m2)|—00
The boundary of the convex set Log (D) is then given by
¢ﬁ.($1,$2) — 07

where ¢ z(z1, 2) is a suitable function which can in principle be determined by (3.4).
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3.1.2 Ratio tests for double power series

Formula (3.4) is not very convenient for numerical application. Actually, for concrete im-
plementations a less general but simpler multi-dimensional version of the well-known ratio
test has turned out to be quite usefull. The following material is a slight modification of the
results of [Dan40].

In what follows we will use the notion of the support function of convex sets.

Definition 3.1.5 The support function of a convex set K is a real-valued function hg (x) on
IR? defined by
hx(k) = max{(k,x): x € K}. (3.5)

For all x,x’ € R? and X > 0 the support functions are characterized by two properties:
hx(Ax) = Ahg (%) and  hg(x+x) < hg(x)+ hg(x). (3.6)

The hyperplane
Hg(x) = {x' € R?: (x,x') = hg(x)}, (3.7)

where x € R?\{0}, is called the support hyperplane of X with outer normal vector x,
see [Sch93] We denote the support function of Log(Dy) by hz(k). We will also use the
rescaled support function which is defined by

ha(k) = |k| 65(6). (3.8)

One possible way to calculate § z(6) is to analyze the behaviour of the Taylor coefficients
F'(n1,ny) along half-lines in the (n1, ny)-space corresponding to rational directions (p, q) =
|(p, 0)|(co8 O(p,q), Sin(p,q)), that is for (n1,m2) = n(p,q) (sometimes we may refer to
(P, g) as to the rational direction with slope g/p = tan §(; 5)). Under suitable conditions, it

can be shown that

~

05(0(pq) = 1 In|F(np, ng)|. (3.9)

im ———
n—oo |(p, q)n

Note, that this formula is not very convenient for numerical applications, because of slow
convergence. A more effective numerical approach to calculating 6 () is explained in the
following chapter.

Reconstructing 6 5(z1, z2)

A priori the function dz(-) is known only for a discrete set of value 6, q). However, as-
suming that §z(-) is regular enough we can actually calculate § () as a function of § by
taking limits. Obviously, to every direction 6 corresponds a point (z1(68), z2(6)) on the
boundary 6Log (Dy). To establish the correspondence between (z1(6), z2(8)) and 4(-)
we use some elementary notions of contact geometry, see [Arn95].

It is then natural to describe it using the manifold S*T*R? of cooriented contact
elements of the plane R? with coordinates (z1,Z2,8) € R? x S1. The contact structure is
given by the condition a = 0, where

a =cosfdz; + sinfdz, (3.10)

The standard (Darboux) form of the contact structure & = dd — ¢ df is obtained by intro-
ducing the Darboux coordinates

(6,¢,0) = (cosbz1 +sinfzy, —sinf z; + cosf 2, 6). (3.11)
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The submanifold (z1(8), z2(8), 8) can be determined from the fibration (§(6), 8) using the
condition & = 0 and (3.11). We get

z1(0) = cos4(0) — siné d—é(e)
gg (3.12)
z2(60) = sin64(6) + COSH@(H)

Note that the correspondence between § z(-) and the curve (z1(6), z2(8), 8) is well-defined
because of the convexity of the domain Log(Dp).
Series with positive coefficients

Assume now that the coefficients of the series are positive ﬁ'(nl, ngy). In this case we can
work directly in the variables (71, 72) = (|£1], |€2]). We obtain

. (F(np+1,ng) F(np,ng+ 1)>
1 ! , = 0 ,72(6 , 3.13
nﬂo< F(np,ng) ' F(np,ng) (11(Ge0)):72(815.0)) 19

assuming that the limit exists. The points (71(8(p,q)), 72(f(p,q))) belong to the boundary of
the domain of convergence dLog(D). Again taking limits we can obtain the whole curve
(r1(8),72(8)) = (e%(9), 22(9)). This result is much easier to implement numerically than
the two-dimensional generalization of the Cauchy—Hadamard theorem.

3.1.3 A simple example

Consider the polynomial

P(£1,&) =1+ & + & (3.14)
The simplest function such that its singularities coincide with the set
5(P) ={(£1,&2) : P(&,€2) =0}, (3.15)

is F'(€1,&2) = 1/P(£1, €2). Its Taylor expansion at (0, 0) is given by

F(é1,62) = Z Z (k1, k2) Z Z ’°1+’°2’°1Tk’°!2) kigks (3.16)

k1=0 k2=0 k1=0ks=0

To determine the asymptotic behaviour of the Taylor coefficients for k| — oo we use the
Stirling approximation, obtaining

k1 + ko)!

. 1 [k + ko (kg + ko)krtke
F(klyk2):(_1)k1+k2( kl'kg' - 2( - 2)

Vor\ kikz kE ke

(—1)Fthe CG.17)

Writing k1 = kcos 6, ks = ksin 8 we get

|F (K1, k2)| ~
1

——exp<l — |cosBlo & +sinflo & k (3.18)
vk P & cos @ + sin 8 & cosf +sin !

up to a numerical prefactor. Therefore, we have an explicit expression for §z(6) which is
equal to

cosé . sin @
04(8) = cosflog (coséH—s1116’> + sin flog (cosﬁ—i—smﬁ) . (3.19)
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Alternatively, using (3.14) we see that the boundary of Log(D) is given explicitly
by the function
z2(z1) = log (1 — ™), (3.20)

where —o0 < z1 < 0. Now the direction of the normal to the contour at the point
(z1,z2(z1)) (taken as direction outward of the considered component) is determined by
the equation

d(l)g(.’Bl) _ 1

= _ 3.21
dzy tang’ (3.21)

which in our case gives

1

Thus, the parametrization of points on the curve in terms of § is given by

(z1(8), z2(6)) = <10g [wse] , log [Sma]) , (3.23)

cosf +siné cosf + sinf

from which and from (3.11) we immmediately obtain the support function (3.19).

3.1.4 Domains of convergence of Laurent series

In more general cases we will deal with Laurent series

+oo
F(é,6)= ). Z (n1,m2) €765°. (3.24)

n]=—00 Nna=—00

To describe the domain of convergence of such series we need the following definition

Definition 3.1.6 A Reinhardt domain D with center at a point (£3,¢%) € C? is said to be
relatively complete if it does not intersect the plane {€1 = £} } ({&2 = €3}, respectively), or,
along with each point (€1, £5) it also contains all points (€1, €5), where |€1 — €F| < |€] — &7

((&1,&5), where |, — €5] < |€1 — &7,

Thus, domains of convergence of Laurent series are characterized as relatively complete
Reinhardt domains. Just as for the domains of convergence of Taylor series it can be shown
that the domain of convergence of a Laurent series is logarithmically convex.

3.2 Amoebae, coamoebae and contours

Unfortunately, the methods explained in the previous section work only in few cases. In-
deed, in the generic situations the limits such as (3.9) or (3.13) do not exist. Furthermore,
we are above all interested in the geometry of the set of singular points, that is, we need
much more information than just the knowledge of the domain of convergence.

For simplicity we start by analyzing the asymptotic behavior of the Taylor coeffi-
cients of rational functions such as F'(¢1,£&2) = P(&1,£&2)/Q(&1,&2), where P(&1,£2) and
Q(&1, &) are polynomials in &7, £5. Obviously, the singularities of F'(€1, £2) coincide with
the zero set of the polynomial Q(£1, £2) which we denote as

2(Q) ={(&1,6) € C*: Q(é1,&2) =0} (3.25)

Therefore in this section we consider the properties of ¥(Q) and its several geometrical
representations.
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3.2.1 Amoebae

The following notion is closely related to what has been introduced in Section 3.1.

Definition 3.2.1 The amoeba Ag of the polynomial Q is the image Log () C R? of the
zero set g = {(51,52) € T?C D Q(€1,&) = O}.

The restriction Log |5 : 3(Q) — R? is called amoeba mapping.
The rational function F = 1/Q) can be expanded in a Laurent series

> D Bl k) e
k1€Z ka€Z
where the coefficients are given by
R 1 1 a1 A déo
F ny,No) = ——~5 / .
( ) (27” )2 Log~!(z},23) Q(617§2) €f1+1£§2+1

Here (7, z3) is a point in the amoeba complement of Ag and Log™? (2%, z3) is the corre-

(3.26)

sponding oriented cycle in T(ZC\ZQ (The orientation is chosen to be such that d arg (§1) A
darg (¢2) > 0 on Log (z1, z2).). The following holds [GKZ94]

Theorem 3.2.2 The connected components of the amoeba complement R2\AQ are convex,
and they are in bijective correspondence with the different Laurent expansions (centered at
the origin) of the rational function 1/Q.

Obviously, the second part of this theorem also applies to rational functions of the type
P/Q.

To establish a connection to the material presented in the previous section, we note
that the boundary a component of the amoeba complement RZ\AQ coincides with the
boundary of the domain of convergence of the corresponding Taylor series.

3.2.2 Coamoebae

The following notion which complements the notion of the amoeba has been introduced
by A.K. Tsikh and M. Passare (2002) and later reinvented in [FHKVO05] under the name of
alga.

Definition 3.2.3 The coamoeba Ag of the polynomial Q is the image Arg () C T2 of the
zero set Bg = {(&1,€2) € T2 1 Q(€1,€2) = 0}. Here Arg : C? — T3 is the given by

Arg (é1,€2) = (argéy, arg z2) = (Y1, ¥2)- (3.27)

Note that the properties of the coamoebae are much less nice than those of the amoebae.
In particlular, as has been pointed out by A. Tsikh, an amoeba is always a closed subset of
RR? due to the compactness of the preimage Log *(z1, z5) for all (z1, z2) € R?, whereas a
coamoeba can have quite arbitrary topological properties.

3.2.3 Contours

Consider the set X(Q) of zeros of @ and a (§1,&2) € L(Q). In the following we assume
that all points of $(Q) are nonsingular, that is (0:Q, 82Q)|x(g) # 0.

Choose a neighbourhood U of (€1, £2) and fix a branch of the logarithm function
so that log (U N £(Q)) defines a one-dimensional complex manifold in C2. The amoeba
mapping is obtained by projecting it onto R?. The set of critical points crity,eg(Q) of Log |5
plays an essential role in analyzing this mapping.
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Definition 3.2.4 The set of critical values of amoeba mapping Log|s, is called the contour
C(Q) of the amoeba A.

Now consider the complex normal direction to the curve log (U N X(Q)) given by the
logarithmic Gauss mapping v : ©(Q) — CP!

Y(€1,&2) = (£101Q : €2 0:Q). (3.28)
The following holds [Mik00]

Theorem 3.2.5 Let ¥(Q) be nowhere singular. The critical points of the amoeba mapping
are given by v 1(RP).

Thus, the contour can be characterized as Log(y~(IRPP!)). It is important to note that the
boundary 8 Ag of the amoeba Ag is a subset of the contour Cg, but some parts of the
contour may well be in the interior of the amoeba. Thus, we can determine the boundary of
an amoeba by calculating its contour.

It is also of interst for our following considerations to consider the image of the set
of critical points under the Arg mapping, i.e. Arg (7*1(1[%]}”1)) , which we propose to call
the cocontour Cg.

3.2.4 Examples

In this section we illustrate the algebro-geometric notions such as amoeba, contour etc.
which have been introduced previously. After the particularly simple example of singular-
ities of a polynomial in two complex variable, we describe space-time singularities of the
one-dimensional Burgers equation for a simple initial condition.

“Dimer model”

Here we analyze the geometry of the set of zeros of the polynomial

et

P(é1,&)=1+8& +&+ (3.29)
313
corresponding to the dimer model C3 /Z3 in [FHKVO0S5]. As can be easily checked, Z( P) is
nowhere singular. Therefore, Theorem 3.2.5 can be applied. Here we study the case ef # 0
(the case e® = 0, that is ¢ = —oo having been treated before). According to Equation (3.28)
and Theorem 3.2.5 the set of the critical values of Log|s(p) is determined by the solution
of equations

P(é1,62) =0, (3.30)
and

o] o]
gla—&P - 5528—6213 =0, (3.31)

where s € R (see also [The02]). For P given by (3.29) the second equation becomes
5—2 s—2\?| 3 [25—3 2s—-1)(s—2)] , |s—1 s—1\? .
=0.
[1—25+<1—23> ]z1+[1_23+ 1—2s2 |27 * ate

1-2s 1-—-2s
For simplicity we denote

(3.32)

B o 2
fils) = 572 4 <18_ 225> , (3.33)



28 CHAPTER 3 Amoebae, algae and all that

Y2
-
T
1

Figure 3.1: P(21,22) =1+ 21 + 22 + ¢ for et = 10. Note that the exterior lines of the

Z122
contour constitute the amoeba boundary.

25—-3  2(s-1)(s—2)

fols) = 755 (1-25)2 ° (3-34)
and ,
s—1 s—1
fals) = 1= s+ <1 — 25) . (3.35)

Furthermore we set f4 = e’. The solutions zgl) (s), zgz)(s) and z§3) (s) of the cubic equation

are obtained using Cardan’s formula. This gives for z»(s) six solutions via

. (i) (i)y2
1 142 1+2
25 (s) = = ( . F ’Z‘*) (3.36)
21

The y-contour is represented on Fig. 3.1 for f; = e = 10. Note that it also defines the
boundary of the amoeba of P(z1,z2). On Fig. 3.2 are represented the parts of the contour
and of the cocontour corresponding to the boundary of the amoeba of P(z1, 22). The parts
of the contour Cp which lie in the interior of the amoeba correspond to degenerate parts of
the cocontour. These degenerate parts are just points (z1,z2) = (0, 7), (—,0), (—7, 7).
The coamoeba A’y of P(1, £2) is represented on Fig. 3.3.

Space-time singularities of the one-dimensional Burgers equation

We consider solutions of the Burgers equation
S +ud,u =0, (3.37)

on the complexified torus Tc = Tr +iR, 2 = z +iy,z € Tr = [0,27), y € R with
initial conditions which are triginometric polynomials. Note that £ is in general complex
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Et 3
7.7, again

e! = 10) constituting the boundary of the amoeba. To each curve correspond two pieces of
the cocontour.

Figure 3.2: A part of the contour of the polynomial P(z1,22) = 1+ 21 + 25 +

Figure 3.3: Coamoeba of the polynomial P(£1,€2) = 1+ &1 + & + % Note that the
coamoeba is independent of e.

valued. Since the velocity of particles is conserved along particle trajectories u(z,t) =
ug(c), equation (3.37) can be solved by using Lagrangian coordinates c = a +1b

z(c) = ¢ + tug(c). (3.38)
The Lagrangian singularities are located at zeros of the Jacobian of 2(c)

1+ t8.up(c) = 0. (3.39)
Since ug is a Laurent polynomial in ¢ = e~*¢ and ¢, the Lagrangian singular set is a com-

plex one-dimensional algebraic curve in C2. The geometry of the Lagrangian space-time
singularities is naturally described in terms of amoebae, contours, etc.

Consider first the standard initial condition up = —(1/2) sin z. The singular set X is
given by

= {(T, ¢) € (C\{0})? : 771 — %g — %g—l = o} . (3.40)
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The contour is easily calculated and coincides with the boundary of the amoeba!

1 1
Inlt| =In ————, Injt|=ln ———. 3.41
4 |3eb + ze7?| 4 1eb — e ?| O41)
Consider now the initial condition ug = —(1/2)sinz + Asin2z. The corresponding La-
grangian singularities are given by
1 1
= {(T,E) €(C\{0})” Tt - € A+ A = 0} . (G4
The additional relation determining the contour is
1 1
sT 1= 15 — 15*1 — 22082 4 2256 2, (3.43)

It is possible to calculate an explicit formula for the contour which involves solving a quartic
algebraic equation. Since it is to cumbersome to write down the solution, we just give
in Fig. 3.4 a graphical representation of the contour in coordinates (b,1n |¢|) for the case

A= (4—+/14)/186.

T
Contour

Inlt]

-10 1 1 1 1 1

b

Figure 3.4: Contour of the solution of the Burgers equation with initial condition ug(z) =
—1/2sinz + (4 — v/14)/16 sin 2z. Note that a part of the contour is now located inside the
amoeba.

3.3 Asympotics of Taylor coefficients along rational directions and
geometry of the set of singularities

In this section we describe the relation between the geometric notions introduced in the
previous section and the asymptotic behavior of the Taylor coefficients of a rational function
when |k| — oco. The results which are due to [STs84] and which we explain only briefly,
can be used to develop a numerical procedure to analyze complex singularities in the cases
in which the approach described in Section 3.1 does not apply, see Chapter 5.

'In this case the amoeba is called solid.
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3.3.1 Diagonal of a power series and its singularities

Let us again consider the double Taylor series

F(£1,6) = Z Z (n1,n2) €71€57

n1=0n2=0

As we have seen before, one of the possibilities to determine the domain of convergence
of this series consists in determining the rate of exponential decay of the modulus of the
two-dimensional Taylor coefficients along “rational directions”, see Section 3.1. However,
this simple result gives us only partial information about the singularities of the function
F(&1,£2) and does not hold in generic cases.

To improve it we observe that for a fixed rational direction (p,g) the asymptotic
behavior of ﬁ'(np, nq) is determined by the singularities of the following function of one
complex variable

Z (pm, gn)( (3.44)

usually called (p, q)-diagonal of the series (3.3.1)%. The relation between the singularities
of F(£1,€2) and those of d(; ¢)(¢) has been detemined completely in [STs84] for the case of
rational functions of the type P(&1,&2)/Q(&1, &2). Very roughly, it can be stated as follows:
the set of singularities of d. () coincides with the set of the critical points of the amoeba
mapping corresponding to a suitable modification of polynomial Q(&1,€£2). That is, for a
given rational direction (p, g) the singularities of d( q)({) are, with a few exceptions, given

by solutions (61(9(p,q)), fz(e(p,q))) of

Q¢1(8(p,q)) &2(0 pq>)) =0, (3.45)
sin e(p,q)a%lc’?(gl(g(p,q))’ §2(0(p,9))) — cos e(pq ) 865 (51(9(” ),€2(0(5,9))) = 0.

Here Q is the irreducible part of Q, defined as follows: if Q = Q7'...Qr is a factorization
of @ into irreducible components, the irreducible part of Q) is given by Q=01..Q,.

We now give a more precise formulation of this result. Fix a rational direction (p, g).
Let o1, 02 be integral points of the Newton polytope Ag lying on the supporting lines to
Ag with direction vectors (p, ). Define

aé,e) = > alky,k)E €, (3.46)

(k1,k2)€0y

where [ = 1, 2. After a division by a suitable monomial g; becomes a polynomial depending
only on the variable ¢ = ¢7¢1. Define the following sets:

Dpg) = {¢ € C; 01(¢)oa(¢) = 0} (3.47)

and

Spg) ==& eC: Q&,&)=0, g6 — 3, Q szaé

The following proposition has been proven in [STs84]:

Q = 01 £17§2 ;é O} (348)

21t has many applications in combinatorics [Ego77, Djo78], theory of difference equations [HK71] and even
elementary particle physics [Par62, GH65].
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Theorem 3.3.1 If F(&1,&2) = P(&1,62)/Q(&1,&2) is a rational function, Q(0,0) # 0,
then the (p, q)-diagonal dp, 4y(¢) of the corresponding Taylor series is holomorphically
continued from the point ( = 0 along each arc not passing through points of the set 5, gy =

i}(p,tz) U i}(:a,q)'

The proof is based on the integral representation of the diagonal obtained in [HK71]

_ 1 F(é,6)e0
d(p,g)(¢) = ni)? /F el ¢ 2 d§1 A dés. (3.49)

3.3.2 Asymptotics of the Taylor coefficients

Once the singularities of the (p, ¢)-diagonal d(; 4y(¢) are known, the asymptotic behavior
of F'(ky, ko) along the rational direction (p, g) can be determined by the usual techniques.

Let us first introduce some notation. We denote by (}(p, ¢), v = 1, ..., [ the singular-
ities of the (p, g)-diagonal d(, 5)(¢). They can be also represented as

¢, (p,q) = exp[E;(p, q) + 19, (p,9))].- (3.50)

The asymptotic behavior of the Taylor coefficients along the rational direction (p, g) is then
given by

F(np,nq) Z exp [— ,9) +495(p,9))]- (3.51)

Note that since §(p, q) is 2m-periodic, it is determined up to an additive constant 27m,
m=0,+1,£2, ...
The leading order asymptotics of F'(kj, k2) can thus be written as

F(k1, ko) = F(|K|,6) Zexp [—[K[8.(8) + i[k|¢ (8, m)], (3:52)
where
6,0)= ———5p,0),  $(Bim) = ————(G(p,0) +27m). (3.5
VP +¢° VP +¢°

We note that the dominant contribution to the asymptotics of #(ky, ks) comes from the
singularities which are closest to the origin.

A very important observation is that given the functions §, () and ¢, (6; m) we can
reconstruct from them the contour and the cocontour of the irreducible part Q of the poly-
nomial @), basically by the same method as in Section 3.1.2.

Actually, it is possible to perform the asymptotic expansion of F' (K1, k2) beyond the
leading order. As has been shown in [Tsi93, Orl93, Orl94], it has the form?

F(ky, ko) ~ Z ||~ exp [~|K[8,(6) + i|k|¢. (8, m)]. (3.54)

The values of the algebraic prefactor exponents depend on the polynomials P(&1, €2) and
Q(x1,&2) (we remind the reader that F/(§1,£2) = P(€1,£2)/Q(€1,€2) is here a rational
function). For details we refer to the original articles.

3 Actually, in [Orl94] the author studied the case of asymptotics of Taylor coefficients for algebraic functions.
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Chapter 4

BPH method and numerical analysis of
Fourier/Taylor-coefficients

In this Chapter we show how the mathematical results relating the asymptotic behavior of
Taylor coefficients and the geometry of the set of singularities can be applied numerically.
We begin by explaining and testing an algorithm for numerical determination of asymptotic
expansion of sequences of real numbers, introduced recently by van der Hoeven [Hoe06].
This asymptotic interpolation method applies only to monotonic sequences (descreasing or
increasing) and, therefore, cannot be used in generic cases with oscillating data. To handle
such data in [PFO7] it is proposed to use a combination of the asymptotic interpolation
method, the Borel transform and a theorem from the complex analysis due to Pélya. This
Borel-Pélya—Hoeven method has been tested in [PF0O7] on the one-dimensional Burgers
equation.

The two-dimensional extension of the BPH method consists in studying the singu-
larities of the diagonal for a fixed rational direction. We illustrate this on the example of
the “dimer model” introduced in the previous chapter. The Taylor coefficients in the cor-
responding expansion are calculated by the means of the linear difference equation with
constant coefficients associated to the original polynomial.

4.1 Locating singularities of Fourier and Taylor series in one dimen-
sion

Before we turn to the discussion of the asymptotic interpolation method and the BPH
method, we would like to point out one aspect of numerical reconstruction of asymptotic
expansions which is discussed neither in [PFO7] nor in [Hoe06] and which has been brought
to our attention by M. Blank.

Namely, let a sequence g(n) be given. Let us assume that it admits a unique transseries
expansion. Then it is natural to ask, whether an algorithm for the reconstruction of transseries
expansions, such as the asymptotic interpolation algorithm in [Hoe06] allows one to prove
the uniqueness of the expansion. In so far as the asymptotic interpolation is concerned, it has
been noticed in [Hoe06] that it cannot handle exponentially small terms. However, one may
still ask wether “not too small”, say logarithmic, corrections can be identified uniquely. We
believe that such a rigorous identification is possible, but this question remains to be studied.
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Given a Taylor series with a finite radius of convergence, its Borel transform defines
an entire function. A theorem of Polya relates the large distance behavior of the Borel
transform in different directions to singularities of the original function. With the help
of the new asymptotic interpolation method of van der Hoeven, we show that from
the knowledge of a large number of Taylor coefficients we can identify precisely the
location of such singularities, as well as their type when they are isolated. There is no
risk of getting artefacts with this method, which also gives us access to some of the
singularities beyond the convergence disk. The method can also be applied to Fourier
series of analytic periodic functions and is here tested on various instances constructed
from solutions to the Burgers equation. Large precision on scaling exponents (up to
twenty accurate digits) can be achieved.

KEY WORDS: complex singularities, series analyis, nonlinear dynamics

1. INTRODUCTION

In the late nineteenth Century, Pincherle!") and then Borel®?) introduced what is
now known as the Borel transformation: given a formal series in powers of the
complex variable Z

o0

[(Z)=) aZ", @)

n=0
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one introduces the Borel transformed series

o0
a, ,
Foy=) -t )
n=0
Since, for Re Z > 0,
*© n!
e de = : 3)
_/(; Zn-H
it is useful to introduce the function
=iy )
—z'\z) Lzt

n=0

which is formally the Laplace transform of F(¢) and which in this context is
sometimes called the Borel-Laplace transform of F.

Borel’s motivation was predominantly to give a meaning to divergent series
such as Y  n!Z" and the Borel transformation has been extensively used to resum
divergent series appearing in physics (see e.g. Refs. 4-6).

In 1929 Pélya'”) observed that the Borel transformation can also be used to
obtain information about singularities of a Taylor series (in powers of 1/Z) with a
finite radius of convergence, in which case the function F'(¢) is entire. He proved
a theorem relating the convex hull of singularities of fBL(Z) (the smallest convex
set outside of which the function is analytic) to a function called the indicatrix of
F(¢), roughly the rate of exponential growth at infinity of F(¢) as a function of
the direction (for precise definitions see Sec. 4).

Here we show that this theorem can be used in conjunction with high-accuracy
numerical methods to obtain very precise information on singularities of Taylor
and Fourier series. Singularities play an important role in fluid dynamics and
condensed matter physics (see Refs. 8-10 and references therein). Using Pdlya’s
theorem to devise a practical numerical method would not have been possible
without recent progress in high-precision numerical algorithms and, foremost,
the new technique for asymptotic interpolation of van der Hoeven!" which can
sometimes give remarkable precision (close to twenty digits) on scaling exponents.

The paper is organized as follows. In Sec. 2 we recall some known facts about
Taylor and Fourier series and their singularities. In Sec. 3 we give a presentation
of van der Hoeven’s method from an applied mathematics point of view and show
how it works in practice, using known results for the Burgers equation. In Sec. 4 we
give an elementary introduction to Polya’s theorem. In Sec. 5 we present our new
method, which we propose to call BPH (Borel-Polya—Hoeven), for determining
the convex hull of singularities and, for the case of isolated singularities on this
hull, their positions and type. In Sec. 6 we test BPH using again the Burgers
equation. In Sec. 7 we discuss open problems and make concluding remarks.
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2. FROM TAYLOR AND FOURIER COEFFICIENTS TO SINGULARITIES

We first recall the close relation between Fourier and Taylor series for an-
alytic functions. Let u(x) be a 2w-periodic function which is analytic in some
neighborhood of the real axis in which it can be extended to a function u(z),
where z = x + 1. After subtraction of a suitable constant we can assume that

2 . . .
fo " u(x)dx = 0. The Fourier-series representation of u reads

ux)= Y *a, (5)
k=41, £2,...
1 27 )
Iy = — e ™ u(x) dx. (6)
2 0

We denote by u™(x) (resp. u~(x)) the partial sum of the Fourier series (5) with
k > 0 (resp. k < 0), which is analytic in the upper (resp. lower) half plane y > 0
(resp. y < 0). Each of these two functions can be written as a Taylor series by an
exponential change of variable:

ut(z) = Zﬁka, Z =¢?, 7
k>0

u ()= iz, Z=e% ®)
k>0

Obtaining the singularities of an analytic periodic function from its Fourier co-
efficients is just basically the same problem as obtaining the singularities of an
analytic function f(Z) = Y -2 a,Z" from its Taylor coefficients a,. Hadamard’s
formula gives us the radius of convergence of the Taylor series, namely the dis-
tance to the origin of the nearest singularity(ies). If we happen to know that this
is an isolated singularity at Z,, we can relate the singular behavior near Z, to the
asymptotic behavior of the a,, by the Darboux theorem.(!>~!4 For this one assumes
that, in a neighborhood of Z,, the function f(Z) is given by

fZ)y=01-2/Z)"r(Z)+a(Z), v#0,—1,-2..., 9
rZ)=) b(1-2/Z), (10)
k=0

where the functions 7(Z) and a(Z) are analytic in some disk centered at the origin
with a radius exceeding |Z,|. It then follows that, for large 7,

X (=1)b ZFnT —k
an:Z( )b Z,"T(n +v ). (11
k=0

n!T'(v — k)
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The leading term is simply a, >~ bon"~'/(Z")I'(v). Applied to the Fourier series
(5), the leading-order Darboux formula can be recast as follows: a branch-point
singularity with exponent —v of u(z) at a location z, in the lower complex plane
implies that for k — +o0 the Fourier coefficient 1, is asymptotically proportional
to k’~'e~'#+. This can be shown directly by applying standard steepest descent
asymptotics to the integral (6).(!®

When the radius of convergence of a Taylor series is determined by a single
singularity of the type assumed by Darboux, the knowledge of a sufficiently
large number of Taylor coefficients with enough accuracy permits an accurate
determination of the position and type of the singularity. This can be done by an
iterative algorithm developed by Hunter and Guerrieri!'? or by the asymptotic
interpolation method discussed in Sec. 3.

Sometimes there are two Darboux-type singularities on the convergence circle
or, equivalently, the periodic function u*(z) has two singularities with the same
imaginary part. The interference of the two singularities produces then a sinusoidal
modulation of the Taylor coefficients. This can still be handled by an iterative
algorithm,! but not directly by the asymptotic interpolation method, for reasons
explained in Sec. 3.2. The BPH method of Sec. 5 can handle not only the case
of two or more isolated singularities on the convergence circle but also “hidden”
singularities located beyond this circle (or within this circle if the series is in inverse
powers of Z), whose contributions to the Taylor coefficients are exponentially
smaller than any term in (11). From an asymptotic point of view these contribution
are “beyond all orders.”

3. THE ASYMPTOTIC INTERPOLATION METHOD

Suppose that we have a function G(r) of a scalar positive variable » for
which we suspect that it has, for large », an asymptotic expansion with a leading
term Cr~%e~%", as in the Darboux theorem (11), but that we only know its values
numerically with high accuracy (tens to hundreds of known digits) on a regular
grid ry, 2rg, ..., Nry with a large number N of points (from fifty to thousands,
depending on the problem). We set

G,=G(mnry), n=1,2,...,N. (12)

Can we determine parameters such as C, o and § with high accuracy? One way is
of course just to ignore the subleading corrections and to try a least square fit of the
data to the functional form Cr~%e~%", after taking a logarithm. One then has the
awkward problem of having to pick a fitting interval of values of n; the procedure
usually gives poor accuracy and the determination of subleading corrections is
almost impossible.
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A better way, used for example in Refs. 15-17, is to notice that, if we take
the second ratio, defined as

GuG,_ 1\
Ry = "2 = (1 - —2) : (13)
G;,_, (n—1)

then both the constant C and the exponential drop out. Assuming then n to be
sufficiently large that we can ignore subleading corrections, we obtain
In R,

T T —ym -1y (9

The other two parameters C and § appearing in (40) are then easily determined.
If the remainder, that is the discrepancy between the value of « predicted by
(14), which we denote «,,, and its limit a, for n — oo, tends to zero in a known
functional way, e.g., exponentially or algebraically, then we can extrapolate the
a,’s to infinite values of n using, e.g., one of Wynn’s algorithms%-2% (see Ref. 21
for a review of extrapolation methods). We shall come back briefly to such issues in
Sec. 3.2. Without knowing something about the functional form of the subleading
corrections which control the remainder, extrapolation may not work very well
because the choice of the appropriate algorithm depends on the functional form
of the remainder.

Recently, van der Hoeven introduced the asymptotic interpolation method!)
which allows in principle the determination of the asymptotic expansion of G,, be-
yond leading-order terms. When the function G, is known with very high precision
and up to sufficiently large values of n, parameters such as the scaling exponent «
can sometimes be determined with extreme accuracy, as we shall see in Sec. 3.1.
An important feature of the asymptotic interpolation method is that it uses the de-
termination of subleading terms to improve the accuracy on leading-order terms.

Here we shall just give a short elementary introduction to the asymptotic
interpolation method for the case when the data G,, are real numbers. There are
several variants of the asymptotic interpolation method; ours differs occasionally
from that of Ref. 11. The basic idea of the asymptotic interpolation method is to
perform simple “down” transformations on the data G,, which successively strip off
leading and subleading terms. After a number of such down steps which depends
on the quality of the data, the transformed data become sufficiently simple to allow
a straightforward interpolation step. The list of down transformations which are
needed is given hereafter.

I Inverse: G, — GL
n

R Ratio: G, — %
SR Second ratio: G, — %
n—1
D Difference: G, — G, — G,
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At each stage, tests are applied to decide which of the four transformations should
be applied in order to favor the stripping process as much as possible. If |G| < 1
for large n, apply I; otherwise proceed. If |G, | grows “slowly” at large n (we
found that a useful operational definition is to see if the growth can be identified as
algebraic with a rather well defined exponent), apply D; otherwise (“fast” growth),
apply R. In addition, if |G, | grows or decreases exponentially at large n, we found
that it saves time to apply SR; also, if |G, | is a slowly decreasing function, it
is more convenient to apply —D. Note that the differences or ratios involved
in R, SR and D are backward; this conveniently keeps the maximum index N
fixed.

When the procedure is iterated, after a while, an “interpolation stage”
is reached where the data can be asymptotically interpolated in a simple
fashion, typically by a constant plus a small remainder tending to zero at
large n. Basically this means that we have successfully stripped off a cer-
tain number of terms in the asymptotic expansion. For the kind of data
which we are considering here, the most useful interpolation stages usually
arise at the sixth and thirteenth stages (counting the original data as stage
Zero).

There are two effects which limit the number of stages which can be ap-
plied to a given set of data. First, whenever a ratio or a difference are taken,
the precision of the data (i.e., the relative rounding error) deteriorates; as the
number of transformations applied increases, rounding errors make the data in-
creasingly noisy, beginning usually with the highest values of n. Second, the
interpolation stages require sufficiently large values of N, since the constant
asymptotic behavior at large » may be preceded by non-trivial transients. For
a given resolution N and a given precision, the procedure must be stopped
at the latest interpolation stage not significantly affected by the two effects
just mentioned. In practice we should have a significant range of values of n
over which the data are almost constant and not affected by rounding noise
(if the rounding noise is very low this range may extend all the way to N).
When the down process is stopped the data are interpolated and the process is
reversed, by applying “up” transformations which are the inverses of the down
transformation in the reverse order. The inverses of the D, R and SR transfor-
mations involve one or two unknown additive or multiplicative constants which
are determined using the highest known values of the G, and of their down
transforms.

When the process is completed, the data are asymptotically expressed as
a truncated transseries. Roughly, a transseries is a formal asymptotic series in-
volving integer or fractional powers, logarithms, exponentials and combinations
thereof.(26—2%)

A worked example will now give the reader a more concrete feeling.
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3.1. Testing the Asymptotic Interpolation Method on the Burgers
Equation with a Single-Mode Initial Condition

Here and in Sec. 6 we shall perform tests using the one-dimensional inviscid
Burgers equation

u(t,x)+u(t, x)ou(t,x)=0, (15)

with a 2w -periodic real initial condition #((x) having a finite number of Fourier
harmonics. We begin by recalling some well-known facts about the solution and
the singularities of the inviscid Burgers equation. Equation (15) has an implicit
solution in Lagrangian coordinates

u(t,x) =up(a); x =a+ tup(a). (16)

Up to the time ¢, of the appearance of the first shock, the Lagrangian map a +— x
has a Jacobian

J(t,a) = 1 + tdauo(a) (17)

which does not vanish in the real space domain and (16) defines a unique real
solution. This solution has singularities in the complex domain (with the real part
defined modulo 277) at locations which are the images by the Lagrangian map of
the zeros of the Jacobian J. Generically these are simple zeros. The singularities
in Eulerian coordinates are then square-root branch points. The solution can also
be written explicitly using the Fourier-Lagrangian representation,?*:3® which in
a special case was actually discovered earlier by Platzman.®! In the periodic case,
the simplest representation, called the third Fourier—Lagrangian representation,
valid for k # 0, is

[e.¢]
u(t.x) =) i), (18)
k=—00
2
ar(t) = — / ne_ik(”““"(”))da. (19)
2i7'[kf 0

In this section we take the “single-mode” initial condition
1.
uola) = —3 sina, (20)

for which the first real singularity is at ¢, = 2. Using (19) and the integral repre-
sentation of the Bessel function J, of integer order n (see, e.g., Ref. 32 p. 360),
one finds®!

u(t) = %Jk(kl‘/2). (21)



42

CHAPTER 4 BPH method and numerical analysis of Fourier/Taylor-coefficients

1102 Pauls and Frisch

For convenience, we shall consider the solution at # = 1. This single-mode
solution has only one pair of complex conjugate singularities on the imaginary
axis at

zF = 4is, 8:1n(2+\/§)—?. (22)

Bessel functions of large order and arguments have an asymptotic expansion
(in the sense of Poincar¢), obtained through the method of steepest descent by
Debye.(?) (The matter is also discussed in Chap. VIII of Ref. 34). Debye identified
various asymptotic regimes which, in our notation, depend on whether ¢ is less
or larger than 7, and is or is not very close to #,; his classification is in one-to-
one correspondence with that of the various regimes relating to preshocks, as
discussed, for example, in Refs. 29-30. When ¢ = 1, well before ¢,, the relevant
Debye expansion for £k — +o0 is:

k3e ok (1 +y —””(Zk/nﬁ)), (23)
n=1

ﬁk(l) ~

Vi3

where § is given by (22),

_ 3g 58
n) = o
8182 —462£* 4 385¢°
v(§) = T : (24)
3037583 — 369603&° + 76576587 — 425425&°
y3(§) =

414720 ’

and the higher-order polynomials y,(&) satisfy recurrence relations given, e.g.,
in Ref. 32. The leading term of this expansion follows also from the Darboux
theorem (11).

Let us now show that the asymptotic interpolation method, as outlined in
Sec. 3, when applied to the Fourier coefficients of the single-mode solution (21)
can recover a suitably truncated version of the Debye expansion (23). We use all
the Fourier coefficients withk = 1, ..., N, where N = 1000 and define our initial
data setas G, = u,(1)/i.

Each coefficient is calculated with an 80-digit precision (using Mathematica®
and 120-digit working precision). The basic transformations and their inverses
are implemented numerically in 80-digit precision, using the high-precision
packages GMP and MPFR available from http://www.swox.com/gmp/ and
http://www.mpfr.org/.
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Fig. 1. Numerical output from asymptotic interpolation at stages 1-6. Stages 1-5 are represented in
linear coordinates. For stage 6 we represent the difference between Gg(n) and its asymptotic value 2
in lin-log coordinates.

With these data we are able to reach stage 13. The list of successively applied
transformations, resulting from the tests given in Sec. 3, is

SR,-D,I,D,D,D,D,I, D, D, D, D, D (25)

Figure 1 shows the first six stages. It is mostly intended to bring out overall features
and to make clear which of the four transformations is to be selected at the next
stage

It is very easy to understand why the first six stages are as listed above.
Indeed, let us suppose that, to leading order, G, = Cn~%e~%". We can work out
analytically the various transforms and we list hereafter the result up to the sixth
stage, displaying only the leading and when needed the first subleading term in
the large-n expansion:

@ _p2¢ 1 n p 3n* p 3n
H_

Cnoen B2 R L7 b
n? n3 2a 2 o
It is seen that stages 1 and 6 are interpolation stages at which the data are asymp-
totically flat. Stage 6 is particularly important since the asymptotic value 3/« gives
the scaling exponent «. According to (23), for the Burgers single-mode solution,
the asymptotic value should be 2.
Let us now show in some detail how the asymptotic interpolation technique
works to give us the asymptotic expansion of G,. We begin by limiting our-
selves to a six-stage procedure. The successively transformed data will be denoted

3
22 (6)
o
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G, ..., G®. Following Ref. 11, we interpolate G'® by 3/a. How cleanly this
can be done is visible in the last of the graphs in Fig. 1, where we show the
discrepancy between G'? and its asymptotic value 2. This discrepancy falls to
about 10710 at the upper end of the range. Then we determine G by inverting the
relation G® = DG.® This involves an unknown additive constant which is de-
termined from the last data point Gg\s,). Then we continue inverting the D operators
appearing at stages 4 and 5, each time using the last point to obtain the additive
constant. In this way we obtain a cubic polynomial for G.*¥ We then invert the
operator I and obtain the inverse of the aforementioned cubic polynomial, which
can be written —2an (1 +d,/n + dy/n* + d3/n> + - - ) with in principle well
defined constants dy, d», etc. Then we invert the operator SR; this can be done by
taking a logarithm which will transform second ratios into second increments. At
the end of the process we obtain the asymptotic expansion

G, ~ Cn—%e™ [1+ﬁ+”—j+y—§+0<i4)]. 27)
n o n n n

It is actually simpler to start with (27) and to apply successively the first
six transformations listed in (25) to identify the parameters. With the six-stage
procedure we obtain C, «, §, y1, ¥», ¥3. Their values are given in Table 1.

It is seen that the coefficients C, o and § appearing in the leading term have a
precision of at least 10~!°. The precision of the coefficients y; for the subleading
terms deteriorates with the order.

We now turn to the analysis using a 13-stage procedure. This allows a much
more precise determination of the aforementionned coefficients and, in principle,
the determination of six additional terms in the expansion (27). After stage 6, the

Table I. Solution to the Burgers equation with single-mode initial condition: Compar-
ison of theoretical values with 6-stage and 13-stage asymptotic interpolation values
for the first six coefficients in Debye’s solution (23).

o 1) C
6 stages 1.49999999993 0.4509324931404 0.4286913791
13 stages 1.49999999999999995  0.450932493140378061868  0.4286913790524959
Theor. value  3/2 0.450932493140378061861  0.42869137905249585643
1 V2 V3
6 stages —0.17641252 0.17295 —0.401
13 stages —0.17641258225238 0.172968106990 —0.406446182
Theor. value —0.176412582252385 0.1729681069958 —0.4064461802
Y4 Vs Y6
13 stages 1.384160933 —6.192505762 34.5269751
Theor. value  1.3841609326 —6.1925057618568063655 34.526975286449930956

Note. For 13-stage asymptotic interpolation we also give some of the higher order coefficients.
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next interpolation stage is stage 13. This is easily shown by observing that the
discrepancy between G and its asymptotic value 3/a = 2 is O(1/n*), because
all the lower-order terms have been stripped off by the first six transformations.
More specifically, we have

© _Hy 1 2 6 a4 6%
@ _2+n4+n5+n6+n7+n8+n9+£n’ (28)
1
Stages 7—13 gives us the coefficients ¢y, ..., ¢ and allow us to find the remainder

ry, as defined in (28). We found that r,, determined by this 13-stage procedure,
falls to about 5 x 10~!7 at the end of the range. As shown in Table 1, the precision
on the first six coefficients in the asymptotic expansion has improved very much
and is now of a few 10~!7 for the exponent «.

3.2. Further Remarks on Asymptotic Interpolation

The method of asymptotic interpolation is still in the development stage; im-
provements and new features are thus to be expected. Some are already suggested
in the initial publication.!") One rather straightforward extension is from real to
complex data. For rapidly growing data, one can use logarithms instead of ratios.
In Ref. 11 it is recommended to take ratios or logarithms as often as possible and
to define “slow growth” as slower than, say, #°/>. This helps in identifying the
functional form of the transseries expansion. Once this is known, we found that
the values of the coefficients can be generated more efficiently by using a rather
broad definition of slow growth, namely well-identifiable polynomial behavior.

A very important issue is to determine how many stages are feasible with
a given resolution N and a given precision. We have found that the successive
interpolation stages, at which the data are asymptotically flat, have this flat regime
preceded by longer and longer transients. To make this more concrete we have
investigated how far it is necessary to go to be within five per cent of the asymptotic
value for the Burgers single-mode problem. For stage 6 the asymptotic value is 2
and the data are within five per cent everywhere. For stage 13, the asymptotic value
is about 0.33836513 and less than five per cent discrepancy holds for » > 25. The
next interpolation stage has number 20. The asymptotic value is 2/7 but less than
five per discrepancy holds only beyond n = 1620. In Fig. 2 we have represented
the data at stage 20. It is seen that the discrepancy is enormous until we reach well
beyond n = 1000. Obviously, if N is not large enough the stripping of subleading
terms performed by the successive stages must be stopped however high the

precision of the data may be. A related issue is discussed at the end of Sec. 7 of
Ref. 11.
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Fig. 2. Interpolation stage 20 has the asymptotic value 2/7 as shown in the inset. The main figure
shows the discrepancy Gyo(n) — 2/7.

Since rounding errors increase with the stage number, a certain balance must
be kept between resolution and precision. To investigate this quantitatively on
the Burgers single-mode problem, we have artificially degraded our precision by
adding random noise of various strengths. It appears that we need at least 16
significant digits at stage 6 and 27-35 significant digits at stage 13.

If we are only interested in obtaining an accurate determination of a few
terms in the expansion (27), we may be able to retrieve them using asymptotic
interpolation stopped at the sixth stage and continuing with a different strategy.
Indeed we observe that, at the sixth stage, the data given by (29) have the form

G£,6) =5 +7y, (30)

where the remainder 7, decays to zero as n — o0. This is a well studied situation
in the theory of convergence acceleration by sequence transformations, whose
goal is to replace the sequence (30) by a transformed sequence having the same
limit s but a much faster decaying remainder (see, e.g., Refs. 21, 22). A simple and
very popular acceleration method appropriate for (29) is Wynn’s rho-algorithm, )
although more sophisticated methods are known.") In our case it gives the correct
value 2 with a 20-digits precision. This is even better than the 13-stage asymp-
totic interpolation. Note that the choice of a particular convergence acceleration
method depends crucially on the functional form of the remainder. With asymp-
totic interpolation this form can be determined rather than having to be assumed.
Here a caveat is in order: if the data are not sufficiently asymptotic the mixed
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procedure just described will not work, for example because the remainder has not
yet settled down to algebraic decrease. A situation of this type seems to be present
in the work on short-time asymptotics discussed in Ref. 17: the rho-algorithm
does not improve the quality of the scaling exponent controlling the divergence
of the vorticity at the singular manifold and much higher resolutions are probably
needed for that problem.

E.J. Weniger (private communication) has pointed out that asymptotic in-
terpolation and sequence transformations have technical features in common. In
asymptotic interpolation one tries to annihilate leading terms in the asymptotic ex-
pansion, whereas in sequence transformation one tries to shrink the remainder by
annihilating its largest contributions, but the transformations used in both instance
are often the same, for example, finite difference operators.

A powerful method of asymptotic series analysis, widely applied in
statistical physics, is the method of differential approximants, which can
be viewed as a generalization of the Dlog Padé method.””) In particular it
has been used to analyze self-avoiding walks (SAWSs) and polygons (SAPs).
We have applied the asymptotic interpolation method to data available at
http://www.ms.unimelb.edu.au/ iwan/polygons/Polygons_ser.html.
The goal was to see how well we can reproduce the asymptotics of the number
of self-avoiding polygons with 2# steps on square and honeycomb lattices.?3~2%)
When analyzing the square lattice data for the largest available range, that is n
up to 55, we found that asymptotic interpolation gives the value of the critical
point correct to 9 decimal places, whereas differential approximants give about 3
additional digits. We observe that (i) the actual implementation with asymptotic
interpolation is somewhat simpler and (ii) asymptotic interpolation is not limited
to problems which can be well approximated by solutions of low-order linear
differential equations.

The method of asymptotic interpolation is, in our opinion, very useful but is
of course not the panacea. One disease it cannot directly cure is the presence of
sinusoidal oscillations. For example if the analytic function f(Z) has two complex
conjugate singularities at Re*'?- on its circle of convergence, large-order Taylor
coefficients will present a sinusoidal oscillation with a wavelength proportional
to ¢,. After any number of stages, this oscillation is still present and the data
cannot be interpolated by a constant. As we shall see now, a Borel transforma-
tion takes care of this problem and can also bring hidden singularities to the
foreground.

4. POLYA’S THEOREM

Here we just want to give the reader a good feeling of what the theorem states
and a heuristic derivation. We begin with examples discussed in Sec. 32 of Ref. 7.
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Let ¢ = |c|le™'” be a complex number and consider the function

FQ)=eS =1+ 455 4. 31)

which corresponds to the choice a, = ¢" in (2). The Borel-Laplace transform,
given by (4), is
BL 1 c c 1

f (Z)—Z+ZZ+Z3+~~—Z_C. (32)
It has a pole at Z = ¢, whereas F(¢) is an entire function (analytic in the
whole complex domain). We set { = re'? and let » — oo, holding the direc-
tion ¢ fixed; the modulus of F(¢) = ellre’™ in the direction ¢, varies ex-
ponentially at the rate A(¢) = |c|cos(¢p — y), called the indicatrix of F. We
define k(¢) = Re(ce™'?) = |c|cos(¢ + y). This is the (signed) distance of
the origin to the line normal to the direction ¢ passing through the pole ¢
and is called the supporting function of the (single) singularity. We observe
that

h(¢) = k(=¢). (33)

This relation is the simplest instance of Polya’s theorem.
Next, following again Polya’s Sec. 32, we want to have » distinct poles at the

complex locations ci, ¢z, ..., ¢,. For this we take complex linear combinations
with non-vanishing coefficients Cy, C,, ..., Cp:
F(¢) = C1e“¢ 4 Cret +---+Cpecf’5. (34)
The Borel-Laplace transform is
C C, C
BL P
A Z—c Z-ac Z—c, 33)

For any ¢ € [0, 2], we define now the indicatrix and the support function, a little
more formally, as

h(¢) = limsupr ' In|F(re'?)|, (36)

r—00

(in the present example, the lim sup is just an ordinary limit) and

k(¢) = sup(X cos ¢ + Y sing) = sup{Re (Ze ')}, (37)
zeK ZekK
where Z =X +1Y and K = {ci1, ¢2, ..., cp} is the singular set. Since there is

a finite number of singularities, the sup operation is just the same as the max-
imum. We define a supporting line of K as a line which has at least one point
in common with K and such that all the points of K are in the same half space
with respect to the line. The intersection of all these half spaces is the convex
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Fig. 3. Construction of the supporting function k(¢) of the set K of singularities of fBL(Z). The
singularity c; is on the convergence circle; the convex hull of K is defined by ¢, ¢ and c3. The
singularity c4 is inside the convex hull.

hull of K. In the present case this is just the smallest convex polygon con-
taining all the poles. It is readily seen that k(¢) is the (signed) distance of the
origin to the supporting line normal to the direction ¢ (see Fig. 3.) The rate of
growth of F(¢) in the direction ¢ is obviously that of the fastest growing of the
p exponentials in (34), which is precisely k(—¢), so that Pdlya’s relation (33)
holds.

He proved a much more general theorem: Let fBY(Z) be an analytic function
defined by the Taylor series (4) in powers of 1/Z which has a finite non-vanishing
radius of convergence H, and let K be the smallest convex compact set containing
its singularities, then (i) the Borel transformed series (2) defines an entire function
of exponential type, and (ii) the indicatrix h(¢) of F(¢), defined by (36), and the
supporting function k(¢) of K, defined by (37), are related by h(¢) = k(—¢) and
H = supy h(¢).

(An entire function F'(¢) is said to be of exponential type if its modulus is
bounded by 4e?¢! where 4 and a are suitable positive constants.)
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Pélya’s proof (not given here) makes use of the fact that fBL and F are
Laplace transformed of each other, specifically,

1P(z) = / " Fo)e % de, (38)
0
1 a+ioo
FO) = — P2y dZ. (39)
2mi a—ioo

where a is any real number such that the singular set K is entirely contained in
ReZ < a.

Observe that no particular assumption is made regarding the type of the
singularities which can be isolated (e.g. poles or branch points) or continuously
distributed (natural boundary). Inside the circle of convergence | Z| = H, the series
(4) is divergent. However if the whole circle is not a natural boundary, the function
fBL(Z) can be analytically continued to suitable Z s inside this circle and the pair of
integrals (38) and (39)can be viewed as a way of resumming the divergent series (4).

In applications it frequently happens that all the “edge singularities,” that
is, those determining the border of the convex set K are isolated. This border
is then piecewise linear, as in the case of n poles discussed above. The angular
dependence of the supporting function is then given by k(¢) = |c;| cos(¢ + y;)
in the angular interval ¢;_; < ¢ < ¢; for which the supporting line normal to ¢
touches K atc; = |c;le™'? (see Fig. 3). If k(¢) is known with high accuracy, then
the positions of the edge singularities c¢;s can also be determined accurately.

Moreover we can then determine the type of an isolated singularity at c;
by studying the asymptotic behavior of F(¢) along rays ¢ = re'? with large
r, in a suitable angular interval. For example, let us assume that, near c¢; the
function f(z) has an algebraic singularity and is to leading order proportional to
(Z — ¢;)*~!, where the exponent « is real and not a positive integer. (If« — 1 > 0,
this behavior is assumed for a suitable first- or higher-order increment of f.) After
shifting the contour of integration to follow the boundary of K near ¢; (cf. Fig. 4),
application of steepest descent®”) to (39) with ¢ = re'? taken in the angular sector
$j-1 < —¢ < ¢; andr — o0 yields

G(r) = |F(re'?)| = Cr " [1 + &(r)], (40)
h(¢) = |c;|cos(¢p — ;). 41)

Here C is a positive constant and e(7) tends to zero for » — oo at a rate which
depends on what is assumed for subleading corrections to the (z — ¢;)*~! singular
behavior. If we are able to identify the algebraic prefactor to the exponential in
(40), we can find the exponent « of the algebraic singularity.

Non-algebraic singularities can be handled similarly. For example, if near ¢;
the function f(z) behaves as e!/(#=¢)_ application of steepest descent shows that
instead of the algebraic prefactor proportional to » ~* which appears in (40), we
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Fig. 4. Contour of integration for computing the inverse Laplace transform of fBY(Z) (dashed line)
and its deformation to obtain the asymptotic contribution from the singularity at ¢ (continuous line
with arrows).

obtain an exponential prefactor proportional to e*2cos(¢/ V7 Furthermore, if all
the singularities on the convex hull of K are isolated, then (37) remains valid: the
indicatrix is piecewise a cosine function.

How this is done in practice will be discussed in the next section.

5. THE BOREL-POLYA-HOEVEN METHOD

As we have seen in Sec. 3, the asymptotic interpolation method, applied to
the Taylor coefficient of an analytic function with a finite radius of convergence
determined by a single isolated singularity allows one to identify its location and
type. This is not the case if there is more than one singularity on the convergence
circle. Furthermore “hidden” singularities are not directly retrievable from the
asymptotics of Taylor coefficients.

We can however take advantage of Polya’s theorem (Sec. 4) to replace the
analysis of large-order Taylor coefficients of an analytic function by the analysis
of the behavior of its Borel transform at large distances in the complex ¢ plane
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along various rays. This behavior can be found by asymptotic interpolation, from
which we can then construct the convex hull K of the singularities and obtain their
type when they are isolated. This is the BPH strategy which we now describe in a
more detailed way.

We start from a truncated Taylor series in inverse powers of Z

N

P =Y o “2)

n=0

with N terms, each of the coefficients being known with a precision €. We construct
the associated truncated Borel series
A
Frg)=) ¢ (43)
n=0
We choose a certain number of discrete angular directions characterized by
their angle ¢. Along each ray ¢ = re'?, we evaluate the modulus of the Borel
series at M points spaced by a constant distance (mesh) 7y:

G = |Fr(mroe'®)|, m=1,2,..., M. (44)

Then we apply the asymptotic interpolation method of Sec. 3 to identify a large-m
leading-order behavior. For example, for algebraic singularities we have

G = C(¢)(mry) 2@ eh@mro, (45)

This gives us the constant C(¢), the prefactor exponent —«/(¢) and the indicatrix
h(¢) for the discrete set of directions. Polya’s theorem then gives us the supporting
function k(¢) = h(—¢) of the set K of singularities of the Taylor series. As we
have seen in Sec. 4, if the singularities on the convex hull of K are isolated and are
located at |c; le=17/, then the supporting function is piecewise a cosine function,
given by |c;|cos(¢ + y;). The exponent a gives us the type of the singularity:
a branch point (or a pole) of exponent o — 1. Other types of singularities, for
example of the exponential type discussed near the end of Sec. 5, are handled
similarly after identification of the appropriate asymptotic behavior.

In practice, we have to choose the set of discrete directions, the mesh r( and the
maximum number of points M on each ray. If we happen to know the number p of
isolated singularities and, at least approximately, their positions we can pinpoint
the latter by taking 2p suitable ¢ directions. This is however rarely the case.
We recommend taking a fairly large set of directions (for example 500 uniformly
spaced directions) in order to reduce the risk of missing one or several of the cosine
functions. The natural choice for the mesh rq is H~! where H is the radius of
convergence of the Taylor series. An approximate value is Hypprox = (1/7)1n |a,|
for large n, which is roughly constant. For the determination of the largest distance
Fmax = Mro we limit ourselves to the case where the function F(re'?) grows at
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large distances, that is #(¢) > 0 (otherwise there are severe numerical problems).
Fmax is then determined by the condition that the last term ay¢”™/N! of the
(truncated) Borel series (43) should introduce a relative error in the determination
of F(re'?) which does not exceed the precision & with which the Taylor coefficients
are known. A rough estimate for |ay| is HY and for | F(rmaxe'?) is ¢ ™. Using
the Stirling formula, we find that, to leading order M ~ N (the dependence on ¢
appears only in subleading logarithmic corrections).

We mention that an improvement would be to replace a mere polynomial
truncation of the Borel series by a suitable resummation/acceleration method for
computing entire functions.®® This could be crucial for determining negative
indicatrix values, that is, when F(¢) is exponentially decreasing at large ¢.

It is of interest to know how well we can separate two discrete singularities.
By Polya’s theory, each singularity contributes an exponential term to the large-r
behavior of the modulus of the Borel transform. If » becomes sufficiently large
compared to the difference in the two e-folding rates, only one of the two singu-
larities will be seen. By suitably changing the direction of the ray in the ¢-plane
we can then focus separately on each singularity. The worst case for discrimi-
nation is when we have two singularities which are at the same distance of the
origin. Assuming that this common distance is comparable to the radius of con-
vergence H and denoting by A the distance of the two singularities, we find that
the largest discrepancy in e-folding rate is roughly A?/H. Denoting, as above, by
M the maximum number of point on a ray, we find that good separation requires
the separation parameter M A2/ H? to be large. Since discrepancies are amplified
exponentially, a separation parameter of 10 may suffice.

We shall not here discuss issues of algorithmic complexity, such as the re-
duction of the number of operations to evaluate the truncated Borel series. In
applications the complexity of the numerical calculations needed to accurately
determine the Taylor coefficients will usually exceed very much what is needed
for the BPH analysis.

6. TESTING BPH ON THE BURGERS EQUATION
WITH MULTIMODE INITIAL CONDITIONS

To test the BPH method we need a Taylor series having either a pair of
singularities on the convergence circle or “hidden singularities.” As in Sec. 3.1,
this can be done using 27 -periodic solutions of the inviscid Burgers equation. The
2-mode initial condition

ug(a) = Ap sina + A sin(2a),

ao=—1/2, d=(1/16)4 — J/(14)) + e, (46)
e = 1/150,
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produces at = 1 a solution u(1, z) having, in Eulerian coordinates, singularities
at

zF = 40.1103542160016972443
+1 0.737097018253664793. 47)

Henceforth we shall concentrate on the singularities of u(1, z) in the lower half
plane, which are also the singularities of the function u™ (1, z), the sum of Fourier
harmonics with £ > 0. Note that there are two singularities with the same imagi-
nary part and opposite real parts (this is a consequence of the symmetry a > —a,
ug — —ug of the initial condition and of the complex conjugate symmetry). When
the Fourier series for u™ (1, z) is transformed into a Taylor series in inverse pow-
ers of Z by setting Z = e'%, the z singularities get mapped onto two complex
conjugate Z singularities

ZF =0.4755903313336372343 i 0.0526974896343733942. (48)

The 3-mode initial condition

uo(x) = Apsinx + Ay sin2x + A3 sin3x (49)
1 4-J14 1
)\. = ——, )\, = — —_—,
Ty 2 6 50
1
M= —— 50
. 100 (50)

produces at ¢ = 1 a solution u(1, z) having, in Eulerian coordinates, in the lower
complex half plane singularities at

z1. = —1 0.4608974136239120258 (51
zzi* = £0.8575677577466957833
—1 1.1175132271503113898. (52)

The z, singularity is on the imaginary axis and is the closest to the real
domain. The other two are further away (hidden) and symmetrically located with
respect to the imaginary axis. The corresponding Z singularities are

Z1, = 0.6307173770893952917, (53)
Z;t* = 0.2140094820693456182
+1 0.2473645913888956747. (54)

are shown in Fig. 5.
To apply the BPH method we generate the Fourier harmonics with &k =
I,..., N =1000 using the third Fourier—Lagrangian representation (19). The
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Y

=y

Fig. 5. Positions in Z-plane of the singularities for the 3-mode initial condition. Continuous line: circle
of convergence; dashed line: image of the real domain by the map z — e™'%.

Lagrangian integrals are again calculated with 80-digit precision and 120-digit
working precision. The Borel transform is calculated for 20 values of ¢ between
0 and /2 (a symmetry ¢ — —¢ makes it unnecessary to take ¢ < 0 and for
¢ > /2 the indicatrix is negative). For the mesh we take 7y = 1. The total number
of points on each ray is M = 500. Along each selected ray, application of six-stage
asymptotic interpolation gives us C, o and 4. We can check that the indicatrix
is piecewise a cosine function as implied by (37). Least square fits allow us to
identify the parameters of these cosine functions and thereby to find the locations
of the singularities. We recover the known values with an accuracy of about 107°,
We found that the accuracy on “hidden singularities” is comparable to that on
directly visible ones. We also found that N = 1000 is not sufficiently asymptotic
for a 13-stage analysis of the kind described in Sec. 3.1.

7. CONCLUDING REMARKS

One central theme of this paper is the use of a Borel transform, in con-
junction with Pélya’s theorem, to reveal singularities not directly accessible from
the asymptotic behavior of the Taylor/Fourier coefficients. A very useful prop-
erty of the Borel transform of a Taylor series (in inverse powers of Z) is that its
large-distance behavior encodes information not only about those singularities of
the Taylor series located on its convergence circle, but also about other singu-
larities “hidden” inside this circle. Actually the Borel transform, followed by a
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Borel-Laplace transformation is a way of performing analytic continuation. Re-
covering hidden singularities from a Taylor series has important applications
in a number of fields; many of the known techniques have been reviewed by
Guttmann.®

To the best of our knowledge Polya’s theorem has never been used as a
numerical tool for identifying singularities. The theorem is of a very general
nature and assumes nothing about the nature of the singularities; this has the
great advantage that we do not have to distinguish between true and spurious
singularities, as is the case, for example, when using Padé approximants and
related methods. The principal drawbacks are that (i) not all hidden singularities
are accessible, only those located on the convex hull of the singular set, (ii) pairs
or clusters of singularities situated too close to each other may not be easily
distinguishable, and (iii) enough terms in the series must be known to be able to
actually obtain the asymptotic behavior of the Borel transform. When hundreds
to thousands of Taylor coefficients are known, alternative mathematically well-
founded techniques may become competitive, for example the old Weierstrass
analytic continuation method; thanks to recent algorithmic discoveries it can be
performed quite efficiently.3%-4)

The other theme of this paper is the asymptotic interpolation method of van
der Hoeven which is here used both directly (when Darboux’s theorem is ap-
plicable) and indirectly by means of Polya’s theorem. When a large number of
Taylor/Fourier coefficients are known with sufficient accuracy, asymptotic inter-
polation can give truly remarkable results, providing us not only with very accurate
leading terms but also with several subleading corrections. As we have seen in
Sec. 3, there is usually a well-defined relation between the number of subleading
correction terms and the number of stages of the procedure which can be achieved.
The latter depends crucially on the number of known coefficients and on their pre-
cision. For example, if the data have only double precision, it is unlikely that more
than six stages can be achieved. Asymptotic interpolation might than be viewed
as an overkill compared to more standard techniques, but it is worth stressing that
asymptotic interpolation is very easy to implement.

Which kinds of problems are most likely to fall within the prongs of full-
strength Borel-Polya—Hoeven-type analysis? This depends crucially on the com-
putational complexity of the problem, that is the dependence of CPU requirement
and storage on the number of coefficients N. As pointed out by Guttmann,® phase
transition problems formulated on a lattice require usually enumerating diagrams
and the number of these tends to grow exponentially with order, while fluid dy-
namics problems generally have only polynomial complexity. In connection with
phase transitions our BPH method is likely to be less precise than alternative
methods such as differential approximants, but it can usefully supplement them to
ascertain that the singularities identified are not artefacts.
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In fluid dynamics one outstanding problem is the issue of finite-time blow-up
for the three-dimensional incompressible Euler flow with smooth initial data.(1%-41)
For initial data having simple trigonometric polynomial form, one can deter-
mine numerically a number of coefficients of the Taylor expansion in time of
the enstrophy (integral of one-half the squared vorticity). This was done for
the Taylor-Green flow by Brachet et al.*? (yielding 40 non-vanishing coeffi-
cients calculated with quadruple working precision) and for the Kida—Pelz flow
by Pelz and Gulak®® (yielding 16 non-vanishing coefficients having at least 40-
digit precision). Because the number of coefficients is rather small, there is no
consensus on what the results imply for blow-up. Such calculations have a com-
plexity O(N®) which can however be reduced to O(N*) (up to logs) using the
method of relaxed multiplication.*®) It is likely that a state-of-the-art calculation
for flows with simple trigonometric polynomial initial conditions can give up to
several hundred non-vanishing Taylor coefficients of the enstrophy, with a work-
ing precision of several hundred digits. Another problem which can be tackled
by series analysis is the analytic structure of the two-dimensional incompressible
vortex sheet (Kelvin—Helmbholtz instability). It is known that an initially analytic
interface will develop a singularity in its shape after a finite time. Moore has
made a prediction regarding this singularity*” which has been studied by vari-
ous numerical techniques.('®#) Again there is no consensus on the type of this
singularity.

It is of course of interest to extend to several dimensions the BPH method,
here presented only in the one-dimensional case. We observe that there exist
multi-dimensional generalizations of the Borel transform“®=#® and that the the
asymptotic interpolation method can also in principle be extended to several
dimensions.('") In several dimensions, singularities are not point-like; they reside
on extended objects such as analytic manifolds and can have a much more involved
structure than in one dimension. It is possible to partially reconstruct such objects
using a variant of BPH. Furthermore, we note that Polya’s theorem has been
extended to several complex dimensions*® (it is then referred to as the Ivanov—
Stavskii theorem). Information on singularities can then in principle be obtained
numerically in a way analogous to what has been done in Sec. 5. Such issues will
be discussed elsewhere.
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4.2 'Two-dimensional generalization of the BPH-method

A two-dimensional generalization of the BPH method, discussed in [PF07] is in principle
straightforward. Let there be given a double series

[ o)

F(é,6) = Y > F(ni,no) €7165°. @.1)

n1=0n2=0

As we have in Section 4, singularities of F'(£1, £2) can be analyzed by studying the singu-
larities of its (p, g)-diagonal d(,, 4)(¢) for various rational directions (p, g). The singularities
of the (p, ¢)-diagonal can be studied by the one-dimensional BPH method. Thus, we can
obtain numerically the functions 4, (8) and ¢, (6, m) (we will refer to ¢, as the phase) and
reconstruct from them the contour and the cocontour. One essential difficulty is, however,
the nonuniqueness of the phase ¢, (8, m).

Here we give a simple example. Suppose that ¢(8, m) is given as

2mm

The resulting distribution of values is represented on Fig. 4.1. Chosing for example the

¢(6,m) =7+ (4.2)

5 T T T T T
Taking into account periodicity ~ +
True data

Falsifi+ed data i

Phase

’ 0.2 0.4 0.6 0.8 1 1.2 14
Angle
Figure 4.1: Equation (4.2), represented for various rational directions. The falsified data,
represented by the blue line, are obtained by chosing the values of ¢(8, m) which are closest
to zero.

values of ¢(8, m) which are closest to zero, we obtain a completely chaotic distribution
of points which does not in any way resemble the original function ¢(6) = 7. Actually,
this “falsified” representation of ¢(6) is what we observe in practice when using the two-
dimensional BPH method numerically.

4.2.1 Testing the two-dimensional BPH method

To test the two-dimensional BPH method, we propose to analyze the singularities of the
rational function F'(§1,&2) = 1/P(&1,&2). Here, P(&1, €2) is the polynomial corresponding
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to the first example (“dimer model”) in Section 3.2.4

€
318
Numerically, the coefficients of the Taylor expansion are most conveniently calculated from

a linear recursion relation (linear partial difference equation with constant coefficients) cor-
responding (see Section 4.2.2) to the polynomial (4.3)

P(,&)=1+& + &+ (4.3)

F(ky+2,ko+2)+F(ky+1,ko+ 1)t + F(ky+1, ky)e t+ F(ky, ka+1)e™t =0, (4.4)

initialized as F'(ky, ko) = 0 for k1 < 0 or kg < 0, except for (0,0) = 1.

To test the two-dimensional generalization of the BPH method I have calculated the
solution of Equation (4.4) using high-precision arithmetics with resolution up to 1000 x
1000. Then, together with Takeshi Matsumoto, I have applied the 2D BPH method to
determine the contour and the cocontour of the polynomial (4.3).

First, as shown on Figs. 4.2 and 4.3, we have extracted the phase ¢(8) by demanding

18 | Raw datla +
Extracted phase
Evaluation points <
L6 - Yo [FORE KK S0l :
SR A

14 | + + B

1.2 —
= ]
[%2]
e
o

0.8 —

0.6 | 4

04 i + + i 1

+ +
021 +++ S SN SF ++++i+ + 4 +ﬂ?¢ T
+ + .+ + L
+F + e T T
o A . 1 Y ﬁ—t‘ﬁ%ﬁ.
0.4 0.5 0.6 0.7 0.8 0.9 1 11 1.2
Angle 6

Figure 4.2: Data obtained from the numerical analysis of the Borel transform of the diagonal
along various rational directions are represented by red crosses +. Data obtained by taking
into account the periodicity are represented by the green line —. Data obtained by omitting
the points with too large scattering are represented by blue crosses x.

that it be continuous. It is seen that the scattering of the extracted data is quite large. This is
due to the insufficient convergence of the Borel transform for the rarely populated directions
(p, q). However, by omitting the points which are too far off, we are nevertheless able to
reconstruct the cocontour, as is shown on Fig. 4.4.

4.2.2 Asymptotics of solutions of linear partial difference equations with constant
coefficients

Given that the main numerical method of calculating solutions of various equation in this
thesis are recursion relations (partial difference equations), we remark that asymptotics of
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17 T T T T T T T
Extracted phase
Evaluation points ——

1.65 - —

16

155

Phase ¢@

15

1.45 —

1.4 1 1 1 1 1 1 1
0.5 0.6 0.7 0.8 0.9 1 11

Angle 6

Figure 4.3: Data extracted by using the two-dimensional BPH method by taking into ac-
count the periodicity (enlarged). Data displaying too large deviations are omitted.

solutions of linear partial difference equations with constant coefficients can be determined
analytically by using the methods presented in Chapter 4 (see also [LPTs05]). Consider the
two-dimensional difference equation

> ok, ky)F(ky + Ky + k) =0, (ki ko) € 22 (4.5)
(k! kL)eA

where A is a finite subset of Zﬁ_ and c(k}, k%) are constants. The characteristic polynomial
of (4.5) is defined as
Q&)= > clk, kp)er e, (4.6)

(k1.k3) €A

With a two-dimensional generalization of the Z-transform (which is used to solve ordinary
linear difference equations, see [Ela05]) it can be shown that for for suitable initial condi-
tions, solutions of (4.5) are given by the coefficients of the Taylor expansions of functions
P(&1,£2)/Q(£1,&2), see [Lei04]. The exact form of P(&1, £2) depends on the choice of the
initial conditions for (4.5); in the simplest cases P(1, £2) is a polynomial.

We now observe, that for such initial data the asymptotic expansion of the solution
of (4.5) is determined by (3.54). A similar result has been obtained in [LPTs05], however,
under quite restrictive assumptions on the form of the characteristic polynomial Q (&1, £2).

4.2.3 Other possible generalizations of the BPH method to two dimensions

Consider again the double series (4.1). One possible definition of the Borel transformed
. 1 .
series is -

d F(ky, ko)
(BF) (¢ ) =D Y. ;flw 4.7

k1=0k>=0

"Note that there exist other extensions of the Borel transform to several dimensions, see [AT71, Tru72].
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3k Reconstructed datapoints + i
Cocontour
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2 - -
=
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Figure 4.4: Numerical reconstruction of the cocontour in comparison with the exact solu-
tion.

see e.g. [Ron74]. Analogously to the one-dimensional case it can be shown that, if the
domain of convergence of the series (4.1) contains the origin, then (BF')((1, 2) is an entire
function. As in [PF07], it is convenient to introduce the function

F(kq, k)
BL( 1, k2)
FHe ) = Y ) k1+1 728 (48)

k1=0k>=0

Then the relation between FBL(¢;,€5) and (BF)((1,¢z2) is given by a two-dimensional
Laplace integral.

Actually, the rate of exponential growth of FBY(£1, £,) can be related to the domain
of analyticity of the function FBL(¢;,€5) by the Ivanov—Stavskii theorem, analogously
to the one-dimensional case of the Pdlya theorem. For an exact formulation we refer to
[Ron74].

Using this theorem to obtain numerically information on the complex singularities
would constitute a wellcome complement to the two-dimensional BPH method presented
before.
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Part I1
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ideal hydrodynamic equations
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Chapter 5

Short-time expansion of the Burgers
equation

The short-time asymptotic expansion for the one-dimensional inviscid Burgers equation
has been introduced in [Fri83]. For the simple initial condition —1/2sin z we perform the
short-time asymptotic expansion to all orders and analyze its relation to the time Taylor
expansions. After this we study the short-time asymptotics of the 2D Burgers equation. As
we shall see in the following chapters, this approach can be easily generalized to various
instances of inviscid hydrodynamical equations such as the 2D Euler equation, 2D MHD
and 3D Euler equation.

5.1 One-dimensional Burgers equation

To illustrate the idea underlying the time-Taylor series analysis we begin by appying it to
the complex singularities of the one-dimensional Burgers equation. Such singularities have
been extensively studied over the years (see e.g. [BF84, SCE96, Sen97a, Sen97b]) and are
now well understood. Furthermore, we can largely benefit from the possibility to obtain
analytical solutions and are not obliged to limit ourselves to numerics.

We start with the solution of the complexified one-dimensional 2w-periodic Burgers
equation with the initial condition u(°)(z) = (—1/2) sin 2. For this simple initial condition
we can solve (3.37) explicitly. For convenience we write the solution as a sum

u(z,t) = ugp(z,t) + u_(2,t) (5.1)

of two functions w4 (2,t) and u_(z2,t), analytic in the lower and in the upper half-planes
respectively:

'a’-l-(k: t)eiikzx

™8

ui(z,t) =

>
I
,_\

(5.2)
i_(k,t)et®?.

[~]8

u_(z,t) =

ES
Il

1
An explicit expression! for . (k, t) (as well as for 4 (k, t)) is obtained using the Fourier-

Lagrangian representation [FF83]

1

'Tt has been found by G. Platzman in 1964, see [Pla64].
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However, the methods presented above cannot be applied to more interesting cases,
such as incompressible Euler equation or MHD equations. On the contrary, short-time
asymptotic expansion and time-series analysis can be easily generalized to study (mostly
numerically) complex space-time singularities of such equations.

We begin by showing how to obtain an explicit solution of (3.37) by the short-time
asymptotic expansion introduced in [Fri83]. Inserting the time-Taylor series expansion for
the velocity

u(z,t) = > t"ul(z), (5.4)
n=0

into the Burgers equation (3.37), we obtain the recursion relations

n

1
(n+1) — (m) (n—m)
U —— g u\" 9,u . (5.5)

m=0

Analogously to (5.1) we represent each function %(™ as a sum of two functions u(f) and

u(,n) analytic in the lower and the upper half-planes, respectively. Actually, the functions
(m)

Clein a—iz
u), ~ are polynomials in e

(m)

u™(z) = ™ (k) ek, (5.6)

|
(]

(m)

with the support J +m given by

. o B el
Jm) _ { {rez\{0}|i=2,1=1,.,21} formodd 57)

T T {fez\{0}|i=21+1,1=0,.., 2} formeven

iz

Using (5.6) and (5.2) the function u (z,t) can be written as a double series in ¢ and e~

ur(zt) =Y > alP(k)me it (5.8)

m=0pes™cy

Similar reasoning applies to the function u_(z,t) which we write as a double series in ¢
and el?

u(zt)y=>" > aM(k)rett. (5.9)

m=0 ™y

For convenience we introduce the following notation:
zy =2z +1lnt, z2_=z—1lInt. (5.10)
Using this notation we rewrite series (5.8) and (5.9) as
[e.e] (o] .
U, (Z, t) — Z Z ﬁf’n‘l’k*l) (k) t2n—1e—1 kz+,

o o (5.11)
u_(z,t) = Z Zﬁ(,zn+k_1)(—k) g2n—legikz_
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Figure 5.1: On this figure we represent the support of the series (5.8) in the (m, k) space.

see Fig. 5.1. Defining the functions

n = ~(2n+k— —ikz = N —ikz
o (z0) = YAl D) e e = S ol (k) e e,
k=1

=l - (5.12)
V() =3 aP I (k) ethee = 5 0 (k) eike-
k=1 k=1
we represent u (2,t) and u_(z,t) by their short-time asymptotic expansions
up(z,t) = o (z) 7
w0 (5.13)
u_(z,t) = oM (z) 2,
n=0

Now we remark that vsr")(zur) and v(_n)(z_) are solutions of an infinite system of ordinary
differential equations which is obtained by substituting the expansion

[ee}

u(z,t) = > 1 [v(:)(er) +v™(z.) (5.14)

n=0

(0)

into the Burgers equation (3.37). In particular, for v’ (z1) we get the similarity equation,
see [Fri83]
(—1+18,, )% + 08,0y =0, (5.15)

where the solution has to satisfy
20 ~ L e izt Imz — —o0. (5.16)

The solution can be written explicitly in terms of Lambert’s W function [CGHJK96]

Oz,) =iw <—ie”+> . (5.17)
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Analogously, 'vg))(z,) is given by

WO )= —iw (—iei2—> . (5.18)

Note that (5.17) and (5.18) correspond to the exact solutions
as _ 1 _E —iz
u+(z,t)—tW< 2¢ ),

uaf(z,t) = EW <—4eiz) ,

of the Burgers equation (3.37) with initial conditions —(i /4)e™'# and (i /4)e'?, see also
[Wei03]. Thus, at short times the solution of (3.37) with the initial condition (—1/2) sin z
is asymptotically close to a linear superposition of the two solutions with initial conditions
given above. This can be readily seen by comparing the Fourier series of u3(z, t)

-1

!

1 N kF te—iz\ "
EZ : ( i ) , (5.20)
k=1

with the Fourier series (5.3) of the exact solution. Using Hadamard’s factorization theorem
[Ah179] for the Bessel function J; of order &k

k o0 2
Te() = iy Ul <1 - £> , (5.21)

(5.19)

jk,'n.

where ji, », denotes the nth zero of Ji, we obtain the following reperesentation

1 oA (kt)e—t 5 kt)?\
ut(z,t) = T Z ( 4’379! H (1 - ()> e k2, (5.22)
k=1

nei Jk,n

From this representation follows that u3*(z,t) is asymptotic to u(z,%) for short times
and large values of Im 2. Furthermore, the short-time asymptotic expansion (5.13) can be
recovered from (5.22) by formally expanding the infinite product and ordering the resulting
expression according to powers of ¢.

Equation (5.15) which governs the leading-order term is a nonlinear ordinary dif-
ferential equation. On the contrary, equations governing the subdominant terms are linear

: . . 1
inhomogeneous equations, for example the equation for vi) has the form

(1+ 162+)v(+1) + vf) (5+u(+1)) + u(j) (62+v$))— 523
lzei”(az;uf)) + %ei“vf) =0. '
(1)

The homogeneous part is determined by the interaction of v, * with the leading-order term
vf) whereas the sorce term is governed by the interaction between the two complex conju-
gate singularities, located in the upper and the lower half-planes. This of course is valid for
allv(n), and v(n)_.

The Fourier series representation can be determined explicitly for all orders 'u,gf) and
is given by

(n) 1 1

vy (z4) = (-1)" 22 i

oo /n—1 (n) _e—izt k (5.24)
Z(H(k+n+l)> a’k+2n1< 4 ) )

k=1 \i=1
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where

k _ _

a](cn) _ (_1)k+1(2n N 1) Z (l — (2n'_ 1))l ! (k __l)k' l. (525)
2 T & — 1)

(n)

An analogous expression can be obtained for v

5.2 Burgers equation: additional remarks

Geometry of the singular set and the Fourier—Taylor expansion of the solution

Actually, as has been pointed out by K. Ohkitani?, the solution (5.17) of the one-dimensional
Burgers equation in the short-time asymptotic régime can also be obtained by Moore’s
asymptotic analysis [Mo0079], originally developed for the Kelvin—Helmholtz problem: one
assumes that the initial condition is of the form u(%)(z) = & sin z and expands the solution
using € as small parameter, see also [Mur97]. The leading order solution is then given by
(5.17).

Having obtained analytically the complete Taylor expansion in time and the Fourier
expansion in space, one may ask what information on the geometrical structure of the cor-
responding solution in time-space it gives us. The Fourier—Taylor coefficients of the series
representation (5.8) of the solution with the initial condition u(®)(z) = (—1/2)sin z are
determined by Equation (5.24). As we have seen in Chapters 3 and 4, from these coeffi-
cients we can find the space-time singularities closest to the origin (¢, z) = (0, 0). In other
words, we can determine the boundary of the complement of the amoeba corresponding to
the Fourier—Taylor expansion (5.8).

Actually, this set constitutes a part of the contour of the (space-time) singular man-
ifold of u(z,%). Thus, on Fig. 5.2 we represent a part of the contour which includes it.
Obviously, the explicit description of the singularities and thus of the contour is given as the
set of points (3.39) at which the Jacobian of the Lagrangian map vanishes.

We observe that the singularities which are obtained from the Fourier—Taylor expan-
sion (as explained above) are actually different from the real-time singularities of u(z,t).
Namely, the singularities which can be reconstructed from (5.8) correspond to the singular-
ities of u(z,t) in imaginary time. The singularities of the short-time asymptotic solutions
(5.17) and (5.18) constitute the asymptotic directions of the amoeba.

Extension of the short-time asymptotic approach to more complicated initial conditions of
the polynomial type

It would be interesting to extend the short-time asymptotic approach to initial conditions
which are more complicated than the simple initial condition u(%)(z) = (—1/2)sinz in
order to study the effects of interactions of different harmonics. We note that for multi-
mode initial conditions such as

u(o)(z) = A1sinz + Ay sin 2z, (5.26)

it is quite easy to give an analytic description of the singular set.

Short-time asymptotics of the Burgers equation in several dimensions

We finally note that the short-time asymptotic approach can be easily extended to more than
one dimension. However, we have preferred to introduce the multi-dimensional version of

Private communication.
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Y2

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6

Figure 5.2: A part of the contour of the set of singularities of the solution of the one-
dimensional Burgers equation with the initial condition u(°)(z) = (—1/2)sin 2. The hor-
izontal axis corresponds to the In [¢| (the time is also complex) and the vertical axis is y.
The solid line represents the contour. The dashed lines correspond to the singularities of the
asymptotic solutions (5.17) and (5.18).

the short-time asymptotic approach on less academic examples than the Burgers equation.
They will be discussed in the three following chapters.
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Chapter 6

Euler equations in two dimensions

In this chapter we study the short-time asymptotic expansion of the two-dimensional Euler
equation on the domain [0, 27) x [0, 27) + 1 R?. Just as in the case of the Burgers equation
in Chapter 5, short-time asymptotic solutions are here solutions of the Euler equations with
complex valued initial conditions having two initial modes (two interacting plane waves)
e 1P and e 19, For such initial conditions, the Euler equation has self-similar solutions
whose determination can be reduced to solving a suitable time-independent problem. In
Section 6.1 we give a formulation of this problem for arbitrary initial wave numbers p and
q, obtaining a generalized version of the similarity equation introduced in [FMBO03]. It
turns out that the only relevant parameters are the aspect ratio n = |q|/|p| and the angle ¢
between the basic modes p and q.

Noting that the isosceles case 7 = 1 does not develop any higher harmonics other
than the two basic modes, I make a perturbative study of the generalized similarity equation
using € = 7 — 1 as small parameter, see Section 6.2. At the first order a linear partial
differential equation is obtained which is a slight modification of the passive scalar equation
introduced in [PMFBO06]. Singularities of its solutions can be described explicitly, see also
[PMFBO6]. In particular, this model has a scaling exponent & = 5/2 for the algebraic
prefactor of the Fourier coefficients of the stream function which does not depend on ¢.
Numerically, I use van der Hoeven’s asymptotic interpolation method [Hoe06] to obtain the
transseries expansion of the solution in the Fourier space.

Solutions of the full nonlinear similarity equation have been studied for various val-
ues of the parameters 7 and ¢ using high-precision numerical calculations. We observed
in [PMFBO6] that the scaling of the solutions in the Fourier space seems to depend on the
angle ¢ (but not on the ratio 1), thus being non-universal.

To determine whether a clean scaling & = 5/2 is found for solutions of the similar-
ity equation, I used the fact that the renormalized representation introduced in Section 6.1
allows us to analyze directly the limiting case ¢ — 0 (which has a trivial solution in the
standard representation and becomes non-trivial only after an appropriate rescaling of the
coordinates), see Section 6.3. The scaling exponent o for ¢ = 0 is found with high accu-
racy (absolute error of about 10~7 over different rational directions) to be 5 /2. Furthermore,
using van der Hoeven’s asymptotic interpolation procedure we determine the first four sub-
leading terms in the transseries expansion of the solution in the Fourier space. We find that
the structure of this transseries expansion is the same as the transseries expansion of the
solution of the linear equation for the near isosceles case in Section 6.2, which may give us
a hint for the missing theory, at least in the case ¢ = 0.

In the last Section 6.4 we discuss the relation between the non-universality of the
scaling exponent a(¢) and depletion of nonlinearity. We also make some remarks on the
problem of going beyond the short-time asymptotics.



74 CHAPTER 6 Euler equations in two dimensions

6.1 General framework
The short-time asymptotic régime for the 2D Euler equation
BV (21, 20) — J(¥, V2T) = 0. (6.1)

was introduced in [FMBO03] and further developed in [MBFO05, PMFBO06], in which I was
involved (see Section 6.5). As I showed, for initial conditions which are trigonometric
polynomials the solutions of the Euler equation in the short-time asymptotic régime can be
reduced to solving a problem with a to two-mode intial condition of the type

Wo(z1,20) = F(p)e 7% + F(q)e 177, (6.2)

Analogously to the case of the 2D Burgers equation, it is easy to see [PMFBO06] that the
solution of the Euler equation (6.1) is of the form

1 . .
’lp(Z]_,Zg;t) = EF(E]_,EQ), (21,52) = (Zl +1A11nt, 20 +1As lnt), (6.3)
where
A = g2 — P2 , Ay = — Gi—P1
P1g2 — qip2 P12 — qip2

In this chapter we are going to study solutions of (6.1) with initial conditions (6.2).
In particular, they are solutions of a suitable time-independent problem.

6.1.1 Fourier representation

Here out goal is to study numerically the nature of complex singularities depending on the
angle between the two initial modes, denoted here by p and q. In the short-time régime the
nth coefficient of the time series expansion corresponding to (5.5) is given by

n+1
¥ (z,2) = Y F((n+1-0)p+oq)e ("HImoIpzemioaz, (6.4)

o=0

For convenience we write the Fourier coefficients as
~ N “ n+l—o . o
FO (n+1-0)p+oa) = (pAa)" GM(0) (Fp))"  (F@), 69

where the renormalized coefficients G(") (o) satisfy the recursion relations

N 1 1
G(n+1) — _
(o) n+li(n—oc+2)p+oq?
Yo ln—m—(c—m)+p+(0—r)al €0
m=07=0

[(m+ 1) (o —7) = (n—m+1)7] &) (7)G™) (o — 1),

and have initial values G(9)(0) = G(©(1) = 1. It follows from (6.6) that we have the
identity
(ol p,q) = (-1)"GM™M(n+1 -0 q,p). (6.7)

Furthermore, G(M(0) = G(™(n + 1) = 0 forn > 1. The first few coefficients are as
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Figure 6.1: Excited modes of the recursion relation for the short-time asymptotics with
initial modes p and q.

follows

q2—p2

-~

qu):1MP—um+qP—mﬁ
2 lp+a®  2p+q

o

N 1 2 _ 2 + 2 9 o 4 9 5
G(S)(l):_7|CI| |P2| p + 4 IZPI 2p + g ZIPI; 6.8
6 [p+q| 12p + q 3p + q]
@) oy L1aP =[PP Ip+a” =gl [p+ 24 — |p|?
GO(2) = | 2 |
3 [p+d| Ip + 24| 2p + 24
1lal®—|p [p+al®— |9l |2p + a* — |a/?
3 fp+a? Ppial |2 +2qP

Note that the coefficients G{(™ (U] p, q) are rational functions of p and q. Furthermore, from
the representation (6.8) follows that these coefficients are defined for arbitrary p, q, even for
complex ones, not needed here. Furthermore, analogously to [PMFBO06], recursion relation
(6.6) can be easily solved along the edges

5(n) (1) — S op +q) — |pf?
) n'H (c+Lp+qP2’
(6.9)

H S lp+oq? —|qf
il p e+ e

For bookkeeping purposes, we give in Appendix A a few higher order coefficients G(*) (o)
(actually only those with n = 4).

As we have observed numerically, all coefficients G(”)(a) except one can be made
positive upon multiplying them by (—1)"*1=9, in complete analogy to [PMFB06].
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6.1.2 Physical space: pseudohydrodynamics
We shall now introduce the generating function of G(")(¢) by
G(21, %) = GO(0)e” + GO(1)e® + Z ZG e?fre(ntl=o)22  (6.10)
n=1o0=1

where (Z1,%,) € C2 are the coordinates corresponding to the imaginary plane. In the
physical space G(Z21, 25) satisfies the generalized similarity equation

p2(81G) + 2p - 4(8:6:G) + |al*(B3G) — [p|*(8iG) — (Ip|* +2p - q)( 26,G)—
(laf® +2p - 9)(0:83G) — [a*(85G) = [p|? ((8:G)(878:G) — (8:G) (8 G)) +
2p - 4 ((8.G)(8185G) — (8:G)(616:G)) + |al? ((0:G)(83G) — (8:G)(6:83G))
(6.11)
with boundary conditions
G(21,%) ~ e +e*, Rez, Reiy —» —oo. (6.12)

The short-time asymptotic solution of the Euler equation F'(Z1, 25) can be obtained from
G(21, 2) as follows

F(%,%2,) = p/\qu [—ip-£+1np/\q+1np(0)(0),

(6.13)
iq-Z+lapAq+ 1nF<°>(1)} .
Introducing the notation
Ay = pI* 67 +2p - 9810, + |a|* 53, (6.14)
we can rewrite (6.11) as
ApoG = (8:G +1) (628, G) — (826G — 1) (81 Bp,g) G)- (6.15)
Analogously to [PMFBO06], defining a modified stream function
H(%1,20) = G(21, 22) + 21 — 2o, (6.16)
we get a stationary pseudo-hydrodynamic equation
Ap,H = J(H, Ay g H). (6.17)

The scale invariance of (6.11) implies that the function G(21, 22) remains unchanged when
p and q are multiplied by the same factor. Therefore, without any loss of generality we
can set p = (1,0). To emphasize the fact that the solution depends only on two relevant
parameters, the aspect ratio and the angle between p and q, we introduce the following
notation: |q| = 7 and ¢ for the angle between p and q. Then p - ¢ = 7cos$. Assuming
that n # 0 the generalized similarity equation can be written as

ApnyH = J(H, Ay H), (6.18)

where

Agm = = 0% +2 cos 818, + 163 (6.19)

S EE
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6.2 Perturbative study of the similarity equation

Equation (6.18) does not seem to have any simple solutions except for the case n = 1.
Obviously, when n = 1, there are no higher order harmonics and we have the following
solution of the similarity equation

Gy = ™ +e%2, Hy =2, — 2y + €51 + 2. (6.20)

Thus, it is natural to use € = 7 — 1 as small parameter, writing G = Gg + Gy + €2G2 + ...
and H = Hy + €Hy + €2Hy + .... To the leading order we get

J(Ho, A(g,1yHo) = A(p,1)Ho, 6.21)
and to the order ¢

J(Ho, A(¢,1)H1) + J(Ha, A(qs,l)Ho) + J(Ho, (83 — 83)Hp) =
A(g1y Hy + (8% — 82)Hy. (6.22)

Clearly, (6.20) is the solution of the zeroth order equation. The first order equation can be
rewritten as

(1 —622 )glA(¢,1) Hl +(1+ezl )52A(¢71)H1 —A(¢71)H1 +622 (31 H]_ ) —ezl (éng) = -2 ezl 622 .

(6.23)
Equation (6.23) is probably easiest to analyze in terms of the representation (6.10) (in the
Fourier space). Defining for simplicity Q(k1, ko) = (—1)%* (k2+2 cos ¢k ko+k3) Hy(k1, ko),
we obtain the partial difference equation

k1 Q(kl, kg) — Q(kl, ko — 1)] + ko [Q(kl, kz) — Q(kl -1, kg) = Q(kl, kg)—

. Qk1, ko — 1) s Qk1 — 1, ko) B
Yk2 £ 2cospky(ks — 1) + (ko — 1)2 (k1 — 1)2 + 2cos p(ky — 1)kg + k2
20%,10k,1-

(6.24)

Note that for (k1, k2) # (1, 1) the source term —2d,10x,1 on the right-hand side drops out.
Then, setting k' = \/k2 + (ks — 1)2, k" = \/(k; — 1)2 + k2, 8’ = Arctan(kz — 1)/k;
and 8" = Arctanks/(k1 — 1), Equation (6.24) can be written as

cos [Q(k, 8) — (K, 9’)} +5ind [Q(k, 8) — k", e“)] -

EQ(’C 0) _ cosf Q(k/, 9’) B sin @ Q(k”, e//) (625)
B (K')*1+sin26'cos¢  (k”)21+sin26"cos¢

Here, of course, we are mostly interested in the case & — co. The high-k behavior of the
Fourier coefficients is given by

Qk,0) ~ ko2 8(0)k (6.26)

where the e-folding rate §(6) is determined by the left-hand side of (6.24), the next order
term and its scaling exponent @ = 5/2 is determined by omitting all terms on the right-
hand side except Q(kl, k2). The remaining terms are responsible only for higher order
corrections.
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Actually, the perturbative expansion introduced above can be made systematic by
allowing for complex values of the parameter { = 57— 1. The function H (21, Z2; ¢) depends
on three complex variables and is given by the solution of

(Bs(O)H) = J(H, (B4(0)H)), (6.27)

where the operator (Ag(¢)) is defined as

(A4()) = 82 4 2cos 818, + (14 ¢) 82. (6.28)

1+¢

The perturbative expansion for small € corresponds to the (formal) Taylor expansion

H(%, %) =21 — 22+ ) Gnl(21,2)(" = ) Hn(%,2)¢".  (6.29)
n=0 n=0

The functions G, (21, Z2) satisfy an infinite system of inhomogeneous linear partial differ-
ential equations which is given in Appendix B. Note also that H(Z1, Z2; () can be repre-
sented as a triple Fourier—Taylor series

H(z, 2 () =21~ 22+ ) ) > Glkr kayn)eh® efona(m, (6.30)

kl :0 kz:O ?’LZO

where the coefficients é’(kl, k2;n) are determined through (6.20) and
[oe] (o]
Zl, Zz Z Z kl, kaym ekr# e’””, n > 0. (6.31)

The coefficients G’(kl, k2; n) satisfy an infinite system of linear recursion relation which is
also given in Appendix B.

We finally note that the {-dependence of H(Z1, Z»; ¢) can be studied by analyzing the
coefficients G(ky, k2; n) along rational direction in the (k1, ko, n.)-space.

6.3 Degenerate limit of the similarity equation

In this section we study the degenerate solution of the similarity equation in the limit ¢ — O.
Of course, in the case ¢ = 0 the non-renormalized solution of the Euler equation (6.1) is
stationary, comprising only the two initial modes. However, if we consider the renormalized
functions G(Z1, Z2) and H(Z1, Z2) which have been rescaled with respect to sin ¢ we see,
for example from expressions (6.8), that they are nontrivial even for ¢ = 0.

We first give the results of the analysis of the coefficients G(*)(g), after which we
briefly discuss the corresponding picture in the physical space.

6.3.1 Representation of the results in the Fourier space

The Fourier coefficients' of the solution G{™)(¢) have been calculated up to Ny = 2000
and analyzed along rational directions (p, ¢) such that p,g < 10 (which gives 55 differ-
ent rational directions) using the asymptotic interpolation procedure of van der Hoeven

"Note that we use the notations G™(c) = G(k1, kz), withk; =n+1— o and k2 = o.
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Figure 6.2: Difference between 3/a for a = 5/2 and the interpolation value g (1mmax ).

[HoeO6]. The first six stages are the same as in [PF07] for the one-dimensional Burgers
equation
SR, -D, I, D, D, D, (6.32)

where we have used the same notation as in [PF07]. The leading order term and two sub-
leading terms are the standard ones

G(k,8) ~ C(8)k=O)e=8(O)k (6.33)

where (k1, k2) = m(p, q) for the rational direction (p, g). Fig. 6.2 shows the discrepancy

of the scaling exponent, determined via the constant a,((io) at the sixth stage, from the value
5/2 as a function of the angle ¢. It is seen that o differs from 5/2 by less than 10~7.

It is tempting to try to determine the nature of the following subdominant terms.
The aim is twofold: firstly, it allows us to find the transseries expansion of the solutions,
secondly, the parameters §(8), o and C(6) can be calculated more precisely. For this, we
continue the procedure beyond the sixth stage. First we identify the nature of the remainder
at the sixth stage,

g(G)(m) = % + w(m), (6.34)

analyzing the data from the most populated direction (p, ¢) = (1, 1) and using seven more
stages
D,LLR,D,I,D,D. (6.35)

The value of the constant a13(®) obtained at the thirteenth stage (which is an interpolation
stage in the terminology of [PF07]) is remarkably close to 2/3, thus suggesting a 1/m?
correction in (6.34). However, for the sparsely populated rational directions the convergence
to the value 2/3 is not very good, see Fig. 6.3. Still, the nature of the transseries expansion of
G(k, 8) very likely does not depend on the particular rational direction (p, g), the observed
discrepancy being due to the lack of asymptoticity for sparsely populated rational directions.

Thus, using the data from the direction (1, 1), I identified two additional subleading
terms in the transseries expansion of G(k, )

G(k,0) = C(0)k 2e 9Ok |1 4 bll(f) + “2(?211”“ +0 <k12>] . (6.36)
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Figure 6.3: Determination of subdominant terms in (6.34).

Actually, the same transseries expansion is also obtained for the solutions of the linear
equation at the first order perturbative expansion in € = 17— 1 in Section 6.2. The coefficient
ax(0) of the logarithmic correction has been measured using modified interpolation stages
(starting from the sixth stage)

D, I, D, D, D, (6.37)
which are slighly different from those in (6.35), see Fig. 6.4. As can be seen, the lack

0.12

3,0 -+

011 N -
N

01k i

0.09 -

0.08 - . -

0.06 4 B
4

+
0.05 N B
+

N
0.03 + A + - 4

0.02 I I I I I I I

Figure 6.4: Logarithmic correction in the transseries expansion (6.36).

of asymptoticity for sparsely populated directions introduces quite significant errors in the
determination of az(6). Therefore, I did not use the input from ax(6) in determining the
constants b1 (8), C(6) and §(6). Note also that only after having determined the subdomi-
nant term a2 (6) In k/k? responsible for the correction w(m) to the constant at the sixth stage
in (6.34) was I able to estimate whether the inclusion of the subdominant term b1 (0)/k is
meaningful. For example, if the correction to (6.34) were of the type 1/m we would find a
subdominant term of the type a1(6) In k/k which would clearly dominate over b1(8)/k. In
our case (6.36) the inclusion of the constant b (), represented on Fig. 6.5, turns out to be
justified. The e-folding rate §(8) is represented on Fig. 6.6. Note that for 8 close to 0 and
7 /2 the function 1n §(#) seems to be linear. On Fig. 6.7 we represent the second subleading
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Figure 6.6: Leading-order asymptotics: d(8) in lin-log coordinates.

term C(#). Note that it stays almost constant for values of 6 not too close neither to 0 nor
to /2.

6.3.2 Similarity equation in the physical space
For ¢ = 0 the Laplacian (6.19) becomes (51 /M + M 52)2. Introducing the coordinates

_ . 22 — - 22,
21 =4M21+ —, 22 =4/MZ21 —
Bt VB
(6.38)
3 = i(zl + Z5) 5, = ﬂ(zl — %)
21 ' 2 '

we can can reduce it to the second derivative with respect to Z1, that is 45°. The similarity
equation (6.17) then becomes

—822H = J(2H,522H), (6.39)
with initial condition
1 1
m(zl + Zg) - g(zl - Zz) + exp |:2\/’ﬁ(21 + Zz):| + exp [\éﬁ(zl — 22)] . (6.40)
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Figure 6.7: Second subleading term

Equation (6.15) can be represented analogously. Note that the “vorticity” term in (6.39)
is a derivative with respect to only one coordinate, which agrees well with the intuitive
definition of depletion as a reduction to one dimension. Still, even this reduced similarity
equation is strongly nonlinear, due to the presence of the term J(2H, 872H).

N\

/
/
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o

/7

'
w

Figure 6.8: The stream lines of the global stream function H (blue lines) and the singular
manifold reconstructed from the Fourier data (red points and red line). The superimposed
vorticity is represented by green lines.

6.3.3 Geometry of the pseudohydrodynamical flow

The positivity relation, namely that (—1)"+1=2G(")(g) > 0 for all n, o except for n = 0,
o = 0, implies that the part of the contour corresponding to the boundary of the amoeba
of the singular manifold of G(Z1, Z2) lies over the point (7, 0). Thus we find it convenient
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to give a two-dimensional representation of the functions H(Z1, Z2) and éfH (21,22). As
expected, it turns out that the general geometrical structure of the flow in the degenerate
case ¢ = 0 is the same as in the case ¢ = 7/2, studied in [PMFBO06], see Fig. 6.8.

6.4 Some concluding remarks on the two-dimensional Euler equa-
tion

6.4.1 Nonuniversal nature of singularities

As we have observed numerically by varying the basic modes p and q, the algebraic pref-
actor exponent o seems to be independent of the aspect ratio 7 = |q|/|p|, and to depend
only on the angle ¢ between the two basic modes. In particular, the extremely clean scaling
a = 5/2 observed in the limiting case ¢ — 0 is the same as the scaling of the solution
obtained for the near isosceles case by the ( — 1) expansion in 6.2. But even more signifi-
cantly: the structure of the transseries expansion is the same for both models.

For finite non-vanishing ¢ the scaling exponent is a function a(¢) of the angle be-
tween the initial modes. Numerical results indicate that for ¢ — 7 the scaling exponent
approaches the value o = 3. Actually, this value is the same as the scaling exponent for the
solution of the two-dimensional Burgers equation.

These numerical observations suggest the following heuristic explanation of the angle
dependence of a: the essentially flat geometry of the singular manifold for a close to zero
(see Fig. 6.9) means that the nonlinearity of the flow is almost completely depleted. Thus, it

Figure 6.9: Geometry of the singular manifold in dependence on the initial modes p and q.

is not surprising that the nature of the singularities is almost the same as in the linear case.
On the contrary, when the singular manifold is strongly curved, almost folded back on itself
(see Fig. 6.9), as it is the case for ¢ — m, the nonlinearity is almost the same as for the
Burgers equation which has no depletion phenomenon.

Actually, as has been pointed out by Claude Bardos?, there is at least one other in-
stance of nonuniversality of solutions of the Euler equation. As is noted in [BT07], solutions

Private communication.
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of the Kelvin—Helmholtz problem starting from analytic initial conditions can have almost
arbitrary singularities (Proposition 7.2 in [BTO7]). The problem setting is of course quite
different from the one I studied.

6.4.2 Short-time asymptotic expansion beyond leading order

Until now we were discussing almost exclusively the two-mode initial condition (6.2). How-
ever, from the mathematical point of view the most important case is the one in which the
initial stream function is real valued. The simplest real-valued initial condition with non-
trivial dynamics is the following

Uo(z1,22) = F(p)e™ P + F(q)e 9% 4 F*(p)e' = + F*(q)e' 7= (6.41)

As is well known, for ¢ — 0 and z — oo the solution %(z) behaves as a solution with
initial condition of the type (6.2), the exact relationship depending on the ratio y»/y1. More
precisely, the vectors p, q, —p and —q divide the k-space into four angular sectors. The
two basic modes in the initial condition (6.2) are determined by the ratio y»/y1, that is y
has to be in the sector defined by these two modes.

Thus, depending on the direction of y we get four different asymptotic solutions cor-
responding to the pairs of modes (p, q), (—p, q) and so on. For short times the sum of
these four solutions asymptotically coincides with the solution of (6.1), (6.41). Geometri-
cally these four solutions represent four singularities approaching the real domain follow-
ing a logarithmical law. Replacing the actual solution by a sum of these four contributions
amounts to neglecting the nonlinear interactions between them. One possibility to extend
beyond the short-time asymptotic approximation is to make an asymptotic expansion of
the solution in powers of 1/¢, analogously to the expansion (5.13) which was used for the
Burgers equation. Since the resulting expressions turn out to be somewhat lengthy, we have
preferred to give the actual formulae and their derivation in Appendix A.

The obtained system of recursion relations allows us to calculate numerically the
space-time Fourier—Taylor coefficients for solutions of the two-dimensional Euler equation
with initial conditions (6.41). For the two-dimensional Euler equation we proceed in a way
quite analogous to the Burgers case. There is, however, one essential difference: in the case
of the Euler equation we did non succeed in finding analytical solutions!

A preliminary numerical study of the higher-order terms in the asymptotic short-time
expansion indicates that the positivity of the Fourier coefficients which we have observed
for the leading-order term is lost. This loss of positivity is of course due to the interaction
of the singularities.

6.5 Supplementary material
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Abstract

A detailed study of complex-space singularities of the two-dimensional incompressible Euler equation is performed in the short-time
asymptotic régime when such singularities are very far from the real domain; this allows an exact recursive determination of arbitrarily many
spatial Fourier coefficients. Using high-precision arithmetic we find that the Fourier coefficients of the stream function are given over more than
two decades of wavenumbers by Fk) = C(0)k—%e %) where k = k(cos 6, sin6). The prefactor exponent «, typically between 5/2 and 8/3,
is determined with an accuracy better than 0.01. It depends on the initial condition but not on 6. The vorticity diverges as 5B, where a + B=1/2
and s is the distance to the (complex) singular manifold. This new type of non-universal singularity is permitted by the strong reduction of
nonlinearity (depletion) which is associated to incompressibility. Spectral calculations show that the scaling reported above persists well beyond
the time of validity of the short-time asymptotics. A simple model in which the vorticity is treated as a passive scalar is shown analytically to have

universal singularities with exponent o = 5/2.
© 2006 Elsevier B.V. All rights reserved.

Keywords: Euler equation; Singularities

Und es wallet und siedet und brauset und zischt,
Wie wenn Wasser mit Feuer sich mengt,

Bis zum Himmel spritzet der dampfende Gischt,
Und Flut auf Flut sich ohn’ Ende dringt. ..
Friedrich von Schiller, from Der Taucher [1]

1. Introduction

A quarter of a millennium has elapsed since Euler published
for the first time what is now known as the Euler equations of
hydrodynamics [2]. There has not been much celebration but
this may just reflect our embarrassment at not having made
enough progress. Actually, Leonhard Euler warned us. At the
end of his 1755 paper he wrote: “However all that the Theory
of fluids holds, is contained in the two equations above, so that
in the pursuit of the research we are not lacking the principles of
Mechanics, but solely the Analysis, which is not yet cultivated

* Corresponding author. Tel.: +33 4 92003035; fax: +33 4 92003058.
E-mail address: uriel @obs-nice.fr (U. Frisch).

0167-2789/$ - see front matter © 2006 Elsevier B.V. All rights reserved.
doi:10.1016/j.physd.2006.05.011

enough for this design: hence we see clearly, which discoveries
are left for us to make in this Science, before we can attain
a more perfect Theory of the motion of fluids”.! (A paper in
Latin Principia motus fluidorum, published a few years after the
paper in French, contains the basic equations and was already
presented under a different title to the Berlin Academy in 1752.)

Euler considered both the compressible and incompressible
cases. Here we are concerned only with the latter which
is particularly difficult in view of the global nature of the
incompressibility constraint. One of the most important open
questions concerning the “analysis” of the Euler equations is
the well-posedness: does initially smooth 3D flow, which is
known to remain smooth for short times, eventually “blow up”,

1'In French: Cependant tout ce que la Théorie des fluides renferme, est
contenu dans les deux équations rapportées cy-dessus, de sorte que ce ne sont
pas les principes de Méchanique qui nous manquent dans la poursuite de ces
recherches, mais uniquement 1’ Analyse, qui n’est pas encore assés cultivée,
pour ce dessein: et partant on voit clairement, quelles découvertes nous restent
encore a faire dans cette Science, avant que nous puissions arriver a une Théorie
plus parfaite du mouvement des fluides.
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that is become singular in a finite time (see, e.g. Refs. [3,4])?
In two dimensions it has been known since the 1930’s that flow
in a bounded domain, initially sufficiently smooth, never blows
up [5,6]. It was also shown that if such a 2D flow is initially
analytic it will stay so forever [7-9]. However, in the course
of time, such flow can develop very fine scales and there is a
large discrepancy between the analytic estimation of how the
smallest scale decreases in time (a double exponential) and
what is found in numerical simulations (a simple exponential;
see, e.g., Ref. [10]).

The likely cause of the discrepancy is depletion, the
phenomenon by which high-Reynolds number or inviscid
incompressible flow tends to organize itself into structures
having vastly reduced nonlinearities (see, e.g., Ref. [11]).
Depletion, which is still very poorly understood, may hold
the key for understanding why 3D high-Reynolds number flow
seems never to blow up, at least in simulations.? In this paper
we shall focus on the two-dimensional case.

There are well-known 2D examples of depletion, such as
flows which depend only on one Cartesian coordinate or on
the radial polar coordinate. Such flows are however steady and
thus globally depleted, with no dynamics. In this paper we shall
be interested in 2D flow with an initial stream function which
is a real trigonometric polynomial in the space variables, of
the sort already considered in Refs. [4,12]. These are the 2D
counterparts of well-known 3D flows such as Taylor—Green
and Kida—Pelz [13-17] which have been used for (so far
inconclusive) investigation of finite-time blow-up. Our 2D
flows have generally non-trivial dynamics and display locally
very strong depletion.

Trigonometric polynomials are instances of entire functions,
that is, functions which are analytic in the whole complex
domain. The only singularities of such functions are at complex
infinity. The solution of the Euler equations at times ¢ > 0
sufficiently small can then be extended analytically into the
complex domain [7-9]. There is strong numerical evidence
in 2D and also in 3D that such flow does not stay entire
and develops singularities at certain complex locations for any
t > 0[10,14,4,12]. Complex singularities are usually detected
through the Fourier transforms of the solution: roughly, there
is an exponential tail related to the distance of the nearest
singularity from the real domain, accompanied by an algebraic
prefactor related to the nature (also called type or structure) of
the singularities.

Little is known about the nature of complex singularities
of the Euler equations. In Refs. [4] and [12] it is shown
numerically for the 2D case with the initial stream function
cosx; + cos2xp that the complex singularities lie on a
smooth manifold and that the vorticity becomes infinite
when approaching the singular manifold; there is however
considerable uncertainty as to the scaling law of this
divergence. In Ref. [18] the motion of preexisting complex-
space singularities is studied analytically but their nature is

2 For the case of 3D inviscid Euler flow there is no truly conclusive evidence
in favor of blow-up [4,17]. Furthermore, if the flow is initially analytic, any real
singularity will have to be preceded by complex-space singularities [8,9].

kept quite arbitrary. In Ref. [19] traveling-wave solutions with a
pure imaginary velocity are studied for 3D axisymmetrical flow
with swirl; using an ultra-high precision® numerical method,
the singularities in the complexified axial variable are mapped
out as a function of the (real) radial variable and found to lie
on a smooth curve; the nature of the singularities is obtained
using a “sliding fit” method. In Ref. [20], for the vortex
sheet problem with an initially analytic interface, the nature of
complex singularities of the interface is obtained using an ultra-
high precision method and a “pointwise fit”. The sliding fit and
the pointwise fit are very closely related to the method we use
in Section 3.1 and we shall come back to this matter. Since the
work of Krasny [21], it appears that ultra-high precision is a
prerequisite for obtaining numerical information on the nature
of singularities, particularly when they are in the complex
domain.

From a theoretical point of view, for many nonlinear
equations of mathematical physics a very successful tool
in studying the nature of singularities has been dominant
balance and its refined versions such as Painlevé analysis
[22]. Dominant balance analysis typically gives universal
singularities, that is singularities whose positions may depend
on the initial conditions but their nature does not. The
simplest instance is the 1D viscous Burgers equation whose
complex-space singularities are simple poles, obtainable by
balancing the nonlinear term against the viscous one. For
the d-dimensional incompressible Euler equations, attempts
to use dominant balance fail because of the particular
structure of the nonlinearity: if we assume that the solution
becomes singular on a complex manifold of dimension d —
1, the nonlinearity vanishes to leading order. This is just a
consequence of the simplest form of depletion, the vanishing
of nonlinearity for solutions which depend on a single spatial
coordinate. The nature of singularities cannot be obtained by a
dominant balance argument; actually, as we shall see, complex
singularities of the 2D Euler equation display a very unusual
non-universality.

In this paper we will mainly discuss the short-time
asymptotic régime presented in Ref. [4] and extensively used in
Ref. [12] which gives us the most accurate information on the
nature of complex singularities.* After briefly introducing it in
Section 2 we will show that this régime can be reformulated as a
“pseudo-hydrodynamic” Euler problem, in which all the action
including the singularities takes place in a plane extending
in the pure imaginary directions, but our usual hydrodynamic
intuition is still applicable. The short-time asymptotics allows
us to obtain recurrence relations for spatial Fourier components
involving only wavectors k = (k1, kp) with k; > O and k, > O,
a feature which is also present in the Moore approximation
for vortex sheets [23] and its generalization to smooth flow
[19]; as a consequence Fourier components can be calculated in
ultra-high precision without any truncation error. In Section 3
we present the numerical evidence for simple scaling laws

3 That is, higher than double precision.
4 Henceforth, Ref. [12] will be cited as MBF.
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associated to complex singularities and determine the nature
of the singularities with high precision. Analyzing short-time
asymptotics for different initial conditions, we find that the
singularities are non-universal. In Section 4 we describe the
global and local geometry of the pseudo-hydrodynamic flow,
including depletion of nonlinearity which is especially strong
near the singularities.

Sections 3 and 4 both involve a mixture of numerical
results and of theoretical arguments, some heuristic, some
more rigorous. We must stress that at the moment we do
understand various features of the solution, in particular why
the scaling exponent for singularities does not depend on the
direction, but we failed so far to reproduce by theory the
non-universal scaling exponents observed for the singularities.
Nevertheless by moving to yet another level of toy-modeling
(the equivalent for our problem of considering the vorticity
as a passive scalar in a prescribed velocity field), we can
determine the nature of the corresponding complex singularities
using dynamical systems tools (Section 5). The nature of these
“advection” singularities is however universal and therefore
does not reproduce an essential feature of the nonlinear Euler
flow. Finally, conclusions, open problems and a tentative road
map for future research on blow-up are presented in Section 6.
To make the present paper reasonably self-contained we shall
occasionally re-derive results already found in Ref. [4] and
MBFE.

2. Short-time asymptotics and pseudo-hydrodynamics

We are interested in the short-time asymptotics for the 2D
Euler equation, written in terms of the stream function

AViU(x,t)— J(¥,V>¥) =0, 1)

wherex = (x1, x2) and J(f, g) = 91 fo2g—01g02 f. The initial
condition Yp(x) = ¥(x, 0) is a real 2 -periodic trigonometric
polynomial of the form ¥p(x) = Zk FO (k) elk* where the
sum has only a finite number of terms. Here k = (ki, k2),
where k1 and k; are signed integers. The short-time asymptotics
is simplest when the initial condition has only two orthogonal
Fourier modes, as in Refs. [4,12] where the assumed initial
condition is

Yo(x) = cos x| + cos 2x;. 2

In what follows we shall call this initial condition the Standard
Orthogonal Case (SOC). One of our present goals is to
investigate to what extent complex singularities are or are not
universal; we are thus naturally led to considering more general
cases, having, for example, more than two modes in the initial
conditions. In the Appendix it will be shown that the short-time
asymptotic régime for the multimode case can be reduced to a
set of two-mode initial conditions. We may thus without loss of
generality limit ourselves to two-mode initial conditions of the
form

Yox) = h e P¥ + hyel P 4 cc. (3)

Here c.c. stands for “complex conjugate”, p = (p1,p2) and
q = (q1, q2) are two vectors with signed integer components.

Furthermore, we assume that p and q are not parallel and do
not have the same modulus since otherwise the two-mode ini-
tial condition is a time-independent solution of the Euler equa-
tion. By performing if needed a suitable translation, we can
then assume that 4 and &, are positive. Finally, since our goal
here is primarily to demonstrate non-universality of the na-
ture of the singularities with respect to the initial conditions,
we shall not strive for the greatest generality and limit our-
selves to basic modes with non-negative components such that
p1g2 — q1p2 > 0.

Eq. (1) has a solution in the form of a Taylor series in the
time variable

T, )=y Ux)1", 4

n>0

where ¥ is the initial condition and the ¥, (x)’s forn > 1 are
easily shown to satisfy the recursion relations:

V2, = Z J (U, V20,). 5)

n+1 m+p=n

For the two-mode initial condition (2) all the ¥,(x) are
trigonometric polynomials that can be continued analytically to
complex locations z = x +1y. Since the initial condition has its
singularities at infinity, we expect, by continuity, that at short
times the singularities will have large imaginary parts |y;| and
|y2]. Let us now suppose that y; — 400 and y, — +oc in such
a way that their ratio y,/y; stays finite but arbitrary. Obviously,
the four vectors (p1, p2), (—p1, —p2), (91, q2) and (—q1, —q2)
divide the k-space into four angular sectors so that, for example,
in the first angular sector p2/p1 < y2/y1 < q2/q1. Then, for z
such that y lies in the first angular sector, to leading order any
additional factor # in the expansion (4) is accompanied by either
a factor e 7'PZ or a factor e~ %2, thus giving amplitude factors
teP’ and reW, respectively. When ¢t — 0 and |y| — oo these
factors remain finite, provided p -y and q - y are shifted by Inz.
This suggests that the short-time asymptotics is obtained by the
similarity ansatz

V(1) =(/DF@®), (6)
Z= (1, 22) =(z1 +irInt, 22 +iAz1nt), 7
where A1 and A; are determined by

=B g g, = WP ®)

" Qi — Cqip — q@pr

Substitution in (1) gives the similarity equation
V(=1 +ir1dy +ird,)F = J(F, VZF), )

where the tilde means that the partial derivatives are taken with
respect to the new variables. The initial condition (2) becomes
an asymptotic boundary condition

F@ ~hie Pip e i 5 5 00,5 > —oc0. (10)

In (9) the second and third terms on the lLh.s. can be
viewed as stemming from the advection by a pure imaginary
constant “drift velocity”. This is because we are following
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the singularities coming “down” from complex infinity. It is
important to observe that (9) is an exact consequence of the
Euler equation. The only place where an approximation is made
is in the boundary condition (10) where harmonics containing
for example et PZ and et 9 are discarded because such terms
are exponentially subdominant at short times.

In what follows we shall generally limit ourselves to the
SOC, giving occasionally an indication of what is valid for
more general two-mode cases. The general case can easily
be handled but we wish to avoid burdening the reader with
unnecessarily complicated statements and equations.

The function F(Z), which is 2m-periodic in X; and -
periodic in X, is analytic in the product of the half-spaces
y1 < 0and y, < 0 and thus its spatial Fourier series has only
harmonics of the form e~ *1214222) with k; > 0 and ky > 0.
Its Fourier series is here written as®

o0 o0
F(1,%) = Z Z(—l)klﬁ(kly kz)e—iklx;.le—ik222' (11)

k1=0kr=0

The reason for the presence of the factor (=¥ will become
clear shortly. The Fourier coefficients F (k) = F (k1, kp) can
be calculated recursively from the relation given in MBF which
follows from (9)

. 1 1
Pl k) == 2 =1 w2
ky ko N R
x > 3 (e AKIK=pPE(pr, p)Fky = p1.ka = pa).
P1=0 pr=0

12)

Here, p A k = p1ko — pok;. Because there are no Fourier
harmonics with negative k; or ks, the convolutions in (12)
only involve positive arguments. This feature, which allows
truncation-free determination of Fourier coefficients, is also
present in the Moore approximation for the vortex sheet
problem and in its generalization to axisymmetrical flow [19,
23]. The initialization of the recursion relations requires the
knowledge of the coefficients along the “edges”, that is the half-
lines k1 = 0 and ky = 0. In the present case I:"(O, 2) =1/2 and
I:"(l, 0) = —1/2 while all the other edge harmonics are zero.
It has been shown in MBF that, with the choice made above
in (11), the coefficient F (1, 0) is the only one that is negative.
All the other ones are non-negative. This result has so far only
been established by (very solid) numerical computations and
holds for all the two-mode initial conditions studied. As we
shall see, this has important consequences for the geometry of
singularities.

We shall now show that (9) can be reformulated as the
steady solution of a pseudo-hydrodynamic problem in a suitable
imaginary plane. Since we are working with analytic functions,
we can replace the complex partial derivatives 521 and 522

5 In MBF k 1 and kp were defined with the opposite sign.

61n the general case of two basic modes p and g the main change with
respect to the SOC is the replacement in (12) of the denominator k1 + k5 /2 — 1
by A1ky + Aoky — 1, where A and A, are defined in (8).

by —i E~)yl and —i 5),2, holding the x-coordinates fixed. In
terms of such y-derivatives (9) becomes an equation with real
coefficients. If we furthermore choose x; and x; such that the
boundary condition (10) becomes real then the solution “above
such points” F' is also real. This happens for x; = 0,7 and
for xo = 0,7/2,m,3m/2. The positivity of all but one of
the Fourier coefficients defined in (11) with the factor (—1)%
amounts to stating that, after moving the origin to (7, 0), all but
one of the usual Fourier coefficients of F are positive. As we
shall see in Section 4, this gives us the possibility of analyzing
the (short-time) complex singularities by focusing solely on the
y-plane above (7, 0). This point turns out also to be a center of
symmetry for the Euler flow with the initial condition (2), but it
is not clear whether this matters.” Henceforth we shall consider
the y-plane above (7, 0).

We define a pseudo-stream function in terms of the y-
coordinates (from now on we drop the tilde on the y variables
for notational simplicity)

1

Yy = W()’h)’Z)EE)’I —n+ F@+iy,in), (13)
1 .

=3 —y2+2k:F(k) ek, (14)

where the two linear terms on the r.h.s. have been introduced to
avoid having an additional advection term. Note that because of
these terms, v is not the continuation to complex coordinates
of a function periodic in x; and x;.

It is now elementary to check that (9) and (10) are equivalent
to taking the steady-state (r-independent) solution of the
pseudo-hydrodynamic equation

Vi — I (Y, V2Y) = =V, (15)

with the asymptotic boundary condition (for y;, yo — —o0)

1 1 1
YL = oyt + Eezn. (16)

Here, in order to bring out familiar hydrodynamic notation,
we have introduced a pseudo-time variable 7.8 We are using
V = (91, 02) for V,, and the Jacobian J has its usual definition
in terms of y-derivatives. We now introduce a pseudo-velocity
and a pseudo-vorticity by the usual definitions®:

v = (v1,v2) = oy, —01Y) an
=—(1,1/2)+ ) (ko, —k1) F k), (18)
k
w= -V, 19)
=Y —k*Fky e, (20)
k

7 Note that streamlines have a hyperbolic structure near (7, 0), but an elliptic
structure near (0, 0) which is also a center of symmetry.

81f we allow the function F and thus ¥ to also depend on ¢ and set
7 = In(1/1), we obtain precisely (15).

9 The true velocity is actually pure imaginary in the y-plane and the true
vorticity is —w.
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in terms of which (15) reads
[0rw] +V-Vo+w =0, (21)

with the boundary conditions (for y;, y — —00)

1 1
v~ (—1, —5> o et - 2e22, (22)

For other initial conditions, only the boundary condition (22)
must be modified. The r-derivative term has been put within
square brackets since we are only interested in the steady-state
solution. Note that the pseudo-hydrodynamic formulation in
the y-plane is that of a quasi-two-dimensional flow in a 3D
container with bottom friction producing a Rayleigh drag. In
this formulation T — +00 as we approach the initial instant.
An alternative interpretation is to define 7 as Int, to avoid
reversing the course of time, and then to change the signs of
v and of w and replace the Rayleigh drag by an instability.

In the pseudo-hydrodynamic formulation it is now obvious
that the problem is invariant under an arbitrary translation
h = (hy, hy) in y-space. By (14), such a translation amounts
to a factor e¥ on the Fourier coefficients £ (k). It follows,
as noted in MBF, that the set of initial conditions Yy(x) =
et cos x| +e22 cos 2x; is equivalent to the SOC as long as h is
within the analyticity domain. Similarly, a translation in k-space
with integer components (n1, n2) is equivalent to multiplying
F(m+iyj, iyz) by the exponential factor e”1Y1 1722 in y-space.
The exponential being an entire function, this changes neither
the positions nor the nature of the singularities at finite distance.

3. Numerical investigation of scaling laws in Fourier space

We shall show in this section that the solution of the
Euler equation in the short-time asymptotic régime defined in
the previous section has remarkably clean scaling properties
in Fourier space. By this we mean that the wavenumber
dependence of the Fourier coefficients is represented as a
decreasing exponential multiplied by an algebraic prefactor
whose exponent can be measured very accurately. Such a
functional form is not surprising. In fact the exponential is the
signature of the location of a singularity while the prefactor
encodes the nature of the singularity. For one-dimensional
analytical functions with isolated singularities in the complex
space this is well known: a singularity at z, of the form (z—z,)”
has a signature in the modulus of the Fourier transorm at
high wavenumbers k of the form Clk|=P~ e 9kl where § is
the distance of z, to the real axis (see, e.g., Ref. [24]). Such
asymptotic results have been extended in the 1990’s to the
Fourier transforms of periodic analytical functions of several
complex variables when the wavevector k tends to infinity with
a fixed rational slope tan6 = kp/k; = p/q, where p and g are
relative prime integers [25-27].

When the Fourier coefficients are obtained numerically,
there is a maximum wavenumber kpmax. Unless it is taken very
large, there will be very few points on the line of slope p/gq
as soon as ¢ is not a very small integer. But a large value of
kmax entails extremely small Fourier coefficients because of the
exponential decrease with the wavenumber. Thus, as stressed in

11— —
107
1074
107°
107
1071 :
10" S

(i
1071
107"
10

54

,,,,,,,,,,, ky=(18/11)k,

0 200 400 600 800 1000 1200
k

Fig. 1. Fourier coefficients of the stream function F along two lines of different
slopes as a function of k = |k| in lin—log coordinates.
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Fig. 2. Same as in Fig. 1 after division by exp(—d&k) (compensated Fourier
coefficients) in log—log coordinates. Most of the points are in the asymptotic
power-law régime, at least visually.

MBE, very high precision may be needed to avoid swamping
by the rounding errors. Truncation errors are not an issue in the
short-time asymptotic régime since the Fourier coefficients can
be calculated from (12) with arbitrary accuracy.

The data obtained for the SOC initial condition in MBF
had wavenumbers k = |k| up to 1000 or 2000, depending
on the direction and were calculated with 35-digit accuracy.'?
Most of the results presented here are based on the 35-digit
calculation. Additional calculations are also presented here with
various initial conditions, with up to 100-digit precision and
wavenumbers which can reach 4000 in particular directions. We
note that the MPFUN90 package for high-precision calculation
used in MBF, here and in Ref. [19] makes use of fast Fourier
transform techniques. Thus the CPU time per multiplication, as
a function of the number of digits N, is proportional to N log N
[28].

We now show that it is quite easy in principle to observe
scaling by analyzing the behavior of the Fourier coefficients in
directions of rational slope. Figs. 1 and 2 give two examples of
the analysis of Fourier coefficients along straight lines through

10 1h MBF it was stated that, when using only double-precision (15-digit)
accuracy, unacceptably large errors are obtained beyond wavenumber 800.
Actually, as pointed out by Zimmermann (private communication), the double-
precision calculation can be modified in such a way that, up to wavenumber
1000, the relative error on Fourier modes does not exceed 1075,
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the origin'! in a direction of rational slope, using the data
from MBF for the Fourier coefficients of the stream function
with SOC initial conditions. The first case has k»/k; = 2, the
direction with the largest number of grid points having non-
vanishing Fourier coefficients. The second case has k2/k; =
18/11, the direction with the slowest decrease of the Fourier
coefficients. Fig. 1, which shows the Fourier coefficients in
lin—log coordinates, reveals an exponential tail o e=%%; a least
square fit gives § = 0.021 for the first case and § = 0.0065 for
the second case.!? In Fig. 2 we show the “compensated” Fourier
coefficients obtained by dividing by the exponential term; the
result is then represented in log—log coordinates in order to look
for an algebraic prefactor o« k~*. The quality of the scaling
obtained is impressive: over most of the range we cannot on a
log-log plot visually distinguish the prefactor from a power law
with exponent @ = 8/3. As we shall see, the exponent does not
depend on the direction chosen.

3.1. Technique for capturing algebraic prefactors

Determining the scaling properties as done above by use of
least square fits, compensating exponentials and log—log plots
is not optimally adapted for delicate issues such as studying the
dependence of the prefactor exponent on the direction of the
wavector or on the initial conditions. As pointed out by Shelley
[20], it is better to remove some of the subjective biases present
in a least square fit (such as choosing the range in k). We shall
make use of his method of point-wise fit (also used in Ref. [19],
where it is called a sliding fit), followed by an extrapolation step
as now explained.

In k-space, a direction of rational positive slope is
characterized by k»/k; = tan® = ¢/p (where the positive
integers p and ¢ are taken to be relative primes). All the k
vectors on the line of slope p/q through the origin are thus
of the form k = nko, where ko = (p, ¢g) and n is a positive
integer. What we have seen at the beginning of Section 3
suggests that for a given direction of rational slope tan#é, the
Fourier coefficients of the stream function can be represented,
for sufficiently large k, as

F o~ CO)k @ e 0Ok (23)

Henceforth «, C and § will be referred to as the prefactor
exponent, the constant and the decrement, respectively. When
there is no ambiguity, the 6-dependence will be omitted.
Following Ref. [20], let us assume for a moment that (23) holds
exactly and let us set ﬁ,, (ko) = Ia (nkg). It then follows that if
we know F;, (ko) for any three consecutive values, say n — 1, n
and n + 1, we can determine C, « and § by

In  Fr=iko) For Geo)
E2 (ko)
e L ’ (24)
In (m)

1T A1l the lattice lines of a given rational slope have the same high-k
asymptotics, due to the observation made at the end of Section 2.

12 Why the minimum value is so small is a matter we shall come back to in
Section 5.
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Fig. 3. Local prefactor exponent «jq (k) versus wavenumber for two values of
the slope.

PO N Y O ) + ln( n ) (25)
= — e — o s
kol Frp1(ko) n+1

InC = In , (ko) + o In[(n)ko|] + nlkolS. (26)

The expression (24) for o follows immediately by noticing
that in the combination ﬁn_ lﬁn+1/ I:“n2 the constant C and the
exponential factor both drop out. The other two expressions are
readily established by taking the logarithm of (23).

Of course, we have no reason to expect that (23) holds ex-
actly for arbitrary wavenumbers. At best it will hold asymp-
totically at large wavenumbers. Nevertheless we can use (25)
and (26) to calculate a local prefactor exponent oo (k), which
depends on the wavenumber. Here we have chosen to use as
arguments of the local quantities the wavenumber k = n|kg|.

The typical behavior of «joc(k) is shown in Fig. 3 for
two directions. For large values of k the curves grow to an
asymptotic value close to 8/3. Globally, ajoc(k) is found to be
non-monotonic when 6 < 6, with tan 6, close to 3 (but not very
sharply defined) and monotonic above 6.

To estimate the asymptotic value o, We must extrapolate
the data beyond the largest available wavenumber at which they
are known with acceptable accuracy. Since the only causes of
error in oec (k) are rounding errors, we can measure such errors
by comparing runs having different levels of precision. Fig. 4
shows the discrepancy (absolute error) of oo (k) obtained with
15- and 35-digit precision. The error is seen to grow with
the wavenumber in an approximately exponential fashion, the
highest value being about 108 around wavenumber 1000. We
shall see that the error involved in the extrapolation may be
much larger than 1078,

One well-known difficulty with extrapolation is that the
problem may not be well-posed unless one has additional
information on the functional form of the convergence to zero
of the remainder o, — ajoc (k). In Ref. [20], which deals with
the shape of a vortex sheet continued analytically to complex
parameters, it is assumed that branch singularities of unknown
exponent are present and that the high-k behavior of the one-
dimensional Fourier transform can be obtained from Laplace’s
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Fig. 4. Discrepancy between 15- and 35-digit calculation of the local prefactor
exponent «jqc (k) along kp/k; = 5/3, as an estimate of the absolute error on

Poc-

method to leading and first subleading orders; the inclusion
of the first subleading correction allows a much improved
determination of the exponent. This extrapolation procedure
is equivalent to assuming that the remainder ooo — @ioc(k)
goes to zero as 1/k. For our problem, unfortunately no simple
functional form of the remainder, such as algebraic, exponential
or inverse logarithmic decrease, gives a satisfactory fit. An
efficient extrapolation method for a wide range of functional
behaviors of the remainder is the epsilon algorithm of Wynn
[29], related to the Shanks transform method [30]. It is an
algorithm for acceleration of convergence of a sequence S =
(s(o), s s@ s9Dy e C, and it comprises the following
initialization and iterative phases.

Initialization: Forn =0, 1, 2, ...

e =0 (artificially), el =s®™. 27
Iteration: Forn =0, 1,2, ...
et =&tV (e — gL (28)

After a few iterations of the algorithm, applied to 35-digit
SOC data, the sl(”)’s with even / become almost constant and
give an estimate of the extrapolated exponents (see Fig. 5).
The epsilon-algorithm extrapolated exponents will be used
when discussing results (unless otherwise stated). We have also
used the recently introduced asymptotic interpolation method
of van der Hoeven [31] which strips off successively leading
and subleading terms by suitable transformations before doing
the interpolation. This method works impressively for the
passive scalar model discussed in Section 5 for which both
leading and subleading terms in the high-k expansion can be
determined from numerical data. In the nonlinear case, the
asymptotic interpolation method gives exponents consistent
with those determined by the epsilon algorithm with a relative
error of about 1073; we have so far not been able to determine
numerically the functional form of subleading corrections. As
we shall see in Section 4.3, theory tells us that o should not
depend on the angle 6. We suspect that 6-dependent subleading
corrections account for the slight apparent variation of o with
0, reported in Section 3.2.
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Fig. 5. Local prefactor exponent &joc(n) for the nth point along the line
ko/ky = 5/3 which has (ky, kp) = (5n, 3n); it is shown together with
its second- and fourth-order epsilon-algorithm extrapolated values. Inset:
enlargement for n > 50.
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Fig. 6. Angular dependence of the prefactor exponent «a(f) for the SOC
(extrapolated by the epsilon algorithm). Below 6 = 0.27 (long dashed line)
the extrapolation cannot be trusted.

3.2. Results for the SOC

For the SOC, whose initial stream function is cosx; +
cos 2xp, we now use the method described in Section 3.1 to
calculate the prefactor exponent «(6), the decrement §(6) and
the constant C(0).

Figs. 6-8 show the angular variation of «, 6 and C,
respectively, excluding near-edge ranges where 6 is close to 0
or /2 which deserve separate discussion (see Section 3.4).

The most striking result is the very weak angular dependence
of the prefactor exponent, which over the range 0.27 < 6 <
0.457 is given by « = 2.66 £+ 0.01, consistent with the
theory which predicts independence on 6 (Section 4.3). This
immediately leads to asking if asoc = 8/3. The short answer
is: we do not know. We shall come back to this at length.

The angular dependence of & has already been reported
in MBF where it was measured by decomposing the set of
directions into small angular sectors.!> We find that §(0)

131 MBF 6 was varying in the third quadrant; here, because of the
aforementioned change of notation 6 varies in the first quadrant. Furthermore,
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Fig. 8. Angular dependence of the constant C(6) for SOC.

achieves a minimum value 8, =~ 0.0065 at 6, =~ 0.3247 and
it becomes large near the edges. In MBF it was reported that
the shell-summed amplitude of F (k)

Alk) = Z

k<|k|<k+1

|F ()], 29)

a kind of discrete angle average, behaves as C'k~210e =0+ for
large k. This is consistent with the present result. Indeed for
large k, we can evaluate the shell sums (29) by integrating over
kd6 using (23) and steepest descent near 6,. This changes the
prefactor from k=% to k=*+1-1/2 a =216,

Finally, C(9) is quite flat in the interval 0.1 < 6 < 0.4.

3.3. Non-universality of the scaling exponent

Having established the angle-independence of the prefactor
exponent, we now investigate its dependence on the initial
condition. What happens when we change from the SOC (given
by (2)) to another initial condition? Since 35-digit computations
take up to one month of CPU, we generally used 15-digit

the method used in MBF was less accurate than the present one and there are
thus small discrepancies in the values reported.

26 T T

2.56F . | A

o (6)

0/

Fig. 9. Angular dependence of the prefactor exponent «(6) for the “45-degree”
initial condition ¥ (x) = cos 2x| + cos(x| + x7).

accuracy but there is one important exception (see below). At
first we changed the SOC to

Wo(x) = cos xq + cos 3x3, (30)

for which the basic modes in the short-time asymptotics are
(1, 0) and (0, 3) between which there is the same 90-degree
angle as for the SOC. The prefactor exponent was again
indistinguishably close to 8/3. For a while this led us to
conjecturing the universality of the 8/3 exponent. Well .. . until
we tried

Yy (x) = cos(x] + x2) + cos 2xy, (€3]

whose basic modes are (1, 1) and (0, 2), forming an angle of
45 degrees. This gave us an exponent o = 2.54. The same
exponent was obtained with

Yp(x) = cos(x] + x2) + cos pxa, (32)

with p = 1, 3, 4, whose basic modes are different but also
form an angle of 45 degrees. We also did some exploration of
the direction dependence of « and, just as for the SOC, did not
find any. As we shall see in Section 4.3, independence on the
direction can be shown to hold.

All this was pointing towards non-universality of the
prefactor exponent, that is dependence on the initial condition
or at least on the angle between the basic modes. To ascertain
the non-universality we performed a 100-digit computation for
(31) with kpmax = 1000. Fig. 9 gives the epsilon-algorithm
extrapolated values of the local prefactor exponent for this
calculation as a function of 6.

Except near the edges the exponent stays very close to
2.54.1% The discrepancy between 2.54 and 2.66 vastly exceeds
the estimated error on the prefactor exponent, as discussed in
Section 3.1. Finally, we report that for all cases discussed in
this section on non-universality, the positivity of all the Fourier
coefficients except one holds, just as for the SOC.

14 The anomalously low value around /7 = 0.42 is caused by a large
denominator in the corresponding slope (79/21) which does not permit a
reliable determination of «.
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3.4. Intermediate asymptotics near the edges

In this section we discuss only the SOC, but the theoretical
results presented are easily generalized. We have seen that on
any line of strictly positive and finite rational slope the Fourier
coefficients decrease exponentially at high k (up to algebraic
prefactors). This is not true for lines of vanishing and infinite
slope. We can explicitly calculate from the recursion relation
(12) all the coefficients having either k; = 2 or k1 = 1. Indeed
along such “edge lines” the recursion relations take the form of
first-order linear homogeneous finite difference equations

Fly.2) = - k%_2k1+4ﬁ(k 1,2) (33)
1, - kl k%+22 1 5 5
R 2 k2 —4dkp+1 4
Flik) = — 2221 F(1 k- 2). (34)
ky 1+ k;

At large orders, essentially each coefficient on a horizontal
or vertical edge line is obtained by dividing by k| or kp/2
the adjacent lower-order coefficient. Thus they are decreasing
roughly as 1/k! or 1/(kz2/2)!. More precisely, using standard
asymptotic methods for difference equations [32], it is easily
shown that for integer m — oo

F(m,2) ~ F(1,2m) ~ m=>2"m™", (35)

which decreases faster than exponentially.

If we now consider a “near edge” direction with 6 close to
0 or to /2 we expect that the edge behavior will manifest
itself as intermediate asymptotics making it hard to obtain clean
scaling for the prefactor. We can however easily predict the
0-dependence of the decrement § by the following argument.
When 6 is small, the line through the origin of slope tan6 ~ 6
will intersect the edge ko = 2 at k1 = 2/6. At this point, by
(35), the logarithm of the Fourier amplitude is given to leading
order by —(2/6)In(2/6). Assuming that, on the line of slope
0, this point is within the region of exponential fall-off with
decrement §(0), we obtain

—(2/0)In(2/6) = —(2/6)8(0), (36)
which gives (for 6 — 0)

§0) ~1 2 37
()~n<5). (37)

Near the other edge, we obtain by a similar argument (for
0 — m/2)

1 1

We turn now to numerical study of the near edge behavior
of Fourier coefficients. So far we have determined such
coefficients in regions having comparable extensions in the
ki and k, directions. The structure of the recursion relation
allows us however to determine the coefficients in rectangular
domains having a very small or very large aspect ratio. We
have seen that the local prefactor exponent behaves non-
monotonically with the wavenumber when 6 is below a critical
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Fig. 10. Wavenumber dependence of local prefactor exponent ey, for various
small 6. Inset: dajo (k) /dk.
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Fig. 11. Angle dependence of the decrement § for small 6 in lin—log
coordinates (crosses). The continuous line is the theoretical prediction.

value.!3 Consistently, we have found that for small #’s a more
complex behavior is observed than for 6’s close to /2. We
have thus studied the former in more detail. Because of the
slow convergence to asymptotics we need wavenumbers much
larger than in MBF, so we used rectangular domains of size
4000 x 480 near 6 = 0 and of size 200 x 4000 near 6 = /2.
Fig. 10 shows the variation with the wavenumber of the local
prefactor exponent «joc (k) for various small 6°s. It is seen that
when 6 decreases, the wavenumber at which ajoc(k) achieves
its minimum increases and thus the extrapolation of o becomes
more difficult. The situation is much more favorable for the
determination of the decrement, because it is (logarithmically)
large.

Fig. 11 shows the measured decrement together with a
theoretical prediction §(8) = In(2/6) — 1 which includes
a subleading correction to the leading-order prediction (37),
obtained by a partially heuristic procedure. Near 6 = 7/2 the
decrement has also logarithmic scaling (not shown), consistent
with the leading-order prediction (38) but not very clean. As
to the constant C(0), we found that it becomes large near the
edges. For & — 0 the behavior is roughly C(6) o« 1/6 but

15 This may be related to the fact that the global structure seen in Fig. 14 is
far from being symmetrical in y; and y;.
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Fig. 12. Contours of the absolute value of the Fourier coefficients (logarithmic
scale) of the stream function at # = 0.8 by full spectral simulation for the SOC.

there are substantial uncertainties because the constant C is
quite sensitive to small errors made on § and «.

3.5. Beyond short times

In MBF it was shown, for the SOC initial condition,
that deviations from short-time asymptotics become important
around ¢+ = 0.1. More precisely, deviations from the law
8(t) o In(1/t) become visible (see Fig. 2 of MBF). We now
investigate numerically the issue of persistence of the k—2:%
law for the SOC beyond the time of validity of short-time
asymptotics. For this we must use a full spectral simulation
with time-marching as in Refs. [4,12]. A priori there is no need
to use a resolution in excess of 10242 since we shall see that
the k=29 law deteriorates significantly after t = 1. At that
time, the decrement § =~ 0.4, which implies that the flow is
extremely well resolved with 1024% modes. Fig. 12 shows the
behavior of the absolute value!'® of the Fourier coefficients of
the stream function at ¢+ = 0.8 in the (k1, k2)-plane (because
of the Hermitian symmetry we are not showing negative k).
It is seen that there is a direction of slowest decrease which
has k»/k; = 1. At short times the slowest decrease had
ka/ki =~ 18/11 but this direction changes in the course of
time. Fig. 13 shows the usual exponential decrease with an
algebraic prefactor for the Fourier amplitude in the direction
of slope unity at t+ = 0.8. Beyond wavenumber 85, rounding
errors take over (the calculation has 15-digit precision). The
same procedure, applied at much later times, for example at
t = 1.9, still shows some kind of exponential tail but the data
are far too wiggly to permit the extraction of a reliable power-
law prefactor. We have also repeated the analysis beyond short
times for the flow with initial condition cos(x; + x2) + cos 2x»,
where the basic modes make an angle of 45 degrees. At time
t = 1.4 the prefactor exponent is around 2.58, quite close to the
value 2.54 reported at short times.

16 Because of the symmetry of the SOC, the Fourier coefficients are real.
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Fig. 13. Absolute value of the Fourier coefficients of the stream function at
t = 0.8 along the rational direction k /k; = 1 in lin—log coordinates. A least
square fit (continuous line) gives ck—2:08¢=0429k ' The inset shows the same
data after division by e~ 042% i log-log coordinates.

Let us now discuss some of the limitations involved in the
search for prefactor scaling beyond the short-time asymptotics.
We begin with practical limitations. With 1024% modes the
direction of rational slope k3 /k; = 1 has about 30 points before
encountering 15-digit rounding level. Other directions have
typically only ten points and this makes precise determination
of the decrement § and the prefactor exponent o impossible. We
thus cannot comment on any possible angular dependence of
a. Calculations with higher resolution require higher precision
in order to lower the rounding noise level and this in turn
requires enormous computer resources by a time-marching full
spectral method if we demand that temporal truncation error be
at rounding level.

There is a more fundamental issue regarding the validity of
the short-time asymptotic régime. For the SOC, this régime
breaks down around ¢+ = 0.1, as far as the temporal behavior
of 8(¢) is concerned. Actually the short-time approximation is
strongly non-uniform with respect to the wavenumber: high
wavenumbers show discrepancies at much earlier times than
0.1. For example we know that, in the short-time régime, all
the Fourier coefficients except one are non-negative, but as
early as + = 1073, a 90-digit calculation by time-marching
shows that Fourier coefficients start oscillating in sign beyond
wavenumber forty.!” By r = 0.8 such oscillations are found
in the 15-digit calculation whenever kp/k; > 2, irrespective
of wavenumber. In the presence of such oscillations, the
functional form we have used in the short-time asymptotics
o k~®e~% s clearly invalid. What is happening has a
geometric interpretation which is more readily understood
after reading the first page of Section 4. In the short-time
régime the positivity of the Fourier coefficients implies that
the singular manifold is in the y-plane. Note, however, that in
this régime we are ignoring interactions with Fourier harmonics

171t matters how precisely we let t — 0 and k — oo. For a fixed value of ¢,
however small, the high-k régime discussed in most of this paper may be just
an intermediate asymptotic régime. It is conceivable that the non-universality
found here is confined to this particular asymptotic régime.
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from quadrants other than the first one since they only
contribute subdominant terms in the short-time expansion of the
hydrodynamic fields. When such terms are taken into account
it is likely that singularities obtained at leading order will be
mostly advected by a modified velocity field which carries the
singularities slightly out of the y-plane without changing their
nature, as happens in the work of Tanveer and Speziale [18].
Of course, positivity of the Fourier coefficients will be lost but
not necessarily their scaling properties. Observe also that the y-
plane being a plane of symmetry, this picture implies that there
are several pieces of the singular manifold very close to the
y-plane. In Fourier space they produce a kind of interference
pattern which at first has very long wavelength (in k). This
wavelength becomes shorter and shorter as time advances and
the singular manifold moves further away from the y-plane.'8

4. The geometry of the pseudo-hydrodynamic flow

In two-dimensional simulations of hydrodynamics, consid-
erable insight is usually obtained by looking at flow features
in the physical space. This is much simpler in two dimen-
sions than in three, provided that the relevant features are in the
real R? space. Here the most important features are in the com-
plex C? space, which is equivalent to having four real dimen-
sions. Fortunately, as explained in Section 2, we can make use
of only two real dimensions by working in the y-plane above
(z1, z2) = (w, 0) which extends in the (pure) imaginary di-
rections. As already briefly mentioned in Section 4 of MBF,
the positivity of all the Fourier coefficients F (k1, k2) (except
F (1, 0)) and the exponential decrease with the wavenumber im-
ply that the solution to the (short-time asymptotic) Euler equa-
tion has a line of singularities S in the (y1, y2)-plane. Indeed,
since only harmonics with non-negative k; and k, are present,
we may rewrite (13) and (14) as a Taylor series in two variables

_l — S = - k[ k2
V() 2y1+y2—k;k22=0nkl,kz)cl 52, (39)

=, p=er. (40)

If we now hold y, (and thus &) fixed and sum over kp, we
obtain a Taylor series in ¢ such that all its coefficients (except
possibly the first one) are positive. By Vivanti’s theorem [33],
if such a series has a finite radius of convergence (as is the
case here because of the aforementioned exponential decrease),
the singularity in the complex ¢j-plane nearest to the origin
is on the positive real axis at a location y; = y}(y2), which
depends on y,. The function y}(y2) defines an object which
we here call the singular manifold and is the edge of the
analyticity domain y; < yl*(yz).19 A standard theorem about
multi-dimensional Taylor series states that their domain of
convergence is logarithmically convex (see, e.g., Ref. [34]).

18 Somewhat similar interference patterns are obtained when the short-time
asymptotics is extended to the Navier—Stokes equation (with viscosity scaling
as 1/1).

19 More correctly, the singular manifold is a (perhaps analytic) manifold in
C? whose intersection with the y-plane is designated here by the same name.

Fig. 14. Global geometry of the flow in the y-plane. Streamlines (solid lines)
and iso-vorticity lines (thin-dotted lines) are shown. Thick-solid-crenated line:
singular manifold; thick-solid line: U-turn separatrix (¢ =~ 0.5); thick-dashed
line: vorticity separatrix (w = 0 and ¥ = In2). The ticks on the two
axes correspond to coordinate 0.25. Inset: Contours of absolute value of the
cotangent of the angle between the streamlines and the iso-vorticity lines as a
measure of depletion of nonlinearity.

In our case this just means that the analyticity domain in the
y-plane is convex. As shown in MBF using slightly different
notation, the singular manifold can be constructed either as the
envelope of the family of straight lines yj cos€ + y>sinf =
§(0) (where the decrement § has been defined in Section 3) or
as the envelope of analyticity disks.

To numerically construct the pseudo-hydrodynamic solution
in the y-plane from the Fourier data we use (14) for the
stream function, (18) for the velocity and (20) for the vorticity.
Although our Fourier data typically have 35 decimal digits,
it suffices to truncate them to 16 digits to obtain the various
relevant fields in y-space with a good accuracy.

4.1. Presentation of the y-plane results

We begin with global topological features and then turn to
a more local and more quantitative description. Fig. 14 gives
a global view of the flow in the y-plane.2? The outer edge of
the flow region, which passes very close to the origin is the
singular manifold. At large distances on the upper left and the
lower right, respectively, the singular manifold has logarithmic
branches. Close to the singular manifold, the streamlines follow
it until they make a U-turn and eventually plunge into the third
quadrant (y; < 0, y2 < 0) where they become straight with
slope 1/2 at large distances. An important feature is the U-
turn separatrix, above which stream lines make U-turns which

20 When magnifying this figure, ADOBE READER® 7 or higher is
recommended.
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Fig. 15. Enlargements of Fig. 14 around the point (y;, y2) = (0.8, —1.0)
showing the streamlines (upper figure) and the vorticity contours (lower figure).
Only negative vorticity contours are shown.

become increasingly sharp when moving to the lower right, and
below which there are no U-turns. Vorticity contours starting
close to the singular manifold far on the upper left get pressed
increasingly close into the singular manifold when moving
to the lower right. The vorticity separatrix divides negative
vorticity (above) and positive vorticity (below). It approaches
the singular manifold in the lower right but not as fast as the U-
turn separatrix. In view of the Jacobian formulation of the Euler
equation, the vorticity separatrix is clearly also a streamline.
Hence, the strong depletion of nonlinearity evidenced by
accumulation of contour lines near this separatrix on the inset of
Fig. 14. The depletion is here measured by plotting the absolute
value of the cotangent of the angle between Vi and Vw.

Fig. 15 shows the stream function and the vorticity with
more details in a region of particular interest. Increasingly
sharp U-turns of the stream lines are seen when moving to the

Wik
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Fig. 16. Upper figure: stream function v, velocity components (suitably
rescaled) v, and v, normal and parallel to the singular manifold along the
line of cut normal to the singular manifold passing through the origin, shown
as a dashed-dotted line on Fig. 14. U and S identify the places where the
cut intersects the U-turn separatrix and the vorticity separatrix. Lower figure:
negative vorticity along the same cut in log—log coordinates.

lower right into the narrowing channel separating the singular
manifold from the U-turn separatrix. It is seen that the vorticity
becomes very large and negative near the singular manifold,
while the stream function remains finite with a value around
Y = 0.5, the same as on the U-turn separatrix. Thus, the
singular manifold, which is simultaneously a limiting case
of a streamline and of a vorticity contour, displays strong
depletion of nonlinearity as seen on the inset of Fig. 14. We also
looked at the velocity field (not shown); close to the singular
manifold the velocity is parallel to this manifold and decreases
in modulus when moving down and to the right. Note that,
contrary to the vorticity, the velocity does not grow explosively
when approaching the singular manifold; there is no numerical
evidence against the plausible assumption that the velocity has
a finite limit on the singular manifold which is tangent to this
manifold. Similarly, the pressure (not shown) also appears to
have a finite limit on the singular manifold.

For a better quantitative grasp we show in Fig. 16 a one-
dimensional cut of the two-dimensional fields along the normal
to the singular manifold passing through the origin, shown
as a dashed-dotted line on Fig. 14. It is seen that the stream
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function takes the finite value ¥ging ~ 0.5 on the singular
manifold and the same value at the U-turn separatrix and that
the vorticity follows approximately a power law —w o s
with 0.7 < B < 0.9, where s is the distance to the singular
manifold. The scaling is however rather poor; it gets even worse
when repeating the same analysis along the other dashed line
normal to the singular manifold, shown on Fig. 14. It is also
seen that at the singular manifold the normal velocity vanishes
linearly. We now turn to comments and theoretical explanation
of most of these features.

4.2. Bridging k-space and y-space results

As we shall now see, it is quite obvious to relate the leading-
order asymptotics (23) of the Fourier coefficients at large k
and the leading-order behavior near the singular manifold in
y-space. To explain the poor scaling observed for the vorticity
in y-space, we need to take into account subleading corrections
as we shall also discuss. The “Fourier—Laplace” representations
(14), (18) and (20) for the (pseudo-hydrodynamic) stream
function, the velocity and the vorticity, connect k- and y-space
functions. Consider, for example, the vorticity; using (23) and
polar coordinates k = k(cos @, sinf) we can rewrite it as

o) =—Y COk T D, @1)
k

h(@;y) =6(0) — y1cosf — yrsinf. (42)

The convergence properties at high wavenumbers of this sum
will depend crucially on the sign of the decrement 4 (6;y). If

mgin h@;y) >0, 43)

all the exponentials are decaying and the sum will be finite. If
the minimum is negative, the sum is divergent. In the borderline
case of a vanishing minimum, the algebraic prefactors will
determine convergence. If §(0) is a smooth function of 6, as
our numerical results suggest, the minimum corresponds to a
vanishing derivative with respect to 6. Hence, the borderline
case is characterized by the following two equations:

8(0) — y1cosf — yrsin@ = 0, (44)
8'(0) + yisinf — y cos = 0, (45)

where 8'(0) is the derivative of §(0). Those points y,(0) =
(V«1, Y«2) which satisfy (44) and (45) are on the singular
manifold. Conversely, §(6) is the distance from the origin
to the tangent at the singular manifold which has the slope
0 — 7 /2 (see Fig. 17). It follows that the singular manifold is
the envelope of such lines. In MBF this result was derived by
Poincaré’s pinching argument.

From (44) and (45) it is easily shown that the near-edge
behavior of §(0) given by (37) and (38) implies logarithmic
branches for the singular manifold: y, ~ (1/2)In(—y;) for
large negative y; and y; =~ In(—y») for large negative y».

We observe that s = ming h(6; y) is the shortest Euclidean
distance of y to the singular manifold, with a plus sign when
y is below the singular manifold and a minus sign when it is
above. Let us assume thaty is below or on the singular manifold

8(0)/

Fig. 17. Construction of the singular manifold from the logarithmic decrement
8(0).

and let us denote by 6,(y) the value of 6 where the minimum
is achieved. Near this minimum we can Taylor-expand the
decrement

M&w=s+%ww—&f+0«e—&ﬂ, (46)

where ] = 92h(6,,y)/062. The convergence of the sum (41)
depends only on the high-k behavior, where we can, to leading
order, replace the sum by an integral over kdkdf, to obtain a
“continuous approximation”

2 0
Weomt (¥) = — /0 do /0 dk C(O)k 3 e7khEw), (47)

When s vanishes or is small and positive, we can evaluate the
angular integral in (47) by steepest descent

2m [ _ais)r ks
wcont(y*):_c(g*) W A dkk e . (48)

On the singular manifold, s = 0 and it is clear that the integral
over k is ultraviolet-divergent as soon as o > 3/2. All the
values of the prefactor exponent o considered in this paper are
at least 5/2 and thus give an infinite vorticity at the singular
manifold. The same analysis applied to the stream function and
to the velocity gives ultraviolet-convergent integrals. For small
positive s, we obtain from (48)

27 _
Weont(¥x) = —C(6,) @;mwz—Msﬂ, (49)
ﬁ:%—m (50)

where I'(-) denotes the Gamma function.

For SOC initial conditions, « ~ 8/3, and thus the vorticity
diverges to leading order with a s~>/® law, when approaching
the singular manifold. The subleading corrections causing the
poor scaling seen in Section 4.1 are of various sorts. First, there
are subleading corrections to (23) whose simplest manifestation
is the discrepancy between the local scaling exponent oo (k)
and its extrapolated value oo, as discussed in Section 3.1.
As already stated, we do not know the functional form of
such corrections. Second, there are subleading corrections
coming from having approximated the Fourier—Laplace sums
by integrals. It is easily shown that they contribute O (s°) to the
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Fig. 18. Same as lower part of Fig. 16 but for the synthetic data with various
values of the maximum wavenumber . Inset: corresponding logarithmic local
slopes. The predicted scaling exponent is —5/6.

vorticity in y-space. Third, there are the subleading corrections
to the continuous approximation (47), which may be shown to
be O(s~1/3). A simple way to determine how much the scaling
is degraded by the second and third type of corrections is to
use synthetic data for which the Fourier coefficients are given
exactly by (23). It is then easy to change the resolution n x n
and to find out how large n should be for clean leading-order
scaling to emerge. We performed such a calculation with C and
« constant and the values of §(0) taken from the actual Euler
SOC data. From the synthetic data, using (20) we then calculate
a synthetic vorticity wsynm(y) just as in Section 4.1. Fig. 18
shows —wgsynin (y) in log-log coordinates for three values of n.
The lowest one, n = 1000, is comparable to what is used in the
actual Euler calculation: the scaling is very poor. Only when we
increase the resolution more than tenfold to » = 11,000 do we
begin to see a clean s /6 scaling.

4.3. Theory of y-plane pseudo-hydrodynamics

The starting point for theory in the y-plane is of course
the pseudo-hydrodynamic vorticity equation and its boundary
conditions far into the third quadrant, derived in Section 2 and
repeated here for convenience:

y-Vo+o =0, (51

< 1 ) 1 2y
v |—1, —= ), wx~=e—2e72, y, y» > —00.(52)
2 2
Alternatively we can rewrite (51) as J(Y,w) = o or as
J(Y, In|w|) = 1. Thus the map from (y1, y2) to (¥, In|w]|) is
area preserving. The vorticity separatrix was defined by o = 0;
so that the Jacobian of the stream function and of the vorticity
is zero along this line. Hence it is also a streamline.?! It is easily
shown that the value of the streamfunction on this line is In2.
Indeed, as we follow the vorticity separatrix far into the third

21 By changing w into 1/w in (51), we can show similarly that the singular
manifold, at which 1/w = 0, is also a streamline.

quadrant, we obtain from (52) that y; ~ 2y, 4+ 2In2. Since
¥ = (1/2)y1 — y2 (up to exponentially small terms), we obtain
the result claimed. We have also checked numerically that the
value of the stream function on the vorticity separatrix is In2 to
at least three decimal places.

Depletion of nonlinearity near the singular manifold
prevents us from using the dynamical equation (51) to derive
the scaling exponent of the singularities by, for example,
balancing to leading order the two terms in (51). Nevertheless,
such balancing gives some useful information, such as the
vanishing of the normal component v, (s) of the velocity near
the singular manifold (for s — 0) and the independence on
position of the exponent 8 characterizing the divergence of the
vorticity. Since B and the prefactor exponent « are related by
o + B = 7/2, this will establish the independence of « on 6,
which was rather strongly supported by the numerical results
reported in Section 3. We now derive these results. In what
follows, points y, on the singular manifold are parameterized
by the angle 6 between the y;-axis and the outgoing normal.

To show the vanishing of v, (s) for s — 0, it is convenient
to use as local coordinates near the singular manifold the angle
6 and the distance s. We denote by v, (s, ) and v (s, 0) the
components of the velocity along the inward normal and along
the tangent in the direction of increasing 6. For small s, to
leading order, (51) becomes

[vn(s, 0)0s + vy (s, 9)%89] w(s,0) ~ —w(s,H), (53)

where R(0) is the radius of curvature of the singular manifold
(the arclength is given by R(0)d6). We now assume that @
s~ (with B > 0). If v, (0, #) did not vanish, the first term on
the Lh.s. of (53) would be proportional to s~#~!, which for
small s could not be balanced by any of the other terms of
the equation. The argument actually implies the stronger result
that the normal velocity v, cannot vanish more slowly than s'.
The technique of Section 4.2 on bridging k-space and y-space
results can be used to show that dv,/ds remains finite at the
singular manifold, although it has the same dimension as the
vorticity which becomes infinite.>? Thus v, actually vanishes
linearly with s.

For the independence of 8 on 6, we integrate (51) along a
typical streamline passing near the singular manifold between
two points My (far from the singular manifold) and M; (within
a small distance s1), so that there is a U-turn in between which
is assumed not to be close to either My or M (see Fig. 19). We

obtain
My qe
. 54
exp{/m |v<e)|} oY

The streamline is here parameterized by the arclength ¢
measured from an arbitrary reference point and growing when
moving into the upper far left, opposite to the direction of

oM _
(M)

221 the proof one uses the vanishing of the normal component of the velocity
at the singular manifold, a consequence of the singular manifold being a
streamline.
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Fig. 19. A typical streamline passing near the singular manifold and
performing a U-turn. Although this figure uses the actual data rather then being
a sketch, the distance between the streamline and the singular manifold has
been somewhat increased for legibility.
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Fig. 20. Modulus of the velocity and vorticity (changed sign) versus arclength
£ along the streamline shown in Fig. 19 which has ¢ ~ 0.47. The point M) is
taken near ¢ = 2.5; the U-turn, M| and M, are near £ = 3, ¢ = 3.2, ¢ = 3.5,
respectively.

the velocity. When moving from My to M; the smallest
velocities and thus the leading-order contribution to the integral

1\1"140 ' d¢/lv(£)| are expected to come from the immediate
neighborhood of the U-turn. We have checked this conjecture
numerically by calculating the vorticity and the modulus of the
velocity along a streamline chosen to have a rather sharp but
well-resolved U turn (see Fig. 20).

We assume now that the vorticity near the singular manifold
is given to leading order by w = c(0)s™#®, where we
temporarily leave the possibility that the exponent 8 depends on
the parameter 6 associated to the nearest point on the singular
manifold. We take a second point M> on the same streamline
but further away from the U-turn. We then have (to leading
order)

w(My) = c@)s; 7O, (55)
o (My) = c(62)sy " (56)

where (s, 61) and (s, 6;) are the local coordinates for M and
M>. From (54), applied successively to M| and M>, we find that

o) _ {/Mz de } (57)
oM Py, w1

Between M; and M, the streamline is close to the singular
manifold and the velocity is dominated by its tangential
component; hence we can replace the r.h.s. of (57) by an
integral along the singular manifold and obtain to leading order

[Z
o(M) Kuzexp{/ > R(Q)}’
w(Mp) 0 v (0)

which depends neither on s nor on s2. We now observe that the
solenoidal character of the velocity implies (again to leading
order)

(5%)

510 (01) = $20,(62). (59
It follows from (58) and (59) that

—p(6)
w(My) ~ ¢ [%] ~ Ky sy PO (60)

Comparison of the middle and the rightmost members gives

v 18
BO1) =B62), c2=Kipc [172] . (61)

This establishes the independence of the vorticity scaling
exponent on 6.

5. A passive scalar model

As shown in Ref. [35], simple advection of a passive scalar
by a prescribed velocity field with just a few Fourier harmonics
can easily lead to singularities because fluid particles may come
from or go to (complex) infinity in a finite time. In the present
context of short-time asymptotics, the equivalent of a passive
scalar model is to treat the (pseudo-hydrodynamic) vorticity @
in (21) as a passive scalar advected by a prescribed velocity.
The simplest prescribed velocity we can take is

vp(y) = (—1, —%) + (ez«vz, %e)’1>, (62)

obtained from the stream function

yp = %)’1 —n- %ey‘ + %62”. (63)
This velocity field includes the drift (—1, —1/2) resulting from
the shifts of the original coordinates by terms proportional
to Int and the contributions from the basic modes. For our
passive scalar model we use the vorticity equation (21) with the
inclusion of an inhomogeneous term whose precise form does
not matter (as long as it does not have itself any singularity): the
singularities of the passive vorticity stem solely from advection.
Specifically, the passive scalar model is defined by

3
vp-Vo+ o= Ee”“”, (64)

where the r.h.s. is taken to be the interaction term of the two
basic modes. It is easy to write down Fourier-space recursion
relations for this model and to show that all the Fourier
coefficients are positive. Numerical solution of the recursion
relations gives the usual type of scaling with a very clean
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Fig. 21. Streamlines in the y plane for the passive scalar model given by (63),
which has a hyperbolic stagnation point at the origin. Thick line with arrows
pointing to the origin: stable manifold of the associated dynamical system (65)
which is also the singular manifold for the vorticity. Thick line with arrows
pointing away from the origin: unstable manifold.

prefactor exponent @ = 5/2.23 In the y-space this implies a
blow-up of the vorticity @ o s~! as function of the distance s
to the singular manifold.

Actually all these results can be derived in a rather
straightforward manner by working in the y-space, as we now
explain. Eq. (64) can be integrated along the characteristics.
For this we consider the conservative dynamical system of fluid
particle trajectories in the velocity field vp:

d,_ 65
Sy =ve0). (65)

The integral lines are the lines ¥p = const., which are shown in
Fig. 21. Atthe origin there is a hyperbolic stagnation point near
which we have yp = —(1/4)yl2 + y% + O(|y]?). The associated
unstable manifold is simply y; = 2y;, while the stable manifold
is the other solution to yp = 0.

This hyperbolic stagnation point at the origin completely
determines the scaling of the vorticity. Indeed, in Section 4.3
we derived from the vorticity equation (21) an expression
(54) which shows that large vorticities stem from low-velocity
regions. This derivation, which did not make use of the fact
that the vorticity is the curl of the velocity, remains valid for
the passive scalar model (except for minor changes due to the
presence of an inhomogeneous term). In the fully nonlinear
case, the low velocities were due to the increasingly sharp U-
turns described in Section 4.1. In the present much simpler case,
they are just due to the passage near the hyperbolic stagnation
point. As we follow a streamline upstream (i.e. to increasing
arclengths ¢ in the notation of Section 4.3) we come closer and
closer to the stable manifold. The latter thus plays the role of the
singular manifold. By the same argument as used in Section 4.3
the scaling of the vorticity near the stable/singular manifold is
the same everywhere. It suffices to determine it locally near
the stagnation point. One way is to parameterize the streamline

23 With the already cited asymptotic interpolation method [31] the exponent
« is found to differ from 5/2 by less than 10711,

by the distance s to the stable manifold (more precisely to its
tangent at the origin, since we are doing a local analysis). By
(54), the growth of the vorticity is controlled by

V4 del K ds/
exP {/ v(0)] } P {/ n(s") } ’ (66)

where v,(s) is the velocity component along the (inward)
normal n = (—1/ \/5, -2/ \/5) to the stable manifold at the
origin. Near a hyperbolic stagnation point we have v,(s) =
As + O(s2), where A is the positive eigenvalue of the velocity
gradient 0;v; at the stagnation point. Here, it is elementary to
show that A = 1. Using this in (66) we find that the vorticity
@ o s~!, as claimed. This argument is easily adapted to the
passive scalar models for other two-mode initial conditions,
such as those discussed in Section 3.3. The same s~! behavior
is always obtained, which is thus universal, contrary to what
happens in the full nonlinear case.

Although the passive scalar model does not predict the
exact and non-universal character of the vorticity blow-up for
the full nonlinear problem, the singular manifold is given
quite accurately by the passive scalar model. In particular it
is immediately checked that both have the same logarithmic
branches (at least to leading order). Furthermore, in the passive
scalar model the stable/singular manifold goes exactly through
the origin while in the full nonlinear problem it passes within
a distance § ~ 0.0065, as shown in MBF. It may be that such
agreements are due to the presence of very strong depletion of
nonlinearity in the full problem, thereby making a simple linear
advection model quite relevant.

Actually, the passive scalar model can be systematically
improved by enriching the prescribed velocity field through
addition of higher-order modes. A simple way to do this
is to take all the Fourier modes such that ky + k/2 <
n + 1. For SOC, we have studied these “enriched” passive
scalar models for various values of n. They all possess a
hyperbolic stagnation point. The associated positive eigenvalue
An becomes larger than unity when n > 1. The first few values
for the corresponding prefactor exponent o, = 7/2 — 1/, are:
ap = 2.5, a1 = 2.594, ap &~ 2.613. For larger values of n,
the growth is very slow; for example az9 ~ 2.618. We also
observed that, as n grows, the stagnation point moves to the
right and down and the angle between its stable and unstable
manifolds decreases. It is likely that, for n — oo, the stagnation
point is pushed to infinity in such a way that its stable and
unstable manifold tend to the singular manifold and to the U-
turn separatrix for the nonlinear problem, while o, — «, but
the convergence may be slow.

6. Conclusion

The present paper, like Refs. [4] and MBF, is mainly
concerned with the short-time asymptotics of the 2D Euler
equation in situations where complex-space singularities are
born at infinity at time ¢+ = 04. Let us first summarize the
main findings of this work, which uses a mixture of ultra-
high precision computations (with up to 100-digit accuracy)
and of theory. Our work is specifically concerned with initial
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conditions in the form of a trigonometric polynomial; it is
shown in the Appendix that this problem can generically
be reduced to one with only two modes. A very detailed
description of the complex singularities is given. For all cases
studied, the Fourier coefficients except one are found to be
non-negative (this was already reported for SOC in MBF). In
any direction of rational slope tan# not too close to the edges
of the Fourier domain, the coefficients of the stream function
converge very quickly with increasing wavenumbers k to the
form C(0)k~%e %@ The prefactor exponent «, determined
with better than one per cent accuracy, is independent of 6 but
is not universal: when the initial modes are orthogonal, it is
indistinguishable from 8/3 & 2.66, whereas with a 45 degree
angle between the initial modes it takes the value 2.54. We
cannot rule out that o depends also on the moduli of the initial
modes but we have no evidence that it does.

It is shown that the singularity problem can be reformulated
as an ordinary steady-state (pseudo)hydrodynamic problem in a
suitable y-plane corresponding to pure imaginary coordinates.
The complex singularities are in this y-plane on a smooth
(possibly analytic) curve extending to infinity with logarithmic
branches. The vorticity diverges as s %, where s is the distance
to the singular manifold and @ + B = 7/2. We give a
full description of the geometry of streamlines and vorticity
contours in the y-plane (Fig. 14). Increasingly sharp U-turns
of the streamlines near the lower logarithmic branch of the
singular manifold give rise to the vorticity scaling. Very strong
depletion of nonlinearity near the singular manifold prevents
application of dominant balance to determine the scaling
exponent of singularities and is likely to be the reason for the
very unusual non-universality of the singularities. Finally it is
shown that the scaling behavior of the prefactor persists in time
significantly beyond the validity of the short-time asymptotics,
at least as intermediate asymptotics. However, we do not know
if the non-universality of the singularities found in the short-
time régime carries over to the full Euler equation.

The main theoretical shortcomings of this work are our
inability so far to prove the positivity of Fourier coefficients and
to derive the prefactor exponent « (or the vorticity divergence
exponent B) from the initial conditions (we also failed to
identify the nature of subleading corrections to (23)). We have
nevertheless gained some qualitative understanding with the
passive scalar model of Section 5 that ignores the back reaction
of the vorticity on the velocity but which sheds interesting light
on the mechanism for producing singularities. In this toy model,
scaling is controlled by a stagnation point of the velocity field,
whereas in the full nonlinear problem the stagnation point is
rejected to infinity.

We have described our findings in some detail, hoping that
colleagues will be able to help us with the missing theory.

In principle the methods used for the 2D short-time Euler
problem can be extended to various other short-time problems.
One instance is the short-time régime for the 2D ideal
incompressible MHD equations. A preliminary study for this
case indicates that the positivity result does not survive: Fourier
amplitudes display oscillations revealing a richer geometry of
the singular manifold which can no more be captured in terms

of just the imaginary coordinates y. In mathematical terms,
one has to study the amoeba and coamoeba of the singular
manifold.?* Oscillations can be handled by techniques similar
to those discussed here, as has already been done in Ref. [19].

Another natural extension of our study is to the 3D Euler
equations which also have a short-time régime. This is rather
straightforward. A direct extension of the algorithm used in two
dimensions requires CPU resources (time complexity) propor-
tional to kS, instead of k% . This becomes prohibitively large
when kmax exceeds a few hundred. In principle, the time com-
plexity can be reduced to k3, (with logarithmic corrections)
by using FFT’s and the recent technique of “relaxed multiplica-
tions” [37]. However, in the calculations reported in MBF and
the present paper the magnitude of Fourier coefficients can vary
by several hundred orders of magnitude; this requires special
precautions when applying FFT’s unless one is prepared to use
several hundred digits.

We remind the reader that our long term goal is to find
out about blow-up in three dimensions (3D). We hope this
will not take another 250 years. Progress may however be
painfully slow if, as we expect, numerical experimentation is
to play an important part. Indeed, the amazingly fast growth
of computer power observed over the last 50 years becomes
much less spectacular when translated in terms of resolution
achievable in 3D simulations.>> As more powerful computers
become available for investigation of 3D blow-up, it would not
be advisable to use the new resources exclusively for increasing
the spatial resolution. Experience on the advantage of ultra-
high precision for singularity studies from the work of Krasny
[21], Shelley [20], Caflisch [19] and also from our own work
suggest that it is not safe to use less than 30-35 digits. Using
flows with symmetries such as the Taylor—Green [13,14] or the
Kida—Pelz [15-17] flow to boost the resolution introduces a
possible element of non-genericity, but we can always use such
flows to sharpen our tools and then, as computers become more
powerful, turn to flows without symmetry.

Have the results reported in MBF and the present paper
brought us closer to this Holy Grail of 3D blow-up? In a direct
way, we cannot infer anything regarding 3D real blow-up from
a 2D study of complex singularities at short times. We have
however learned that in this rather restricted framework, sin-
gularities are located on very smooth objects (possibly analytic
manifolds); because the fastest spatial variation is then in the
direction perpendicular to the singular manifold, the singulari-
ties have strongly depleted nonlinearity in a suitable frame. We
have already good evidence that in 2D this smoothness prop-
erty is not limited to the short-time régime [4]. In 3D such a

24 In d-dimensional algebraic geometry one deals with an algebraic manifold
in complex coordinates ¢q,...¢{; and the amoeba is defined as the image
of the manifold under the map ¢ — y; = In|¢{l,..., lg V> Y4 =
In |¢4]. The coamoeba is similarly defined in terms of the argument functions
of the ¢’s. The complex exponentials e izl el play here the role
of the ¢;’s. The name amoeba has been proposed by Gelfand et al. [36]
because amoebae sometimes have pseudopods resembling those of microscopic
protozoa. Coamoebae have been introduced by Tsikh and Passare (private
communication).

25 At the moment the highest resolution accessible in 15-digit precision for
three-dimensional flow without any special symmetries is 20483 [38,39].
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property would be both a curse, since dominant balance cannot
be used, and perhaps a blessing, since it might well slow down
(indefinitely?) the approach of singularities to the real domain.
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Appendix. Reduction of multimode initial conditions

Here we shall show that the short-time asymptotics of
two-dimensional Euler flows with generic initial conditions of
trigonometric polynomial type can be reduced to the study of
two-mode initial conditions. In Section 2 we have seen that
with two initial modes p and q the behavior of the stream
function ¥ (z,t) for large imaginary arguments |y;|, |y2| can
be described by the similarity ansatz (6) and (7). It relies on
the fact that when y is such that pa/p; < y2/y1 < q2/q1
the leading-order factors accompanying each factor ¢ in the
time—Taylor expansion (4) are either e "% or e "1¥2_ In the limit
ly| = oo, t — 0 we can make such terms finite by shifting
simultaneously p -y and q -y by Inz.

The similarity ansatz as explained above is however not
applicable to the case of more than two initial modes. Instead,
we have to reduce the multimode initial condition to various
two-mode problems which can be handled in the usual way.
Let us illustrate this by looking at a simple three-mode initial
condition

Ty (x) = h1P* + hoel ™ + +h3el™ +cc., (A1)

in which the vectors p, g and v are listed in angular
counterclockwise order. As in Section 2, to avoid pathologies,
we assume that the vectors p, q, v are not parallel and not of the
same length. In the Taylor expansion (4) each factor ¢ will now
be accompanied by a factor e PZ, e~i¥ or ¢ 712, Note that,
in the limit |y| — oo, t — 0, we cannot simultaneously make

the terms teP?, te? and re™ remain finite. Indeed, we cannot
translate y in such a way that all three scalar products p -y, q -y
and v-y are shifted by Inz. If p2/p1 < y2/y1 < q2/4q; the factors
tePY and re® will dominate, while if q2/q; < y2/y1 < ta/t1
the factors re® and re™ will dominate. In each case the three-
mode initial condition (A.1) is reduced to a two-mode problem
involving either p and q or q and t.

Let us now turn to the general multimode case with an initial
stream function of the form

Yo(z1,22) = Z

(k1.k2)esupp F©)

FO(ky, kp)ehizieikan2 - (A2)

Here, we assume Hermitian symmetry26 F <0)*(k1, ky) =
F (0)(—k1, —ky) and we take the sum over all wavevectors
for which the Fourier coefficients #© (k1, k2) do not vanish,
called the support of F© and denoted supp FO _ The fact that
supp F© is a finite set plays a crucial part in our analysis. Let
us suppose for simplicity that all initial modes have different
lengths, that is |(k], k3)| # |(k{, k3)| for all pairs (k}, k) and
(k{, k%) € supp FO.

As we have seen before, it is necessary to distinguish
between different directions in the y-space when taking the
limits [y| — oo, t — 0. Therefore we let |y1], |[y2] — oo
while keeping the ratio y,/y; fixed. By Hermitian symmetry, it
is enough to consider only the case y; — +00. Assuming as in
Section 2 that

Ve =) LE1", (A3)
n=0

and denoting by F M (k) the Fourier coefficients of W,
we obtain easily from the Euler equation the following
recursion relations for the Fourier coefficients of the (n + 1)th
“generation”:

A 1 1
PO (kg ) = ——— —
(k1, k2) PR TEE

X Do D WAKDIKPE™ G k) EP KK,
m+p=nk/+k"=k
(A4)

which allows us to compute F@+D (k) in terms of the previous
generations ' (k) and FP) (k) withm, p > Oand m+p = n.
From (A.4) it follows immediately that F® has finitely many
non-vanishing modes.

‘We now identify the modes in the nth generation which give
the leading-order contributions to ¥, (z) for a fixed ratio y»/y;.
For this we use the notion of Newton polytope of supp FO,
It is defined as the convex hull (in the usual sense) of the set
supp FO_ as for example represented (taking into account the
Hermitian symmetry) on Fig. 22 for a typical initial condition.
We shall call relevant those initial modes lying on the boundary
of the Newton polytope of supp F© (black circles indicated by
arrows on Fig. 22). The relevant modes divide the k-space into

26 In fact, this condition is not essential. We could as well consider more
general sets supp F(©.
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Fig. 22. Construction of relevant Fourier modes in various angular sectors.
Black circles: initial modes; dash-dotted lines: boundary of the Newton
polytope of the initial modes; white circles: higher-order modes associated to
nth generation. Thick lines show the edges of the various angular sectors.

angular sectors, analogously to the three-mode case presented
above.

Let now k" and k” be two relevant modes defining an angular
sector such that kK’ A k” > 0. The vectors k' and k” define
an angular sector in the y-space such that k}/k| < y2/y1 <
kj/kY{. For these directions the leading-order terms in ¥, (z)
are proportional to e®*+"¥)Y with 0’ n” > 1 and 0’ +
n” = n + 1; the terms corresponding to other Fourier modes
are subdominant. Clearly, we would have obtained the same
dominant terms if we had started from just the two initial modes
k' and k”. We can now apply the similarity ansatz, shifting k" -y
and k” -y by Int. Let us remark that while it is possible to
eliminate the time variable by a global similarity ansatz for two-
mode asymptotics, it is in general impossible to do so for more
than two modes.

In the exceptional cases where two or more relevant modes
have the same length one must take into account the fact that
the Fourier coefficient of their sum vanishes. The description of
the leading-order contributions in the nth generation becomes
slightly more involved than in the generic case, but the leading-
order behavior in a fixed direction y;/y; is still dominated by
two-mode asymptotics.

Summarizing, we have shown that the study of the short-
time asymptotics of Euler flows with multimode initial
conditions can be reduced to the analysis of various two-mode
asymptotics in angular sectors defined by a suitable set of
relevant initial modes, namely those on the boundary of the
Newton polytope of the initial modes.
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Chapter 7

2D MHD equations

7.1  Short-time asymptotic régime for the 2D MHD equations

In this section we shall study the short-time asymptotics for two-dimensional ideal conduct-
ing flow governed by the two-dimensional MHD equations

OV = J(¥, V3T) — J(4, V2 A)

1
8 A = J(¥, A). 7D

Here, ¥ is the stream function and A is the magnetic potential. Just as in the case of the
Euler equation, in the short-time régime the solutions of (7.1) with trigonometric polyno-
mial initial conditions are reducible to solving a problem with only two-modes in the initial
condition.

A general two-mode initial condition is the MHD analogue of (6.2), namely

Wo(21,22) = F(p)e™ 7% + Fq)e™ %,

i i = ; 7.2
Ao(z1,22) = Fn(p)e *P% + Fu(q)e 92, (7.2)

The nth coefficients in the time series expansion for the solution of (7.1) have a form similar
to that of the two-dimensional Euler equation (6.4)

n+1
w(n) = Z F((n+1—0)p+aq)e(ntl-olpzg-icaz

et (7.3)
Al = Z Fo((n+1—-0)p +oq)e i (ntl-olpze-ioaz

o=0

For the two-dimensional MHD equations we can also renormalize the Fourier coefficients
just as in (6.5)

FM [(n+1-0)p+oq=(pAa)G(o),

~

(n) (7.4)
(PAQ)" Gm’(0).

Y [(m+1-0)p+oq]
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The coefficients G(™) (o) and G(™)(o) are then easily found to satisfy the recursion relations

R 1
("+)(g) =
¢ () = n+1|(n- a+2p—|—aq\2zz

m=07=0
(n-m—(o—7)+1)p+(e—7)af x[(m+1)(o —7) - (n—m+1)7]
|66 (o — 1) - GE(MEE (e - 7)), (7.5)
G (o) =
n+1§;§;7n+ Yo —7) = (n—m+1)7]G™()EE ™ (o - 1),

initialized by
(7.6)

As in the case of the short-time Euler equation, all the coefficients G(™ (o) and G(™) (o)
can in principle be determined exactly. The first few coefficients are given by

2 _ 2 . R . .
e MLOLORENOLNOI

GU(1) = - B(p)En(a) + F(a)Fu(p),
a2 —[pPPlp+al®—[pl? /2,.\2 2
(2) _
=3 orqr pprap (0 Pl
1p+al* —1Ipl® (5 2.0
s e () F@)
1m+qF—wF< lqf*> — [p|?
2 [2p+qf? lp + q/?
~ 1/ 2 . 1. N N
GR(1) =5 (F(p)) Fm(a) = 5P (0)F(a) Fun(p)-

LaP = 19P i o17
————F(p)Fn(P)Fu(q)+
R AOLAOLAC)

1 2 2 2 .
o (Fat)) (o)

Q

) () Bun(p) Pin(a),

For the initial conditions of the type (7.2) the dependence on the amplitudes of the initial
conditions is not as explicit as in the case of the two-dimensional Euler equation. Contrary
to the two-dimensional Euler cases we cannot render the problem independent of the initial
ampitudes by performing a suitable imaginary translation. The solutions of (7.5) with initial
conditions (7.6) depend on two real and two complex parameters. The two real parameters
are the aspect ratio n = |q|/|p| of the two basic vectors and the angle ¢ between p and
q. The two amplitude-dependent complex parameters are obtained by reducing the four
complex initial amplitudes using translation invariance.

Furthermore, it may be shown from the explicit formulae (7.7) for the first few coef-
ficients that the positivity which we observed for the two-dimensional Euler equation is not
conserved generically.
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The counterpart of (7.5) in the physical space is given by

Ap)G = (81G +1)(B28(5,)G) — (82G — 1)(B1 A (,q)G) -
(ale)(agA(p’q)Gm) + (82Gm)(61A(p7q)Gm), (7.8)
Gm = (8,G 4 1)(8:Gm) — (82G — 1)(8:Gn),

or, in terms of the modified stream function H(Z;, Z2) introduced in Chapter 6
(7.9)
Here Gy, (21, Z2) is defined analogously to G(Zy, Z3) in (6.10) by

(21, 22) = GR(0)e7 + GR(1)e” + 35" 6 (0)e72e™ 9% (7.10)
n=10c=1

7.2 Numerical study of the short-time asymptotics of the two-dimensional

MHD equations
'X ®
® 'Y ° ®
o . e o . )
® ® L) \\o\ ° ® . ®
N ° \\o o e ‘o L ° \\o e e e
. n=1 n=2 n=3 n=4 n=5 . n=1 n=2 n=3 n=4 n=5
. "
n=0 n=0

Figure 7.1: Excited modes for (i) purely magnetic and (ii) mixed initial conditions.

Exploring numerically the whole parameter space of solution to (7.5) is quite a
formidable task. For the moment I have restricted my attention to two special initial condi-
tions: (i) purely magnetic initial condition F'(p) = F(q) = 0, (ii) mixed initial condition
with one non-vanishing amplitude in the velocity field and one in the magnetic field. In both
cases the translation invariance allows us to eliminate the amplitides of the initial modes just
as in the case of the two-dimensional Euler equation (6.5). A pathological feature of these
initial conditions is that the velocity and magnetic modes G(™) () and e )(o*) are never
excited simultaneously.

7.2.1 Purely magnetic initial conditions

In the case (i) of purely magnetic initial conditions we have found that, just as in the two-
dimensional Euler case, all the Fourier coefficients of the renormalized stream function
G(™) (&) except one can be made positive upon multiplying them by (—1)"~?. The same
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applies to the renormalized magnetic potential G’Eff )(a) which becomes positive after mul-
tiplication by (—1)"+1-7,

I have calculated the Fourier coefficients of the stream function and of the vector
potential numerically — using high-precision arithmetics — for various values of the basic
vectors p and q, with resolution up to Npax = 2000. The numerical data have then been
analyzed along various rational direction. It is found that for high wavenumbers the asymp-
totic behavior is of the same type as in the case of the two-dimensional Euler equation'

G(k,8) ~ C(0)k *e=3) G (k,6) ~ Crn(8)k om(®)gom(®), (7.11)

Numerically the evidence is that a is equal to apy,.

There are now at least three questions which can be addressed regarding the scaling
exponents o and oy firstly, do a(8) and oy, (6) really depend on 6, secondly, are their
values different, and, thirdly, if a(6) and o, (8) are independent of 6, how do their values
vary when we change the basic modes p and q?

For various choices of the basic vectors p and q I have found that the angular variation
of a(8) and oy, (8) (measured numerically by using the asymptotic interpolation method, cf
Chapter 5) is significantly stronger than in the case of the two-dimensional Euler equation.
For example, in the case p = (1,0), g = (0,2), Npax = 2000 I measure a ~ 3/2,
Qm ~ 3/2, with variations of order 1072, It is conjectured that the scaling exponents o
and ap, do not depend on 8 and that the apparently observed angular variations are due to
strong subleading-order corrections. I note that with the currently available resolution it is
not possible to identify such corrections numerically.

By measuring o and ay, for various basic modes I found that o ~ 3/2 and ap ~
3/2. 1 thus conjecture, that the scaling exponent &« = 3/2 = ay, is universal for the two-
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Figure 7.2: Scaling exponents a measured along the rational direction (1,1) for initial
conditions of the purely magnetic type with basic vectors p = (1,0), g = (0,2) (SOC) and
p =(1,0), g = (2,0) (parallel modes).

dimensional MHD equations.

'We use the notation G(™ (o) = G(k1, k2) and é;?)(a) = Gm(k1, k2), withk; =n+1—candky = 0.
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7.2.2 Mixed initial conditions

Due to the positivity of the Fourier coefficients the purely magnetic case does not have geo-
metric properties differing substantially from those of the pure Euler case. The singularities
which are closest to the real domain are located “above” the symmetry point (7, 0), just as
in the case of the two-dimensional Euler equation. As I have found numerically, the mixed
case (in which we have only one non-vanishing initial amplitude in the stream function and
one in the magnetic potential) has new life.

For example, for the initial conditions p = (1,0), q = (0,2), G(1,0) = 0, G(0,1) =
1, Gm(1,0) = 1, G(0,1) = 0 the Fourier coefficients G(ky, k2) and G (k1, k2) are not
positive anymore. This indicates that the singularities “split”, a phenomenon which is also
observed beyond the short-time régime for solutions of the Euler equation.

The geometry of singularities can studied, for example, by the two-dimensional gen-
eralization of the Borel-Pdlya—Hoeven method presented in Chapter 5. We also note, that
the two-dimensional BPH method allows us to determine the value of the scaling exponents
a and oy, and thus, to test the conjectured universality.
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Chapter 8

3D Euler equation

8.1 Short-time asymptotic régime for the three-dimensional Euler
equation

In this chapter we represent briefly the short-time asymptotic expansion for the three-
dimensional Euler equation. Just as in the cases of the two-dimensional Euler and MHD
equations at short time the problem is reducible to one with a small number of initial modes,
here three, whose general form is

v1(21,22,23) = v&‘”(p)e*ip'z + vgo)(q)e*iw + vgo)(t)efit-z

va(21,22,23) = v5 ) (p)e P + o (q)e~ % 4 o) (r)eiv= (8.1)
0

U3(Z1) 22, 23) = U:(:, )(p)eiip.z + ’U:(%O)(q)efi Tz 4 vgo)(t)efivz.

Because of the incompressibility! condition the initial amplitudes have to satisfy
p-vOp)=0, q-vO(q)=0, r - vO@)=0. (8.2)
The similarity ansatz is given by
v(z;t) = %1’3(2), (z+iAlnt), (8.3)

where the vector A is given by

1
M et q,0) (1 T e T Pata et ¥ Pada = Pate)
1
Az = det(p, q,t) (431 — d1ts + pats — Pat1 + Pad1 — P1qs) 84
1
}\ = —0Q - - B :
* 7 det(p, q,v) (g1t2 — g2t + pat1 — P12 + P1d2 — P2di)

Here det(p, q, v) is the determinant of the matrix

P1 P2 P3
(g, 0) "= a1 g2 gs |- (8.5)
T1 To T3

!Since the incompressiblity condition has been for the first time derived by d’ Alembert, it has been proposed
to refer to it as d’ Alembert’s condition [DFO07].
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8.1.1 Fourier space representation

For the initial condition (8.1) the nth coefficient in the temporal Taylor expansion is a
trigonometric polynomial supported on a polytope (2-simplex)

v(™(21, 29, 23) = Z 8™ (01p + 029 + o3t) exp[—i (01p + 029 + 037) - 2],
o1+o2+o3=n+1
(8.6)

where 01, 02, 03 > 0. From the Euler equations and the trace formula for the Laplacian of
the pressure the recursion relations for the Fourier coefficients can be found. For brevity we
denote

2™ (o1p + 029 4 o3t) = 5(™(01, 09, 03). 8.7

In order to avoid proliferation of complex notations we use the “imaginary” velocity (™
defined through the relation #(™) = i @(™). An alternative to using the imaginary velocity
is the use of the vector potential ¥ defined by v = V A .

The recursion relations for @(™) are

1
ﬁ(n)(01702703) - — ﬁ Z

1<oi+oh+os<n

(01— 0p + (oa — aa + (os = oh)e, 154175 (et o4, o)

’ / / T
WP 92 7%) (o) — g} 0y — 0,03 — o) — |:11§:;2::;3t|2 X (8.8)

<01p+02q—|—03t aln—o1-o2- ”3)(01—01,02—05,03—U§)>><

(o1~ 01)p + (02 — a)a + (3 — ah)r, u<“1+“2+“s-”(a'1,ag,og)>>'

Here (-, -) denotes the standard scalar product. The coefficients for the first generation
n = 1are

a)(0,0,2) = a(Y(0,0,2) = a(Y(0,0,2) =0,
+t . .
‘q ‘2< a(0,1,0)) (q,@9(0,0,1)) — (q,a®(0,0,1)) al®(0,1,0)—
(v,a(9(0,1,0)) a((0,0,1)
T

PEE (e, a0(1,0,0)) (p,al®(0,0,1)) — (p,a®)(0,0,1)) @®)(1,0,0)—

a1)(0,1,1) =2

a(1,0,1) =2

IP+ |
(v,a0(1,0,0)) a{”(0,0,1)
aM(1,1,0) =2 p: q’2 (q,a)(1,0,0)) (p, al?(0,1,0)) — (p,al®(0,1,0)) a®(1,0,0)—

lp
(q,a%(1,0,0)) a{(0, 1,0)
(8.9)
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In terms of the vector potential, the recursion relations become

. 1 1
‘If(n)(O']_ g2 0'3) = — E
? ? 2
n|oup + 024 + o5t 1<0} ol +ah<n

<((01 — )P + (02 — 0b)q + (03 — 0)e)A(atp + ohq + ohe) , Flrtoatos—l (gl ol a§)> X
(01— 01)p + (02 — %) + (03 — o3¢ ¥ 172793 (g — 01,05 — 04,05 — 0%) —
01 + 030 + 05t2( (01 — )b + (02 — oB)a + (03 — o3, FHo51 () 04, o) )

(01— o)p + (02— oh)a + (03 — o4)x) A F(7A=0=%) (0 — 0,05 — 0%, 03 — 1)
(8.10)

Contrary to the recursion relations for the two-dimensional Euler equation, the dependence
on the initial amplitudes is rather non-trivial: it cannot be removed by applying transla-
tion invariance. This can be easily seen by a simple counting of the number of degrees of
freedom.

The eighteen real degrees of freedom (or nine complex) in the amplitudes of the
basic modes can be reduced to twelve due to translation invariance. The incompressibility
conditions (8.2) imposes three further constraints. However, note that these do not affect the
phases of the initial modes: the incompressibility condition reduces the number of degrees
of freedom by three. Thus we are left with nine (real) degrees of freedom.

Already the exploration of the whole parameter space for some fixed basic modes is a
quite demanding task. If we allow for varying the initial modes, the problem becomes even
more complicated: the number of parameters is then equal to thirteen.

8.1.2  Similarity equation
Introducing a generating function for the vector potential
W (21, 22, 23) = ¥(9(1,0,0)e” + ¥((0,1,0)e* + ¥(9(0,0,1)e*3+
i > ¥ (01, 03, 05)e71 71 TO272 0873,

n=1o01+o2+0o3=n+1

(8.11)
we obtain the similarity equation for the vector stream function in the three-dimensional

case

—Apqn)¥ = {|:82<]J/\q,\11>—83<t/\p,\1’>—1:| 1 + [83<q/\t, \I/)—c')l(p/\q,\ll)—l] O+
|:al <t/\p, ‘I/>—82<q/\t, \I/>—1:| 83}A(p,q,r)‘ll—(p, A(p,q,t)‘lf)al[8111/\‘If+82q/\\1/+83t/\\11}—

(q, A(p’q’t)‘y>62 |:(91]J/\\If+82q/\‘lf+a3t/\‘1’:| — (t, A(p,q’t)‘lf)ag |:61p/\‘l’+62q/\\1’+83t/\‘1’:|
(8.12)

Similar equations can be obtained for the imaginary velocity w and the vorticity.
8.2 Numerical study of the short-time asymptotics for the three-
dimensional Euler equations

The short-time three-dimensional Euler equation in its most general formulation, such as
(8.10) cannot be easily studied by numerical methods, due to the large number of degrees
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of freedom. I have then decided to limit myself to simple instances of initial conditions ,
namely the Kida—Pelz flow

u; = sinz; (cos 3z, cos T3 — Cos T3 cos 3z3),
Uy = sin zs (cos 3z3 cos 1 — cos T3 cos 3z1), (8.13)

u3 = sin z3 (cos 3z cos 5 — cos z1 cos 3z3),
and the flow

Uy = hiasinzy + hy 3sinzs,
Uy = hg,]_ sinz; + h2,3 sinzs, (8.14)

u3 = h3;sinz; + hzasinz,.

Note that the latter becomes especially simple when all coefficients A; ; are equal. I propose
to call this particular flow a permutation flow. The initial condition is then given by

%1 = hsinz, + hsinzg, us = hsinz,; + hsinzs, uz = hsinz; + hsinz,. (8.15)

Actually, this initial condtion is strongly reminiscent of the initial condition which was
recently introduced by K. Ohkitani using the Clebsch variables A = sin z; +sin 5 +sin z3
and 4 = cos 1 + COs T2 + COS T3.

So far, I have studied numerically solutions of (8.8) for three different initial condi-
tions corresponding to the short-time asymptotics of: (i) the Kida—Pelz flow (8.13) (resolu-
tions Npax = 100), (ii) the permutation flow (8.15) with h = 1/4 (resolution Npax = 100)
and (iii) a special case of the flow (8.14) with h1,2 = h2,3 = h3,1 = 0.52, h173 = h271 =
hz2 = 0 (resolution Ny, = 200). Contrary to the case of the two-dimensional Euler
equation and the MHD equations, all calculations have been done with double precision.
Indeed, with the algorithms I am using presently to evaluate the recursion relations (8.9),
high-precision calculations with resolutions of order 100 are not feasible.?

The asymptotic form of the Fourier coefficients in all the three cases has been found
to be of the usual form of an exponential with an algebraic prefactor

u;(k, 8, ) ~ C;(8, ¢k~ e O:PF (8.16)

where (ki, k2, k3) = k(cos@sin ¢,sinfsin ¢, cos ¢). Contrary to the two-dimensional
case, the Fourier coefficient are not positive anymore and cannot be made positive by a
translation. Still, along rational directions (ki, k2, k3) = n(p,q,r) the Fourier coeffi-
cients do not oscillate. Thus, we can analyze these coefficients by the same methods as
in [PMFBO06] and Chapter 6; in particular we can use the asymptotic interpolation method
to obtain the algebraic prefactor exponent o. Although our data have been calculated with
double precision, it turns out that this is just enough to be able to reach the sixth stage of
the asymptotic interpolation procedure (as defined in [PF07]).

First we report the results obtained in case (iii) corresponding to the initial condition
(8.14). Here we find a ~ 2.58 & 0.03. The error bars are in particular due to the numerical
noise introduced by using only double precision, see Fig. 8.1. One important exception are
the Fourier coefficients along the rational directions corresponding to the edges (edges are
cones constituting the boundary of the support set of the Fourier coefficients). For such
directions we measure o & 1/2.

*In principle, such questions can be handled by relaxed algorithms of the type described by van der Hoeven
[Hoe02] and by high-precision fast Fourier transforms. I have started exploring this with colleagues but there
are no results to report yet.
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Figure 8.1: Case (iii): scaling exponent o obtained by the asymptotic interpolation method
from the Fourier coefficients of the three components of the imaginary velocity u along the
rational direction (1, 2, 2). The numerical noise becomes significant beyond n = 60.

Except for the edges, we find that the scaling exponent & does not depend on the
angles 8 and ¢. The angular variations which we observe are comparable to those in the
two-dimensional case.

Consider now case (ii) which has the same basic modes but quite different initial
amplitudes. For this case we measure within the numerical errors the same value of the
algebraic prefactor exponent o ~~ 2.58 & 0.03, see Fig. 8.2 Therefore, we conjecture that

2625 T T T

T T
Rational direction (1,2,1) —+—

2.62 t k.

2615

T —
A
L

261 F A

T
o
1

2.605

26| \ ]

2.595

T

— N

e,
T
e —
e,
T ————
- —

259 |

2.585

T
1

258 1 1 1 1 1 1
10 15 20 25 30 35 40 45

Figure 8.2: Case (ii): scaling exponent o obtained by the asymptotic interpolation method
from the Fourier coefficients of one of the components of the imaginary velocity w along
the rational directions (1, 2,2) and (1, 2, 1). Note that because of the symmetry of the flow
it suffices to analyze only one component.

the scaling exponent in the case of the three-dimensional Euler equation does not depend
on the value of the initial amplitude, just as in the two-dimensional case.
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It is instructive to consider the Kida—Pelz initial condition which has basic vectors
different from those of the cases (ii) and (iii). For this initial condition we find that the
scaling exponent o =~ 3 (although the results are still quite preliminary), see Fig. 8.3. and

3.1 T T

T
Rational direction (2,4,4) —+—
a=3

3r EEE——— S S
S

29 F y g

28 | | E
27 | | 4

26 | | 4

Figure 8.3: Kida—Pelz initial condition: scaling exponent a obtained by the asymptotic in-
terpolation method from the Fourier coefficients of one of the components of the imaginary
velocity u along the rational directions (2, 4, 4).

is definitely different from the value observed in cases (ii) and (iii).

We conclude that both in two and three dimensions the nature of complex singular-
ities of solutions of the Euler equation depends on the initial conditions and is therefore
nonuniversal.
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Complex Lagrangian singularities
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Chapter 9

Lagrangian description of singularities

Consider again solutions of the two-dimensional Euler equation
BV (21, 20) — J(¥, V2T) = 0. 9.1)

on the complex torus (real-periodic domain) with the initial condition ¥(z,0) = ¥,. The
Lagrangian description is given in terms of the Lagrangian mapping z = Z(,t)

&Z =v(Z,t), Z(c,0)=c, (9.2)

wherec = a +1ib € T%- We denote the inverse Lagrangian map (or the “back-to-labels”
map) by C(z,t). As is well known, in two dimensions the vorticity is advected by the flow,
so that the vorticity can be written as w(z,t) = wp(C(z,1)).

From this relation follows that there are two possibilities by which complex singu-
larities of the solutions of the two-dimensional Euler equation can arise: (i) by advecting of
fluid particles from the complex infinity, (ii) by C(z, t) becoming singular.

In the former case the map C/(z,t) becomes infinite because fluid particles which at
time ¢ are located at the point z were initially located at infinty. Note that in this case the
vorticity has to be infinite. Concerning the latter case, it is at the moment not quite clear
whether and by which mechanism the inverse Lagrangian mapping C(z,t) can develop
singularities when |C(z, t)| stays bounded. We remark that on the real domain both types
of singularities are excluded: the first type is excluded just because fluid particles stay
confined in the real periodic domain, and the second one is not permitted because of the
global regularity of the two-dimensional Euler flow. Actually, recently some numerical
evidence has been given [MBFO07] that “escaping to the infinity” is the only mechanism by
which complex singularities are created in two dimensions.

Another reason for studying the complex singularities in the Lagrangian coordinates
is to understand the role of depletion. Indeed, it is found that the strongest depletion of
nonlinearity occurs in the neighborhood of singularities. Thus, complex Lagrangian signu-
larities seem to be most appropriate to study its Lagrangian counterpart.

Note that no simple definition of depletion can be given in the Lagrangian coordinates
as compared to the Eulerian case, where depletion means roughly vanishing of the nonlinear
term in the Euler equation. Actually, there exist stationary solutions of the Euler equation
which are completely depleted in the Eulerian frame and which exhibit very complicated
Lagrangian behavior, e.g. Lagrangian chaos.
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9.1 Lagrangian singularities of two-dimensional Eulerian flows in
the short-time asymptotic régime

In this section we make some remarks on possible studies of the Lagrangian singularities of
the two-dimensional Euler equation

8V — J(¥,V3¥) =0, (9.3)
with the initial conditions
Wo(21,22) = F(p)e *P* + F(q)e 9=, (9.4)
As we know, its solution is given by
1 . .
(21, 22p;t) = EF(ZI,ZZ): 9.5)
with
21 =21+ ’L}\]_ In t, 22 =25+ 2}\2 In t, (96)

where F'(21, Z5) satisfies the corresponding similarity equation.
Let us now consider the inverse Lagrangian displacement

d(z,t) =C(z,t) — ¢, (9.7)
which satisfies the equation
oid+u-Vd = —u. (9.8)

Since the velocity field has the self-similar form
1 .
u(z1 t) = Z,U(Z) t): 9.9)

it is easy to see that
d(z,t) =d(2), (9.10)

and satisfies the following equation
(tA101 + 102 +v-V)d = —v. 9.11)

This equation is easily converted into a recursion relation. Using the fact that the velocity
field is known, a solution to this equation is can be readily calculated with very high preci-
sion. Thus, at least in the short-time asymptotic régime, we can analyze the singularities of
the inverse Lagrangian map quite accurately. The calculation of the direct Lagrangian map
is more laborious but is probably still feasible.

Once the Fourier coefficients of the inverse and the direct Lagrangian maps are
known, it becomes possible to make a precise analysis of their singularities by using the
tools presented in Chapter 4.

9.2 Lagrangian singularities of steady solutions of the Euler equa-
tion
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The Lagrangian complex-space singularities of the steady Eulerian flow with stream function
sin xj cos x; are studied by numerical and analytical methods. The Lagrangian singular mani-
fold is analytic. Its minimum distance from the real domain decreases logarithmically at
short times and exponentially at large times.

Keywords: Lagrangian coordinates; Singular manifold

1. Introduction

Singularities of the solutions of hydrodynamical problems in the complex space domain
are important, for example, because they allow us to give an objective definition of an
otherwise fuzzy concept of ‘“smallest scale present in a flow”. Specifically, if a flow is
analytic in the space variable x for all x, it can be continued to complex z = x + iy
locations where it will generally have singularities on some complex set . The mini-
mum distance § of ¥ to the real domain, called the width of the analyticity strip, defines
the smallest scale. Indeed, the modulus of the Fourier transforms of the velocity v
decreases roughly as exp (—é&k) at high wavenumbers k; thus the mesh needed in numeri-
cally simulating such a flow, e.g. by spectral methods, has to be significantly less than §
(Sulem et al., 1983; Brachet, 1983). Furthermore, should the flow ever develop a real
singularity at a finite real time ¢,, it must be preceded by complex singularities at a
distance §(r) which continuously vanishes at 7, (Bardos et al., 1976; Benachour,
1976 a,b). For incompressible flow actual measurements of §(¢), using high-resolution
spectral simulations, indicate that §(z) decreases in time, but in a way much tamer
than suggested by the known rigorous estimates. In both two and three dimensions
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the behavior of §(¢) generally may well be exponential, but the best estimates are a
decreasing double exponential in two dimensions and finite-time blow-up in three
dimensions (see Frisch et al., 2003, for review).

The standard explanation for this discrepancy is the phenomenon of nonlinear deple-
tion, whereby the flow is found to organize itself into structures which have nearly
vanishing nonlinearities (Frisch, 1995; Majda and Bertozzi, 2002). Note that one of
the features characterising depletion can be the degree of velocity—vorticity alignment
or “Beltramization” of the flow.

Till date, singularities in the complex domain had been studied in Eulerian coordi-
nates. In the present paper, we analyse some aspects related to singular behaviour of
flows extended into the complex domain in Lagrangian coordinates. One practical
motivation of studying Lagrangian singularities in the complex domain concerns the
structure of Eulerian singularities of a passive scalar. Indeed, consider a passive
scalar' advected by an incompressible flow v, whose density satisfies the continuity
equation

3,0
LV .(Ov) = 1

as long as we can neglect molecular diffusion. Obviously, this can be solved by using
Lagrangian coordinates:

G(Xs t) = QO(a(Xv [))7 (2)

where 6, is the initial density field and a(x,?) is the inverse of the Lagrangian map
x(a, 1), the latter satisfying the characteristic equation

X =v(x, ), x(a, 0)=a. 3)

If 6, is devoid of singularities (entire function), it is clear that the singularities of the
Eulerian field, continued to complex locations, 6(z, ), will correspond to those (com-
plex) fluid particles trajectories which have started at =0 at (complex) infinity.
Furthermore, it implies that the width of the analyticity strip §(¢) for 6(x,?) in
Eulerian coordinates equals the width of the analyticity strip §.(¢) of the Lagrangian
map X(a, ¢) for the time reversed flow. In section 4 we will use this correspondence to
define the smallest scale of the passive scalar field 6(x, ¢) at time ¢.

Note that the above argument can be applied to the two-dimensional vorticity.
Assuming infiniteness of Eulerian vorticity at complex Eulerian singularities (Frisch
et al., 2003; Matsumoto et al., 2004) it implies that the Eulerian singularities of
solutions of the two-dimension Euler equation starting from entire initial data come
from the complex infinity. Therefore, especially for the two-dimensional flows, some
understanding of complex singularities in Lagrangian coordinates, even for a very
simple flow, can shed light on the nature of Eulerian complex singularities.

ISimilar remarks can be made about a passive magnetic field.
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Orszag (2003) pointed out that the phenomenon of depletion is intrinsically Eulerian
and has no Lagrangian counterpart.” Thus, it is expected that Lagrangian singularities
are stronger — or at least closer to the real domain — than Eulerian ones. An extreme
form of depletion® is to work with a Beltrami flow given by a steady solution of
the incompressible Euler equation such as the ABC flow in three dimensions or the
two-dimensional cellular flow with stream function

W(x1, Xp) = Sin x| COS X3 4)
and velocity
V) = —sinx; Sin xp, vy, = — COS X| COS X». (5)

The latter is much simpler, because the Lagrangian map can be obtained explicitly in
terms of elliptic functions (Dombre et al., 1986, Appendix A). Moreover, it represents
a special case (4=1, B=1, and C=0) of the ABC flow, obtained by applying a trans-
formation of coordinates of the type used in Dombre et al., (1986, Appendix A) and
reducing the non-trivial dynamics to two dimensions. Our goal in this paper will be
to obtain for this flow the complex singularities in Lagrangian coordinates.

The Lagrangian velocity* is defined just by the change of variables, that is, as
v, (a, 1) = v(x(a, 7)) where x(a,?) is the solution of (3) with the velocity given by (5).
Of course, such flow being steady, completely lacks Eulerian singularities (except at
complex infinity). However, as we shall see, it develops rea/ Lagrangian singularities
in infinite time.

The outline of the paper is as follows. In section 2, we explicitly construct the singular
set, the explicit construction of the Lagrangian map being relegated to Appendix A.
In section 3 the Lagrangian velocity, its Fourier transform and §(¢) are determined
numerically. Section 4 is devoted to the short-time and long-time asymptotics.

2. Analytic structure of the singular manifold

We consider the cellular flow on T? = [0, 2] x [0, 27] defined by (4) and (5). Because
of the symmetries of this flow the full periodicity domain can be decomposed into
four cells, figure la. For convenience, in figure 1b, we represent the cell [0, 7] x
[—=7/2,7/2]. The Lagrangian map x(a, ¢) is the solution of

X1 = —sinx; Sinx;, X, = — COS X] COS X3 (6)
with the initial conditions

x1(a,0) =a;, x2(a,0)=ay. N

There are indications that depletion in the three-dimensional Lagrangian coordinates exists (Ohkitani, 2002),
nevertheless it seems to be weaker than in the Eulerian coordinates. Furthermore, our definition of depletion
(Frisch, 1995) is somewhat different from Ohkitani’s definition of depletion, measuring the preference of the
vorticity for being aligned with a certain eigendirection of the rate-of-strain tensor (the Eulerian case) and the
Cauchy-Green tensor (the Lagrangian case).

30bserve that the nonlinear terms of the two-dimensional and three-dimensional Euler equations
completely vanish for the flows (4) and the ABC flow, respectively.

*We cannot work with the Lagrangian vorticity since it remains constant along trajectories and thus constant
in Lagrangian coordinates; the same applies to the stream function for any stready two-dimensional flow.
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Figure 1. Streamlines for the flow defined by (4) in the (a) flow box, (b) in the basic cell.

When fluid particles start at complex locations they will stay in the complex domain.
We then denote the complexified Lagrangian position by ¢ = a + ib and the complex-
ified Eulerian position by z = x +1iy. The complex Lagrangian stream function is
&(c, 1) = Y(z(c, 1)) and the complex Lagrangian velocity is v, (¢, ) = v(z(c, 1)).

Since the Eulerian velocity v is an entire function of z,° the Lagrangian velocity can
become singular only where the Lagrangian map becomes singular; furthermore it
is easily shown that the only way z(c, r) can become singular, for a finite real # and a
complex ¢, is by going to (complex) infinity.

The explicit solution to (6) is given in the Appendix in terms of elliptic functions. Its
form implies the existence of singularities, associated to certain poles of suitable elliptic
functions. This is however not the simplest way to actually construct the singular set
3(1), a time-dependent complex manifold of complex dimension one, that is which
can be parametrized in terms of one complex parameter. For the construction it is
simpler to observe (i) that the value of the complex stream function & does not
change along fluid particle trajectories and (ii) that the stream function, being the
product of w; =sinz; and wy =coszp, the only way z can run to infinity while
conserving the stream function is to have either w; — oo and w, — 0 or conversely.

In terms of the w; and w, variables, the equations for fluid particle trajectories can
be rewritten as

le—wl,/l—w%,/l—wg, w2:W2,/1—w§,/l—w% (8)
with now complex initial conditions
wi(0) = sin ¢y, w(0) = cos ¢, 9)

corresponding to the initial conditions (7).

SAn entire function is analytic for all z but can still be singular at infinity.
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Obviously, the product & = wyw; is an integral of motion: this expresses just that
for steady flow particles move along streamlines. One can take advantage of this
integral of motion to rewrite (8) as a single equation in terms for example of the variable
u=w/§ as

u=—iv1—w2J/1 =2,  u0)=uy = (1/&)sinc;. (10)

This equation allows to express the time variable ¢ in terms of the initial and current
values of u by an elliptical integral:

B u(t) ds
w =) -85

it =

(11)

We turn now to the determination of the singularities, that is those initial complex
locations ¢* = (¢}, ¢5) which go to infinity at time . Because of the symmetries of the
flow we can, without loss of generality, assume that when z — oo at time ¢, we have
wy — oo and w; — 0 and hence u(f) = 0. It follows then from (10) that the singular
values of ug are such that

_0 ds
w /(1= )1 - £52)

it =

(12)

The inverse of the elliptical integral is the elliptic sn function (Abramovitz and Stegun,
1965). Thus u, can be expressed as an elliptic function. Since, by (10), w;(0) = &up,
we obtain

wi(0) = &sn(ir,§),  wa(0) = ns(ir, §), (13)

where ns = 1/sn. Alternatively, since the sn and ns functions of imaginary arguments
can be expressed in terms of the sc function, defined as sc = sn/cn, and its reciprocal
cs, we have

w1(0) = i&sc(r, /1 — &2), wa(0) = —ics(z, /1 — £2). (14)

By (9), we can express the singular Lagrangian locations at time ¢ as
] = arcsin[i &sc(t,+/1 — 52)], = arccos[i cs(t, /1 — 52)]. (15)

This constitutes the parametric representation of the singular manifold X(7), the
parameter being the complex stream function &. Obviously, the functions appearing
in this representation are multivalued. More precisely, the singular manifold has
infinitely many sheets.

It is well known that elliptic functions are real for real values of the parameters.
Therefore, X(¢) will have a non-trivial part “above” the hyperbolic stagnation points,
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Figure 2. (a) The cut of the singular manifold on the imaginary (y,y;)-plane is represented. The point
closest to the origin lies on the y,-axis. (b) Here the value of the closest distance from singular manifold to the
real domain, §(¢), is represented for both positive and negative times.

namely the four corners in figure 1b.° By symmetry, it is enough to consider one
of them. We take (a;, a;) = (0, 7r/2) and easily obtain the following parametric represen-
tation of the singular locations having this stagnation point as real part:

b} = arc sinh[f;‘ sc(t, /1 — 52)], by = arc sinh[—cs(t, VA 52)]. (16)

Using the parametrization (16) in figure 2 a, we have represented the curve obtained
as intersection of the singular manifold with the set of points with real coordinates fixed
at (x1,x3) = (0,7/2), that is the trace of the singular manifold on the pure imaginary
plane lying above the corresponding stagnation point. Here “trace on” is used with
its mathematical meaning of “‘intersection with”.

The width of the Lagrangian analyticity strip §.(¢) is obtained by finding the point(s)
on the singular manifold closest to the real domain. It seems likely that these points will
be located over the points where the flow exhibits a special structure. Indeed, expanding
(15) locally in its Taylor series confirms that the points closest to the real domain lie
above the hyperbolic stagnation points. The upper left and the lower right stagnation
points have b7 = 0, while the upper right and the lower left stagnation points have

5 = 0. The distance from the real domain is easily shown to be given by

1
(L
arcsin (sinh Z)

Figure 2b is a plot of §.(¢) showing both positive and negative times.

As we have mentioned in the introduction, §(7) of the time reversed flow gives the
width of the analyticity strip in Eulerian coordinates for a passive scalar satisfying
(1) with the same velocity field (5). Indeed, singularities for the passive scalar
correspond to (complex) fluid particles which are mapped back to infinity in time ¢.

SL(t) = . (17)

®By “above” we mean at complex locations whose real parts are the stagnation points.
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Note that the symmetry of the cellular flow used here implies that 8 (¢) is an even
function of time so that &y (¢) of the original flow coincides with the Eulerian §(¢) for
the passive scalar field.

3. Numerical integration in Lagrangian coordinates

In this section, we obtain the width & (¢) of the Lagrangian analyticity strip by num-
erically calculating the Fourier transform of the velocity in Lagrangian coordinates
and then applying the method of tracing complex singularities (Sulem ez al., 1983) to
relate the Fourier transform to &y (7). Our method is implemented for the steady cellular
flow given by (4), but can in principle, be applied to any steady solution of the Euler
equation in both two and three dimensions.

We need to calculate the Lagrangian Fourier coefficients, which are here obtained
as follows. First, we calculate the Lagrangian map x(a, ) by solving the charac-
teristic equations (6) with a fourth-order Runge-Kutta method for N? initial conditions
a=(2x/N)l, 2Qne/N)m) ([, m=0,1,...,N — 1), which form a regular square grid in
the Lagrangian marker space. We obtain then the Lagrangian velocity field by just
changing variables:

vi(a, f) = v(x(a, 1), 1), (18)

where v(x) is given by (5). The Lagrangian velocity Fourier coefficients are given by
N 1 _ik.
Wik, )= ﬁ;u(a, e, (19)

For measuring the width §;, it is convenient to define the shell-summed amplitude
AN of ¥1.(k) as

A= 3" Rm)l. (20)

k<|k|<k+1

The Lagrangian width §; is then obtained by fitting the shell-summed amplitude to an
exponential with an algebraic prefactor:

AN o k™% exp(—38Lk). 1)

We first discuss how to obtain the width §(¢) at short times when it is very large
(since it is infinite at =0). Obtaining 8 (¢) with a double-precision calculation is not
feasible because the Fourier amplitudes AkvL) fall off too quickly as a function of the
wavenumber and thus get lost in the roundoff noise. So we need to solve the equa-
tion (6) with higher precision.” In practice we divide the time interval 10~'2 < ¢ < ¢

into four parts: (i) 1072 <t <1077, (i) 102 <r<107% (i) 1070 <s <1073,

"We use here the package MPFUNY0 (Bailey, 1995).
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(iv) 1073 <t < 1. For each part, we use different time step A and precision: (i)
At=10""2 and 48-digit precision, (ii)) At=10"" and 36-digit precision, (iii)
At =10"% and 24-digit precision, (iv) A= 1073 and 15-digit (double) precision.
These precisions, for each At¢, are the best we can handle with the fourth-order
Runge-Kutta scheme. Note that in Frisch et al. (2003) a 90-digit spectral calculation
was used for obtaining the short-time behavior of &(¢) in Eulerian coordinates for
two-dimensional Euler flow with non-trivial Eulerian dynamics; in the present case,
the accuracy of the shell-summed amplitudes A(k“) is constrained by the accuracy of
the time integration scheme of (6).% Also we encounter the difficulty that a long-time
integration causes serious accumulation of error in vorticity, which eventually breaks
the conservation of vorticity (in two-dimensional vorticity should be conserved along
each fluid particle trajectory). That is the reason why we split the time interval
107!2 < ¢ < 1 into four parts and use different Az for each part to avoid this accumula-
tion. Figure 3 shows the shell-summed amplitude AE{VL) and the width of the Lagrangian
analyticity strip 8;(¢) at short times 1072 < ¢ < 1. As seen in figure 3 a, the number of
points in AE(VL) to be fitted is small. We checked that, for several measured &1 (¢)’s shown
in figure 3 b, a calculation with smaller Ar and higher precision for the same instance
gives the same value of 8y (7). In this sense, we believe the measured §y (¢) is reliable in
spite of the very limited data points. From figure 3 b, a clean logarithmic decay of 8 (¢)
is observed for more than 10 decades.

Now we turn to the numerical determination of the long-time behavior of the width
of the Lagrangian analyticity strip. The calculation is straightforward: the characteristic
equation (6) is solved with standard double precision using a time step Az = 1073, The
number of grid points is 4096>. Figure 4 shows AE(VL) and 8. (7) at long times, 0 < ¢ < 5.
The temporal decrease of 8 (¢) is exponential in this regime.

This indicates that exponentially small-scale structure is generated in the Lagrangian
coordinates by this steady flow. To illustrate this, we first show in figure 5 the deforma-
tion of the initially regular grid caused by the flow. As seen in figure 5, the Eulerian field
is squeezed around the hyperbolic stagnation points along the contracting direction. We
then plot contours of the modulus of the corresponding displacement |x(a, f) — a| in the
Lagrangian coordinates for various instances in figure 6. Here we can clearly see that
the small-scale structures centered at hyperbolic stagnation points are generated in
the Lagrangian coordinates. The exponential decrease of &;(r) corresponds to
the exponential decrease of the width of the structure in the Lagrangian coordinates
centered at the hyperbolic stagnation points.

4. Short-time and long-time behavior

The parametric representation (15) for the singular manifold at arbitrary times
is somewhat cumbersome. At short times we can use suitable expansions of the

8We cannot take higher precision than the order of (A)*, which is the error level of the fourth-order Runge-
Kutta method employed here. If we take higher precision than that, we find that a bump appears in the shell-
summed applitude Aﬁ(“) around the level of (A)*. This is perhaps due to the fact that the equation (6) is
integrated in the physical space. In Frisch, Matsumoto and Bec (2003), the Euler equation was integrated with
the same fourth order Runge-Kutta scheme but in the Fourier space, and this may considerably decrease the

error (more precisely, the factor in front of (A)* is exponentially small for large k).
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Figure 3. (a) Shell-summed amplitudes of the Lagrangian velocity A}:L) for four different short times calcu-
lated with the number of grid points 322 and ¢42. (b) LO%-linear plot of the width of the Lagrangian analyticity
strip 8;.(7) measured as the logarithmic decrement of AkvL) at short times 10712 <7 < 1.

trigonometric and elliptic functions (Abramovitz and Stegun, 1965) and obtain to
leading order

) 2
¢ > arcsin(i &1), fogias g +iln ([), (22)

from which it follows readily that the width of the analyticity strip is
2
SL(f) ~ ln;, t— 0. (23)

Hence the Lagrangian 8y (¢) follows a logarithmic law at short time.

We now observe that a short-time logarithmic law for the Eulerian §(¢) has
been obtained by Frisch et al. (2003) (see also Matsumoto et al., 2004) for
two-dimensional flow with a finite number of initial Fourier harmonics. In the present
case the Eulerian dynamics are trivial since the flow is time-independent. We believe
that a logarithmic law for the short-time behavior of the Lagrangian &y (¢) is quite
general for steady solutions of the Euler equation with a finite number of harmonics
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Figure 4. (a) Shell-summed amplitudes of the Lagrangian velocity A(V‘) for 10 different instances
(1=0.5,1.0,...,5.0) calculated with the number of grid points 4096 (b) Llnear -log plot of the width of
the Lagranglan analytlclty strip 8; (¢) measured as the logarithmic decrement of 4, ) at long times ¢ < 5.

in any dimension d > 2. Roughly, the argument is as follows. Let n be the degree of the
highest-order Fourier harmonic; the velocity at complex locations a large distance y
from the real domain grows as exp(ny). Singularities in Lagrangian coordinates at
time ¢ correspond to fluid particles which emanated initially from infinity or, equiva-
lently, which are mapped to infinity in a time ¢ under the reversed flow. The latter
also grows as exp(ny) at large y. A fluid particle located initially within a distance
3L > 1 of the real domain and having an imaginary component of the velocity
O exp (ny) will escape to infinity in a time approximately given by

0 1
z:feW@:ewa (24)
N n
It follows that

11
S1(f) ~ ~In—. (25)
n nt
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Figure 5. (a) Regular grids in the Eulerian coordinates (x|, x,) at time ¢ =0. (b) Advected regular grids by the
steady flow at time ¢ = 1.6, which indicate the Lagrangian map x(a, ¢) in the Eulerian coordinates. (c) Advected
regular grids at time t=2.4.

It is not clear whether this law for the Lagrangian §p will carry over to flow having
non-trivial Eulerian dynamics.

We now turn to the long-time behavior. In Eulerian coordinates for non-trivial
dynamics, the best proven lower bound for §(¢) is a decreasing double exponential
(see Frisch er al., 2003, and references therein). But numerical simulations usually
give a simple exponential decrease (Sulem et al., 1983; Frisch et al., 2003). The
Lagrangian ;. for the steady cellular flow considered here is given by (17), which has
an obvious expansion at large ¢

Su(t) = 2, t — 00, (26)

which agrees with the numerical simulations of section 3. Note that the nearest
singularities are located “above” the hyperbolic stagnation points of the flow (5).
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Figure 6. (a) Contours of the modulus of the displacement |x(a, f) — a| at time 7=1.6 in the Lagrangian
coordinates (ai, a,). Contour levels are 7/15,27/15, ... (b) Same as (a) but for r=2.4. (c) Same as (a) but
for r=3.2.

As we have remarked in section 1, 81 (7) allows us to give an objective definition of
the smallest scale for the passive scalar advected by the flow (5). According to formula
(26), this scale decreases exponentially in time which, as we have noted in section 3,
reflects the squeezing of the flow around the hyperbolic stagnation points. The
exponential temporal rate of deformation of passive scalar structures transversal to
the streamlines can be explained by dimensional reasoning.

We note that the period of motion of a particle along a trajectory with the stream
function W(a) is given by 4K(y/1 — W2(a)) (see Appendix A, formula (A.4) and
Lawden, 1989) changing from 27 in the centre of the cell to infinity at the boundaries.
Obviously, for a passive scalar field which is not constant® along the streamlines, such
as for example 6(x;, x») = cos x; sin x;, the most intensive mixing will be observed near
the hyperbolic stagnation points. Let us consider the flow near the stagnation point
(0,7/2) at the point a = (a, /2 — a). The displacement of a fluid particle starting

°If a passive scalar field is constant along the streamlines there will be no mixing.
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at a becomes significant at the time 7 ~ K(y/1 — W2(a)). Since W(a) is small, we use
the approximative expression (see Whittaker and Watson, 1927)

K(J/T—P@) ~ In—— 27)

Y(a)
and obtain
ayap ~ e . (28)

Hence the smallest spatial scale for the passive scalar will decrease exponentially
in time.

In this paper, it is found that hyperbolic stagnation points can be a key in the analysis
of the Lagrangian analyticity strip of the steady solution (4) to the two-dimensional
Euler equation. Currently we are investigating the Lagrangian & (¢) of the three-dimen-
sional steady solutions (the ABC flows and more general Beltrami flows Majda and
Bertozzi, 2002) of the three-dimensional Euler equations. Since such flows can be chao-
tic, an interesting question is which stretching — caused by the chaos or the hyperbolic
stagnation points — dominates. A preliminary result indicates that the nearest singula-
rities are again above the hyperbolic stagnation points at large times. The details of the
study of the three-dimensional steady flows will be reported elsewhere. It is also of
interest to point out that for kinematic dynamos in three-dimensional'® steady flows,
the fastest growth of the magnetic field is frequently observed near hyperbolic stagna-
tion points (Soward, 1994) despite the presence of the chaotic stretching.

A question for further study remains whether the behaviour of the Lagrangian
81.(¢) does exhibit some structural stability with respect to hyperbolic stagnation points.
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Appendix

A. Explicit construction of the Lagrangian map

The system of ordinary differential equations (6) can be solved by a simple adaptation
of what is done for an integrable case of the ABC flow in (Dombre et al., 1986,
Appendix A). For completeness we give the full derivation, which is quite elementary.

Taking the derivative of (6) with respect to time we obtain a system of two decoupled
differential equations

2).61 = sin 2X1, 2X2 = —sin 2X2 (Al)

satisfying the initial conditions (7) and
x1(a, 0) = —sina; sinay, x>(a,0) = —cos aj cos a. (A.2)

Equation (5.1) is obviously the same as a set of pendulum equations describing
nonlinear oscillations around the origin for the x,-variable and around x/2 for the
x-variable. Let us just consider the x,-variable. The equation has the first integral

1, 1 11,

: >
3% —Zcos2x2 = 7SI aicosTay = (1 —2¥%(a)), (A.3)

&~

which expresses the conservation of energy. From this equation we obtain by standard
integration (Lawden, 1989)
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sinxs(a, 1) =+/1 — W2(a)sn| ¢ + /az\/ dx V1 —(a) . (A.4)
0 (1 _

W2(a)) —sin’ ¥

Obviously, since the poles of the sn function do not lie on the real axis (Lawden, 1989;
Abramovitz and Stegun, 1965), solutions of (6) are periodic and non-singular for real
initial conditions. The only possibility for an orbit to come across a pole and thereby
to go to infinity is to start at a suitable complex location.
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Abstract

The complex-space singularities in the Lagrangian frame of a class of stationary solutions to the
three-dimensional incompressible Euler equation (integrable case of the Arnold-Beltrami-Childress
flows) are studied by analytical and numerical methods. We obtain full analytic description of the
singular manifold in terms of elliptic and inverse trigonometric functions. The distance from the
real space to the closest complex Lagrangian singularity (width of the Lagrangian analyticity strip)
decreases logarithmically at short times and exponentially at large times. Numerical simulations
confirm these observations.

Introduction

There are several reasons for studying singularities of solutions to hydrodynamical equations (such
as the Navier-Stokes or Euler equations) in the complex spatial domain. The most important one among
them is related to the issue of a finite-time blowup. Namely, it is still not clear whether a solution to the
three dimensional incompressible Navier-Stokes or Euler equation with real analytic initial conditions
satisfying periodic boundary conditions can become singular in a finite time.

In the case of the Euler equation, a key observation is that, if a singularity appears in the real domain,
it is necessarily preceded by the one in the complex domain (see [1] for details). Note that even if the
real-space flow has no singularities, the velocity field continued into the complex domain can become
singular at some complex locations which we denote by Y. Therefore, measuring the distance from the
real domain to the nearest complex singularity (called width of the analyticity strip) serves as a criterion
of a finite-time blowup [2, 3] : vanishing the width means appearance of a singularity in the real space.
The width also defines the smallest scale in the flow.

Usually, such complex singularities are considered in the Eulerian frame of reference (Eulerian co-
ordinates). In this study we consider complex singularities in the Lagrangian frame of reference (La-
grangian coordinates). Knowledge of such complex Lagrangian singularities can help us, for example,
to understand the behavior of small scale structures of a passive scalar. And, mathematically, it may
reveal important aspects of time continuous complex dynamics, since the complexified Lagrangian map
of analytical flows is a physical representative of complex analytical transformations depending on a
continuous parameter. Here we further restrict”? ourselves to Lagrangian singularities of a class of steady
solutions to the incompressible 3D Euler equation, more specifically the integrable case of the well-
known Arnold-Beltrami-Childress (ABC) flow (A = 1,C' = 0,0 < B < 1). For such flows, complex
singularities in the Eulerian coordinates stay at the complex infinity forever. However, when working
in the Lagrangian coordinates, we find a nontrivial set of complex singularities which is within a finite
distance from the Lagrangian real domain at every finite time and reaches it in the infinite time limit. The
merit of working with integrable steady solutions is that we can obtain a global analytic description of
the Lagrangian complex singular manifold 3. For the non-integrable case, due to the non-integrability
(chaotic mixing) [4], the non-perturbative analytic expression of X is not available.

Analytic description of the set of complex Lagrangian singularities

We consider the integrable case (C' = 0) of the well-known ABC flow [4]. The velocity field of the
ABC flow is given by

v(Z1,Z9,23) = (A sinZz + C cos g, B sin&y + A cos &3, C sinZo + B cos 1) €))

!walter.pauls @physik.uni-bielefeld.de
2A study about complex Lagrangian singularities of the general time-dependent solutions to the Euler equation will be
reported elsewhere.
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which is a steady solution to the 3D Euler equation. By using a suitable transformation of coordinates
and the conservation of the vorticity, the integrable case (C' = 0) can be reduced to a two dimensional
system. The equations of motion of the fluid particles are as follows

T = —# sinxq sinxo + % COS X1 COS X2} 2)
To = —# COS X1 COS To + % sin x1 sin s. 3)

They have to satisfy the initial conditions x(a,0) = a defining the Lagrangian map x(a, t). Next we
introduce the complex Eulerian variables z = x + iy as well as the complex Lagrangian variables
c = a + ib. The complexified stream function has the form

1+ B . 1-B
Sin 21 Cos 22 +

&=

COS 21 Sin z9. )

From now on we introduce a new coordinate system w; = sin 21, wg = cos zz. Using (4) in the new
coordinates we can express wo as function of wy

ot 25(1+B)w1iQ(lfB)\/B(*wile?H]w% - &?) where & — 4¢% — (1 — B)?
2 (1 — B)? +4Bw? ’ a 4B '
- (&)
Introducing a new variable v = w; /€ we obtain the following equation
i = ii\/E\/(l —u?)(1 — £2u2). (6)

This equation allows to express ¢ in terms of the initial and the current values of « that is wq and u(t),

respectively
wu(t)
VBt = T / ds — %)
uo \/(1 _ 52)(1 _ 5282)

Obviously, the complexified Lagrangian velocity field v(z(c,t)) becomes infinite only if the complex-
ified Lagrangian mapping becomes infinite, that is the fluid particles escape to the complex infinity.
Therefore, at least one of the coordinates, say ws must become infinite. From (5) it follows that, if
wy tends to infinity then, because of the finiteness of complexified stream function, w; must tend to
+i(1 — B)/2V/B. Therefore, the time it takes a particle with initial position ug to escape to infinity is
given by

VBt = + / R ds . ®)
Fi(1—B)/26VB \/(1 —s2)(1— 5252)

Inverting this relation we obtain

- 1-B - -
w1(0) = FEsn (z {\/Et F (arcsmz Y NIER f)} , §>, 9)
where F(-, 3 ) denotes the incomplete elliptic integral of the first kind with modulus € and wo can be
calculated using (5). Note, that as expected, for B = 0 the singularities are time independent and
therefore located at the complex infinity.
Let us for simplicity restrict ourselves to the case B = 1. Then the singular set can be parametrized
in terms of the complex stream function & as

w1 (0) = i€sc(t, /1 — £2), wo(0) = —ies(t, /1 — &£2), (10)

where the sc function is defined as sc = sn/cn and cs is its reciprocal. By definition of coordinates w1
and wy we can express the Lagrangian locations at which w9 becomes singular at time ¢ as

¢ = arcsin [i{sc(t, V1-— 52)} ) ch = arccos {ics(t, V1-— 52)} . (11)
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Figure 1: (a) Shell-summed amplitudes of the Lagrangian velocity A;VL) for four different short times

calculated with the number of grid points 322 and 642. (b) Log-linear plot of the width of the Lagrangian
analyticity strip §(¢) measured as the logarithmic decrement of A,(CVL) at short times 10712 < ¢ < 1.

Since the functions appearing in these expressions are multivalued the singular manifold has infinitely
many sheets. Furthermore, it has nontrivial intersection with the imaginary plane “above” the hyperbolic
stagnation points, such as (0, —7/2), see [5]. This fact is explained by an additional symmetry of the
case B = 1 in comparison with the case B # 1. The minimal distance to from 3 to the real domain is
given by

. 1
0(t) = |arcsinh <sinht> |. (12)

In the general case 0 < B < 1 the short-time behaviour of the shortest distance §(¢) from the
singular manifold X to the real domain at time ¢ can be estimated using addition formula for the elliptic
sn function [6]. We obtain

5(t) ~ In % (13)

analogously to the logarithmic short-time behaviour, found in [1] for nonstationary inviscid flows in
Eulerian coordinates. On dimensional reasons we expect the same type of behaviour for all steady flows
given by trigonometric polynomials [5].

The long-time behaviour of d(¢) crucially depends on the structure of the hyperbolic stagnation
points of the flow. In long-time limit the nearest points of the singular manifold are located above”
the hyperbolic stagnation points and the width of the Lagrangian analyticity strip decays exponentially

5(t) ~ e VB, (14)

Numerical check

The above results on the long and short-time behaviours of §(¢) are checked using numerical simu-
lations. We first calculate the Fourier coefficients of the reduced two-dimensional velocity field and then
apply the method of tracing complex singularities [2] which relies on the fact that the energy spectrum
at high wavenumbers is decaying exponentially as exp(—24(t)|k|).

The Lagrangian Fourier coefficients are obtained as follows. First, we calculate the Lagrangian
map x(a, t) by solving the equations of motion with a fourth order Runge-Kutta method for N ? initial
conditions a = ((27/N)l, (2n/N)m) (I, m = 0,1,..., N — 1), which form a regular square grid in
the Lagrangian marker space. We obtain then the Lagrangian velocity field by just changing variables:

vi(a,t) = v(x(a, t)). (15)

The Lagrangian velocity Fourier coefficients are given by

1 .
ik, 1) = 55 > vi(a,t)ema (16)
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Figure 2: (a) Shell-summed amplitudes of the Lagrangian velocity A, for 10 different instances (t =
0.5,1.0,...,5.0) calculated with the number of grid points 40962. (b) Linear-log plot of the width of the

Lagrangian analyticity strip §(¢) measured as the logarithmic decrement of A,(CVL) at long times ¢ < 5.

For measuring the width 4, it is convenient to define the shell-summed amplitude AIEVL) of v1,(k) as

A = N ). 17

E<|k|<k+1

The Lagrangian width ¢ is then obtained by fitting the shell-summed amplitude to an exponential with
an algebraic prefactor:

AN o k= exp(—6k). (18)

For the short and long-time behaviour, our numerical results confirm the analytical predictions, see Fig-
ures 1 and 2 for the case B = 1.

Discussion

The observed exponential decay (14) of the width of the analyticity strip d(¢) is connected with
generation of small scale structures in the vicinity of the hyperbolic stagnation points [5]. The fluid
particles are squeezed along the stable direction and are stretched along the unstable direction. Thus, for
certain configurations of passive tracer an intensive mixing will take place at these stagnation points. It
should be noted that this process is not related to the chaotic mixing since the velocity field which we
have considered has integrable stream lines.

The analytically continued Lagrangian map x(a,t) is an example of complex dynamical systems
with continuous time. Here we have found that the set of its complex Lagrangian singularities is an-
alytic. However, such boundaries generated by dynamical systems in the complex domain are often
not smooth, even fractal. (An intensively studied example are dynamical systems given by iteration
of analytic functions in one complex dimension, see for example [7].) An interesting question in this
connection is in how far the structure of the Lagrangian singular manifold (algebraic variety, analytic
manifold,...) reflects the integrability of the velocity field.
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Transport in cellular flows from the viewpoint of stochastic
differential equations

W. Pauls
July 18, 2006

1 Introduction

The behaviour of passive scalar tracers moving in a prescribed velocity field can be described
using two equivalent formulations: (i) the passive scalar equation which in two dimensions
can be written as

00+ V*H -Vl =0, (1)

(ii) probabilistic description in terms of stochastic differential equations
dX; = —0,H(X,,Y;) + V2 dW,"; (2a)
dY, = 0, H(X,, Yy) + v2e dW,Y). (2b)

Here H(z,y) is a periodic stream function defined in such a way that the velocity field is
given by u = (—=9yH, 9, H). In what follows the velocity field will always be deterministic
and time-independent.

The subject of study in this report is the asymptotic behaviour of the process (2) in
the limit € — 0. In fact, this question can be analyzed using the passive scalar equation
(1). Here the homogenization technique from the theory of partial differential equations is
applied which gives a description of the behaviour of solutions of (1) on large scales, see
[1]. Separating slow and fast variables and performing a multiscale analysis one obtains the
effective diffusion equation for the evolution of 6 on large scales

00 =V -DIV. (3)
The effective diffusivity D} is a constant matrix given by the following expression
Di(e) = (1 + ¥)(Vx +e) -e), (4)
where x is the solution of the so called cell problem
V- [(el+®)(Vx +e)]=0. (5)

Note that equation (5) has to be solved in the domain of periodicty of the streamfunction
H(z,y). One class of flows for which the cell problem (5) is amenable to analysis is a special
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case of the well known ABC flow, namely the case A =1, C'= 0. The streamfunction is of
the form

1+ B
H(z,y) =

COS X COS Y +

sinz sin y. (6)

The case B = 1 has been treated in [2] using boundary layer techniques where it was
shown that D} = O(y/). More precisely, the boundary layer analysis is performed in a
boundary layer of width O(y/¢) which forms at the boundaries of the impermeable cells
of the underlying velocity field V- H (z,y). Heuristically, since the amount of the tracer
transported along the boundary layer is proportional to its area, the effective diffusivity
has to be proportional to v/¢. An analytical solution of the cell problem in the boundary
layer approximation was given in [3] using Wiener—Hopf technique. In the case B < 1 the
effective diffusivity is anisotropic and as has been shown in [4] the effective diffusivity across
the streamlines is of order O(g) while along the stream lines of the flow it is of order O(1/¢).

The large-scale picture obtained by the homogenization approach as presented above
does not give any information on the microscale structure of the diffusion processes hap-
pening in the flow. However, small scales do play a major role in the form of boundary
layers which is typical for diffusion processes at high Péclet numbers.

In principle, stochastic differential equations (2) allow us to describe the diffusion of
particles in much more detail. But how much information can we obtain on the limit ¢ — 07
A standard approximating technique in this framework is the so called Wentzell-Freidlin
method. It describes the behaviour of randomly perturbed Hamiltonian systems on large
time scales at high Péclet numbers by means of continuous diffusion processes on graphs, as
is explained in Section 2. A priori, this technique works only only for Hamiltonians H(x,y)
such that H(z,y) — +oo when |(z,y)| — oo and does not allow for existence of heteroclinic
orbits.

If we try to apply this technique to the case of unbounded cellular flow with H (z,y) given
by (6) we arrive at a paradox. Namely, the transition from one cell to another will happen
instantaneously no matter how large the spatial separation between the cells. Furthermore,
the characteristic time scale of diffusion will be of order O(1/¢) which contradicts the results
obtained in the homogenization framework where the characteristic time scale is of order
O(1/3).

However, for bounded domains this technique works for sufficiently small ¢ such that
1/4/€ is much larger that the domain size (therefore it is not in contradiction to the homog-
enization method). This gives us an indication that the Wentzell-Freidlin method remains
locally valid. In fact, it fails on unbounded domains because of its global structure which
is determined by the method of “gluing” together single cells.

Actually, by changing the “gluing” prescription between the processes obtained in single
cells we can make the Wentzell-Freidlin approach to be consistent with the results given
by the homogenization. The main ingredient here is the conservation of probability: the
probability current going out of a cell has to be matched with the probability current across
the cell boundary (dominated by the boundary layer effects) into the neighbouring cells.

The structure of the present report is as follows: Section 2 is entirely devoted to the
Wentzell-Freidlin technique. In Section 2.1 we explain the averaging principle for a single
cell and its deterministic background. Asymptotics € — 0 of solutions to (2) on bounded
domains is described in Section 2.2. In Section 2.3 we discuss some simple models for
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diffusion in unbounded cellular flows. Furthermore, using results of numerical simulations
we argue that the approximating process on unbounded domain will be discontinuous. In
Section 3 we outline the procedure for obtaining this process and state the result. Possible
applications are discussed in Section 4.

2 Random perturbation of Hamiltonian systems

For small values of ¢ (i.e. for high Péclet numbers) equations (2) describe small random
perturbation of the determinstic system

&= =0y H(x(t),y(t)), (7a)
§ = 0:H(x(t),y(t)) (7b)

which represents the limiting case € = 0. Heuristically one would expect that the behaviour
of solutions to (2) in the limit ¢ — 0 is to a large extent determined by the deterministic
solutions, i.e. solutions of (7). The simplest ansatz of this type consists in making a per-
turbative expansion of solutions to (2) in powers of \/z around the deterministic solutions!,
see [11, 12]. However, this approximation is of little use when we want to study long-time
behaviour. Indeed, it works well only for a finite period of time (which also remains true
when we include higher-order terms) and does not take into account the separation into
fast and slow variables. The latter point is of special interest to us because the underlying
structure of the deterministic case (to be described in Section 2.1.1) is at the basis of the
approximating method discussed in Section 2.1.

2.1 Slow-scale motion inside a cell
2.1.1 Case of vanishing viscosity

In terms of (1) the deterministic case corresponds to the passive scalar equation with van-
ishing viscosity € = 0
20+ VIH -VH=0 (8)
and an initial condition fy. The charateristics of this equation are given by (7) so that
the solutions of the Cauchy problem for equation (8) can be constructed in terms of the
one-parametric flow (by taking the inverse Lagrangian mapping) generated by the velocity
field VX H(x,y), see e.g. [5].
If we choose the streamfunction (6), then equations (7) can be solved explicitly, see [6].
For the particular case B = 1 the solution is given in terms of Jacobi elliptic functions (see

[7])
z(t, h) = arcsin (\/ 1—h%sn(t,V1-— h2)) , (9a)
y(t,h) = arcsin (\/ 1—h2cd(t,v/1— h2)) , (9b)

Tn the case of the Hamiltonian (6) with B = 1 the explicit solution of (7) given by (9) allows us to
compute analytically the first order term in the expansion. It turns out to be a stochastic integral the
integrand being a complicated expression involving Jacobi elliptic, hyperbolic and logarithmic functions.
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where 2(0) = 0 and H(z,y) = h is kept fixed along a trajectory. Obviously, a particle
initially located in one particlular cell will stay inside this cell. The period of motion along
a level line with H(x,y) = h is given by a complete elliptic integral 4K (v/1 — h2). For the
special case h = 0 the equation of motion along the separatrix can be solved in terms of
elementary functions

x(t,0) = 2arctan e’ — g, (10)

where the initial conditions are specified as 2(0,0) = 0 and y(0,0) = 7/2. Note that in the
deterministic case it takes an infinite time to reach the equilibrium point (7/2,7/2).

It is crucial for the following analysis that we can interpret (7) as a Hamiltonian system
with one degree of freedom by identifying (x,y) — (p,q). The streamfunction H(z,y) —
H(p, q) is then identified with the Hamiltonian of the system. As usually, an action variable
I(h) can be introduced as

™

I =2 /1 K (\/1 - h/?) dn’, (11)
h

which is equal to the area inclosed inside the orbit H(p,q) = h divided by 2, see [8].

2.1.2 Effective Fokker-Planck equation

We will first study the behaviour of solutions to (2) with H given by (6) with B = 1
such that the particle is staying inside one cell. The typical technique for analyzing the
evolution of slow variables of such a system subject to small random perturbations is the
technique of averaging out the fast variables. Then an effective evolution equation for slow
variables inside a cell is obtained in a way similar to the analysis of small perturbations
in classical mechanics [8]. In the framework of stochastic differential equations this ansatz
was introduced by Wentzell and Freidlin, see [12] and references therein. For analogous
consideration in the framework of passive scalar equation see [17].

In our case the averaging principle can be briefly summarized as follows: Inside the cell
the deterministic system (7) can be described in terms of motion on invariant tori. We
parametrize these tori by the values of H(z,y) = h. In the perturbed system (at least
for small perturbations) particles will still rotate rapidly along the tori, however they will
slowly drift across the tori. To describe this slow drift we calculate dH (X, Y:). Using Itd’s
formula we obtain

dH(X;,Yy) = V2e VH(X,,Y;) - AWy + e AH(X,, Y;)dt, (12)
where dW; = (th(I) ,th(y)) is the two-dimensional Brownian motion. Of course, we

cannot evaluate the terms VH (X, Y};) - dWy and AH(X,,Y;) explicitly without solving
equations (2). However, using the integral form of (12)

t t
H(X,.Y,) = H(Xo.Yy) + VZ / VH(X,.Y,) - dW, + < / AH(X,Y.)ds,  (13)
0 0
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we see that because of the smallness of the perturbation (i) the second integral is approxi-

mately equal? to the integral fg(AH}H:h(XS,YS)ds, where

d \"' [ AH
) dl (14)

(BH)in = ( ~va)) v

and the integrals are taken over the level set {(z,y) : H(z,y) = h}. Moreover, (ii) the first
(stochastic) integral in (13) can be represented as

/Oth(XwK")'dWs—W(/OtVH(XS,YS)st>7 (15)

where W () is a one-dimensional Wiener process. With the same argument as before
fg |VH(X,,Ys)|?ds can be approximated by the ergodic average of |V H |?

(VHP) o = ( ;jﬂ) frvma (16)

The obtained effective diffusion process is most conveniently formulated in terms of an
effective Fokker-Planck equation with time rescaled as t — et

aip = B (A(h)p) — Oy (B(h)p) (17)
The coefficients A(h) and B(h) given by
A(h) = (IVHP) =,  B(h) = (AH) . (18)

In the case of H given by (6) with B = 1 these coefficients can be calculated explicitly using

formulas (9)
E(v1-h?
A(h) = QEWLIZM) 2h*,  B(h) = —2h. (19)
K(V1—h?)
Here K(-) and E(-) are complete elliptic integrals of the first and second kind, see [7, 15].
Note that instead of the Hamiltonian we could have used the action variable (11). Indeed,
the formulation in terms of the action turns out to be very convenient for generalization of

the averaging principle to higher dimensions.

2.2 Construction of an approximating Feller process (Wentzell-Freidlin
technique)

In this subsection we study asymptotic behaviour of solutions of (2) constrained to a
bounded domain (with periodic boundary conditions) approximating them by a process
with essentially one-dimensional state space. We have seen that (17) specifies completely
the behaviour of the system up to the first exit time out of a cell. Once having left the
cell after some transitional time (during which it will stay in some neighbourhood of the
boundary of the original cell) the particle will again slowly diffuse, either in the original cell
or in another neighbouring cell.

2This is due to the averaging principle.
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H<0 H=-H,
H<-H,
Hmin Hmin

0<B<l1 B=0

Figure 1: Reeb graphs of the flow (6) for the cases B =1, 0 < B < 1 and B = 0 on the
domain of width 27 x 2.

To describe the transition phase of the particle from one cell to another we need to (i)
give a geometrical description of the way in which the cells are connected to each other, (ii)
analyze in detail the behaviour of the diffusion process during this transition.

The geometrical description is given using the topological notion of a Reeb graph of
H(z,y) [9]. For a general Hamiltonian H(z,y) it is defined in the following way: Let
(e, ye) be a critical point, i.e. a point such that VH(z.y.) = 0. Then each connected
component of the level set H~1(H (z.)) is identified with a vertex. The points on the edges
which connect the vertices are identified with connected components of the noncritical level
sets H~1(H(z,y)). Figure 1 shows the Reeb graphs of H(z,y) given by (6) on the domain
[0,27] x [0, 2] for the cases B =0, 0 < B < 1, B = 1. Note that in the case B = 1 the
edges of the Reeb graph correspond to the interior of the cells.

The geometrical description above suggests that the appropriate state space of the pro-
cess approximating the solutions of (2) is the Reeb graph I' of the Hamiltonian H (z,y) with
edges denoted by e; and vertices denoted by Oj. In side each edge e; the approximating
process is governed by the evolution equation of the type (17)

Opi = Of (A;(h)p;) — O (Bi(h)p;) (20)

To determine the process completely we have to specify the boundary conditions at the
ends of each edge, “gluing” the edges together in a consistent way. This “gluing” procedure
determines the behaviour of the process during the passage through the vertices of the
graph. Physically it describes transitions of a particle from one cell to another.

Specifying boundary conditions for a stochastic process is in general a quite delicate
point. One possibility to specify the boundary conditions is to require the approximating
process to have “nice” mathematical properties.®> In [13] all possible continuous Markov
processes with Feller property* on graphs were described such that the diffusion inside an
edge is governed by a second order elliptic operator (which can possibly depend on the
edge). In our case the ellpitic operator is given by the right hand side of (20). Furthermore,
at each edge the sum of the incoming probability currents has to vanish. This leads to the

3As we shall see later, this requirement is not always consistent with the behaviour of solutions of (2).
4This means that in course of time continuous distributions of probability remain continuous.
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following boundary conditions at a vertex O

Y Ji(Or) =0, pi(Ox) =pj(Ok), i,j: e~ O, e~ O (21)

i e;~Op

where e;, e; ~ Oy denote the edges incident to the vertex Oy.

Thus, the approximating technique (in the following referred to as Wentzell-Freidlin
technique) consists in (i) approximating the solutions of (2) inside of the cell by (17),
(ii) gluing together the cells by matching continuously the probability distributions at the
boundaries of the cells.

In the case of the Hamiltonian specified by (6) on bounded domain we expect that the
process on the graph approximates well solutions of (2). Furthermore, similarly to [12] a
particle spends a zero time (on the time scale £t) at the vertex. From this follows that once
the particle reaches the cell (edge) boundary, it can hop instantaneously to any other cell.
Furthermore, the behaviour of the process after it reaches the vertex does not depend on
its prehistory, i.e. on the edge it came from. Thus, the transition probability from one edge
to another is not dependent on their spatial separation. Note that for € — 0 this does not
result in any contradiction, because of the very long relevant time O(1/¢) — oo.

Altogether the Wentzell-Freidlin technique yields the following picture for advection of
passive scalar in a bounded domain: Let us chose an initial coondition which corresponds
to the passive scalar being concentrated in the center of a cell at ¢ = 0. Then, as time goes
on, the passive scalar will slowly (i.e. on time scale O(1/¢)) diffuse untill it reaches the
cell boundary. As soon as it reaches the boundary it will very quickly (instantaneously on
time scale O(1/¢)) spread across the domain along the network of separatrices. After this
the passive scalar will penetrate the cells on slow time scale O(1/¢) untill the stationary
distribution is established.

However, the above implies immediately that the Wentzell-freidlin technique cannot be
applied in the unbounded case. Indeed, it would state that a transition from one edge to
another happens instantaneously, no matter how large the spatial distance. It can also be
readily seen from the structure of the Reeb graph corresponding to the unbounded case.
Indeed, in this case the Reeb graph consists of one vertex with infinitely many incoming
vertices.

2.3 Diffusion in cellular flows: unbounded case

As we have seen previously, the knowledge of the behaviour of solutions to (2) in the vicinity
of the cell boundaries is of crucial importance. To describe this behaviour one has to take
into account events such as a particle crossing of a separatrice and going to another cell.
Qualitatively, we can discribe them as follows: We artificially separate the cells by channels
(which play the role of the boundary layers along the separatrices) to take into account the
transport along the boundaries. Let §(¢) be the width of the channel. The motion of a
particle consists of two types of events: (i) slow motion across streamlines inside the cells
with typical time spent inside a cell ten = O(1/¢) and mean square displacement O(£%);
(ii) fast transport in the channels with velocity of order O(e?) and time spent inside the
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channel O(62/¢). The effective diffusion is given by

X2 channe.
v =0 (F2met) o (37 (2)

Setting (e) = £1 we obtain ket = O(y/€). However, the width of the channel is something
that we have to insert by hand into this model. Furthermore, for solution of the cell
problem the width of the boundary layer is usually assumed to be /. Nevertheless, this
simple model is usefull because it gives an additional intuition about the nature of diffusion
in the cellular flow. Indeed, numerical simulations of (2) show long flights along the cell
boundaries interupted by trapping of the particle inside the cells, see Fig. 2.

40

20+

-10 0 10 20 30 40 50 60 70

Figure 2: Random motion of a Brownian particle the cellular flow B = 1.

During the excursions the stochastique motion can be described by a very simple one-
dimensional model

dO; = | cos O] + V2edW, (23)

where 6 € [0,47]. The backward Kolmogorov equation is given by

Ohp + | cos 0)|Ogp = €03 p. (24)
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Solutions® are most easily found by writing the drift | cos ©| as the derivative of the following
continuous potential

— — qj _T us .
V(G):{ 4k — sin 0 . for z €| 72r+2k7r,2+2li7r], (25)
—2(2k + 1) +sinf for x € [-F + 2k + 1)m, 5 + (2k + 1)7],
such that |cosf| = —0pV(#). Note that this potential contains two parts: a periodic

part V() with period = and a tilting force F = % Obviously, the function V5(0) =

V(0) + OF satisfies V(0 + ) = Vp(6). Stationary distributions are easily found which
allows to determine the mean velocity and the effective diffusion

E0] . Elel- (Ee)?

Jim 5 (26)

<v>= lim

t—o00

It turns out that the mean velocity does not vanish and the effective diffusion is proportional

to 1/e, see [22]. The behaviour of the diffusion process in the neighbourhood of the cell

boundaries has been studied in [14] using boundary layer asymptotics. It turns out that
the time a particle spends in a cell is of order O(e).

Note that events (i) and (ii) have two different time scales: (i) is on time scale O(1/+/2)
while (ii) is on time scale O(1/¢). A similar situation has been discussed in [18] for effective
diffusion along a pipe with semiinfinite pipes branching off the main pipe. The fast motion
happens inside the main pipe while trapping occurs inside the side branches.

Since the stochastic motion of a particle inside of the unbounded cellular flow is a
mixture of random walk on the lattice of cells (jump process) and slow diffusion inside
the cells (continuous process) we cannot expect the Wentzell-Freidlin technique to hold
on unbounded domains. Indeed, as Fig. 3 shows, in numerical simulations of diffusion of
passive tracer on the cellular flow (6) we find high gradients of the passive scalar accross
the cell boundaries.

3 Approximating process with jumps

In this section we propose a generalization of Wentzell-Freidlin method to the case of un-
bounded domains. The main idea is to give up the mathematical condition of continuity
of the process at the vertices of the Reeb graph which in the previous paragraph has been
shown to inconsistent and allow for processes which can have jumps at vertices. The conti-
nuity condition has to be replaced by another condition which takes into account processes
happening at the separatrices analyzing them more carefully than it has been done in Sec-
tion 2.2.

We begin by outlining the procedure which can be used for obtaining the approximating
process on the domain R2. We label each cell by a two-dimensional integer vector (ny,n2) €
Z2. The effective evolution equation inside each cell is given by

ast P(ni,n2) = 8}21 (A(h)p(nl,ng)> - ah (B(h)p(nl,ng)) (27)

Consider now, analogously to [20] a water-pipe network Q% = {(z,y) € @ : |H(z,y)| <
N/} around the separatrices. The corresponding water-pipe approximation is

A0 —VIH VO, =0,  (z,9) € Oy, (28)

5Stochastic equations with periodic drift are intensively studied in [21].
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Figure 3: Diffusion in the cellular flow given by (6) with B = 1 for ¢ = 0.0009765625 at
t = 32.

however, instead of zero gradient von Neumann boundary conditions at the level set

Lnyna)(NVE) ={(z,y) € @ [H(2,y)| = NvE, (z,y) lies in the cell (n1,n2)}  (29)
used in [20], we introduce the following conditions

205
on

The two descriptions, in the interior of the cells and at the cell boundary, have to be glued
together. It is here that the conservation of probability enters. We have to match probablity
current leaving the edge with the probablity current entering the water-pipe network. This
gives the equation

= (Da)(nl,ng)v (1'., U) € E(nl,ng)(N\/E) (30)

ikQ\]\/g)(De)kdl =& I:B(h)p(nth)(h) - ah (A(h’)p(nl,ng))]h:]\[\/g . (31)
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The expression on the right hand side is just the probability current entering the boundary
of the cell.

Now we turn to description of the approximating process. First of all, in order to describe
the transport from one cell to another in the asymptotics € — 0 we find it convenient to
consider the network of lines connecting the neighbouring cells which is in fact a network
dual to the water-pipe network. In our case of H(z,y) given by (6) with B = 1 it is just the
two-dimensional lattice Z2. At each vertex of this network we specify a function Jni,ma) (1)
This function serves as a boundary condition for the effective Fokker—Planck equation (27)
(with the original time) in the cell (n1,n2). For a particle the probability of leaving this
cell through the boundary adjacent to one of the neighbouring cell, e.g. the cell (n1,n9+1)
is proportional to f(;; no+1) = f(nime)- Therefore the discontinuous part of the process is
governed by the Laplace lattice operator on the lattice Z2

AZQ f(n1 ,n2) (t) = f(n1 +1,n2) (t) + f(n1 —1,n2) (t) + f(n1 ,na+1) (t) + f(m ,na—1) (t) - 4f(n1 n2) (t) (32)
The evolution equation for f(,, ,,)(t) is then given by

d d
i 5 [ P = Az fay ()

In this way we obtain a coupled system of equations which yield the complete description
of the approximating process.

4 Discusion

The generalization of the Wentzell-Freidlin technique proposed in the previous paragraph
is easily generalized to the cases of nonperiodic cellular flows. In fact, it suffices to replace
the Laplace operator on Z? by the Laplace operator on the network (graph) dual to the
network of separatrices of the original flow. Of course, the spectral properties of the graph
Laplacian then depend strongly on the topological structure of the dual network. Therefore
the cellular structure of the flow can nontrivially influence the solutions of (33).

One application of the Wentzell-Freidlin technique is connected to the study of reaction-
diffusion equations. However, as has been stated in [10], in its usual formulation it is not
applicable without any restrictions. The generalized form of this technique proposed in the
report seems to be suitable to a wider range of applications, including nonperiodic cellular
flows.
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We consider diffusion in a cellular (not necessarily periodic) flow in the high Péclet number limit.
The limiting process is a continuous time Markov process with jumps on a state space constructed
on the graph connnecting the separatrices of the flow.

I. INTRODUCTION

A standard way of studying the advection of a passive
scalar field in a fluid is to use the passive scalar equation

00+ VEH -V = cAb. (1)

A more detailed picture which allows us to follow the
trajectories of particles is given by the probabilistic de-
scription in terms of ordinary stochastic differential equa-
tions

AX5(t) = 0 H(X{ (1), X5 (D) + VIEAW1 (1), (20)
dX5(t) = H(X5(0), X5(0) + VEEdWa(t).  (2b)

First we consider the case in which the velocity field is
determined by a simple periodic stream function

H(zq,29) = sinx; sinxs. (3)

In the PDE setting (1) the standard way to treat the large
scale and long time behavior of # is the homogenization
approach [1], which is performed by separating fast and
slow variables: t — t/02, (w1, 22) — (21/8,12/9).

Here we just briefly recapitulate the essential points
of the homogenization approach to Equation (1) for the
velocity fields such as the one given by (3) (for more
details see [2]). For initial conditions 6y(x1,x2), which
do not depend on fast variables, solutions of (1) converge
to solutions of

R~ 020
= = i 4
ot ;;‘”axia@ )

with the same initial condition 6y. The diffusion matrix
o (for convenience we apply it to a unit vector e) is found
by solving the stationary cell problem

V-|(eI+H)Vxete)| =0 (5)
in the periodicity domain and calculating the quantity

a(e)e=((Vxe +e)- (Vxe +e)), (6)

where I is the unity matrix and H is the antisymmet-
ric matrix given componentwise as €;; H(z1,22) (e;; is
antisymmetric and such that €15 =1, €57 = —1

In probabilistic terms (4) means that for a fixed € and
for t — 400 the process (X§(t), X5(t)) behaves like a
Brownian motion with effective diffusivity

. Xi (0)X5 (1)
0ij(e) = lim Eg—————, (7)
where Tj is the initial distribution of the process [3].
It was proven in [2] by variational methods that for
e — 0 the effective diffusivity of the flow given by (3)
scales like

oij(€) = Ve (dij¢" +0(1)). (8)

Actually, this relation has been established by Childress
in [4] by using boundary layer analysis. The constant
c* is determined by the solution of a suitable boundary
problem and has been calculated analytically by Soward
in [5].

Recently, relation (8) has been extended by Koralov
in [6] who has shown that the y/e-scaling holds for
general periodic cellular flows. Intuitively, this result
can be explained as follows: a particle is being effi-
ciently transported by the flow as long as it stays suf-
ficiently close to the unbounded network of separatrices
L:={x € R?: H(z) = 0}, (x = (z1,72)) in a channel
Ve :={z:|H(z)| < e*} of width ¢ (note that this width
is muich larger than the mean fluctuation of X¢(¢)). The
mean square displacement is of order e*~'/2, The trans-
port is randomly interrupted when the particle is caught
inside a cell, with an average trapping time of order e~ 1.
Therefore, the effective diffusivity given by the ratio of
these two quantities scales as square root of €.

Here we recall in short the main steps by which (8)
has been obtained in Ref. [6]. First, a discrete Markov
chain X¢(72) associated with X(t) on the restriction £
of £ to the torus R?/27Z? is constructed by stopping
the process X¢(t) each time when it hits a separatrix
after (i) exiting the boundary channel V¢ or (ii) going
past a stagnation point. Next, the problem equivalent
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to the study of the time-independent cell problem (5) is
to consider the invariant distribution of X (7<) on Lo =
L\ Uzl (z! are the stagnation points of the flow) and
the invariant distribution of 7, —7:_; on R>¢.

The process X¢(75) behaves like a random walk on the
unbounded set £ with variance d°. Thus, its mean square
displacement is given by

o(e) =&/ | Eidp (). (9)
L(J

Then is is shown that the asymptotics of d® are e-
independent, whereas for € — 0

/EU E,75 du = % (/ﬁ_o O(2) 1 (x) + 0(1)). (10)

In the next section we are going to describe the asymp-
totics of (X¢(75), 75 — 75) in somewhat more details.

II. SCALING LIMIT AS A CONTINUOUS TIME
MARKOV PROCESS

In this section we study for simplicity the case in which
H(x) is given by (3), see Fig. 1. To reveal the essential
features of the small € asympotitcs of X(¢) it is appro-
priate to consider the scaling limit

(X9, 70) = i (X°(7), V(T — 50)). (1)

The state space of the Markov chain X2 are the separa-
trices of the flow given by H(z) (without the stagnation
points z%). We now give an alternative discription of
this state space: First, we construct a graph G(Vy, Egr)
associated with the set of separatrices of the flow given
by H(z). This graph is obtained by reducing each sepa-
ratrix to a vertex and connecting by edges the separatri-
ces which constitute the boundary of the same cell. For
example, the separatrix v(1,2) in Fig. 1 is associated to
the vertex v(1,2) of the graph represented in Fig. 2. Fur-
thermore, starting from the separatrix v(1,2) in Fig. 1 a
particle can go to the cells e, f, g through the separa-
trices v(2,3), v(3,4), v(4,1) by going into the interior of
the cell a, and to the cells d, ¢, h through v(2,5), v(5,6),
v(6,1) by passing the cell b. Thus, v(1,2) is connected
by edges to six other vertices, v(2,3), v(3,4), v(4,1) on
the right and v(2,5), v(5,6), v(6,1) on the left. For con-
venience, the set of vertices Vj is associated with the
set Z2. Note that the graph G(Vy, Ex) has a constant
connectivity equal to six.

To complete the construction of the state space we
assign to each vertex v(4,j) an additional degree of free-
dom: the spin-space is the separatrix (4, j) and the spin
variable 6,; ;) € 7(i,7) is determined using a suitable
parametrization of (4, 7).

The process X{ is specified by giving the transition
probabilities p(fy; 5, 9;,(2.,7].,)), where v(z, 7) and v/ (¢, 7)
are two adjacent vertices of the graph G(Vy, Ex) and

2
d e
5 Y(2.5) 2 Y(2.3) 3
Y(12) e
c f
7(5,6)
5 yeD ! Y. 4
h g

FIG. 1: Cells of the periodic flow H(z1,z2) = sinxi sinzs.
Stagnation point at (0,0) is label by 1, the one at (0,7) by 2,
the one at (m,7) by 3 and so on. Starting at the separatrix
~(1,2) a particle can excape to one of the six cells ¢, d, e, f,
g or h.

Ou(i,5) € (3, 5), 0;,“,7].,) € (i, j') are the corresponding
points on the separatrices. According to the results in

FIG. 2: Graph of for the random walk on separatrices. Ver-
tices are denoted as v(-, -), the separatrices themselves (which
are also the boundaries of the flow cells) are indicated by
dashed lines. The stagnation points are numbered from 1 to
6.

V5.6

[6] these transition probabilities can be calculated from
the kernel of a certain process which we now are going to
consider in more detail.

A. Calculation of the transition probabilities

While the state space of the Markov chain X is basi-
cally given by the set of the separatrices of the flow, it is
the behavior of the process X¢(t), € — 0 in the interior
of the cells which determines the transition probabilities
(0 (5,5)5 9;,(1.,0.,)). It turns out [6] that these probabilities
can be calculated by using an auxiliary process which is
an asymptotic representation of the process X¢(¢) in the
boundary layer at the separatrices.

Let us first make some technical remarks. Due to the
symmetries of the flow (3) we can assume without any
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restriction that we start at the vertex v(1,2) which cor-
responds to the separatrix v(1,2). Thus, we parametrize
the separatrices in cell a by the variable 6, € [0,8] in
such a way that the separatrix ~y(1,2) corresponds to
6, € (0,2), separatrix v(2,3) to 0, € (2,4) etc. In the
cell b the separatrices are parametrized as follows: (1, 2)
corresponds to 6, € (0,2), v(1,6) to 6, € (2,4) and so
on. Since the cells a and b have the separatrix v(1,2) in
common, we identify 6, = 6, for 6,,0, € [0,2].

Now we specify the boundary layer process used for
calculating the transition probabilities. The state space,
represented on Fig. 3, is constructed by taking the two
cells a and b, connected by the separatrix v(1,2) (see
Fig. 1) and chosing a suitable parametrization h for the
boundary layers of the corresponding cells. Note that
while using the boundary layer coordinates the actual
cell interior is mapped to infinity h = +oo.

More precisely, the coordinates are defined as follows:
(i) in the cell a we define the state space as (h, 0,) where
h>0,86, €[0,8]. The domain (h,8,), h > 0 corresponds
to the boundary layer in the cell a. (ii) The bound-
ary layer of the cell b is given by (h,6,) where h < 0,
6y € [0,8]. Since the both boundary layers are connected
across the separatrix (1, 2), we identify (0,6,) = (0, 0)
for 0,0, € [0, 2], see Fig. 3.

FIG. 3: Boundary layer of the cells a and b.

The auxiliary boundary layer process has the generator
0p + 02 where 6 actually plays the role of a time variable
which is running backward. Furthermore we introduce
absorbing boundary conditions at A = 0 for § > 2. These
boundary conditions correspond to the condition that the
partcile has to go past a stagnation point before it it
hits one of the separatrices (which is condition (ii) in the
definition of the Markov chain X*(7<) quoted from [6] in
Section I). Note that it is also possible for the particle
to be absorbed at the separatrix v(1,2) after going one
or several times around the cell a or b.

Because of the symmetry it is sufficient to determine
the transition probabilities p(6,6.,) corresponding to the
event that the particle starts at the separatrix v(1,2),
that is 6 € (0,2) and hits one of the separatrices consti-
tuting the boundary of the cell a after passing the stag-

nation point 2, see Fig. 3. Since the particle hits the
separatrix while coming from the boundary layer of the
cell a, h > 0 for §” € (2,67).

Let us denote for simplicity ¢’ = 0/,. Using the tran-
sition probability kernel p((h,0), (R/,0")) of the auxiliary
process the transition probability p(6,6’) is given by

p(gvgl) =p((0,9),(0, ‘9/)) (12)

Now we proceed to determine the transition proba-
bilities p((0,8),(0,60")). We use the following notation:

h

h

0 6" 2 2+8n 0
FIG. 4: Transition from 6 to 6’ after going n-times around
the periodicity domain.

the probability kernels for the standard Brownian mo-
tion and the probability kernel for Brownian motion with
absorbing boundary condition at h = 0 are

o

Ga>(h,h') = (14)

{5257}

The event that the particle starts at (0,6), 6 € (0,2) and
is absorbed at (0,6’) is composed of three events (see
also Fig. 4): (i) the particle starting at (0,6) goes past
the stagnation point 2 into the boundary layer of the
cell a and is stopped at (2,h), h > 0. Since between 6
and 2 the particle is allowed to cross the separatrix, the
corresponding transition probability is given by (13) with
6=2-6. (ii) Starting at (2, h) the particle goes a number
of times around the periodicity domain and is stopped
again at (2,h'), i/ > 0 over the stagnation point 2. (iii)
Starting at (2, k') the particle is absorbed at (0,6). The
probability density fpr—2(h') of the event that starting at
(2,h') a Brownian particle will be absordeb at (0,6’) is
given by

Gy(h, W) =

h

2
ﬁeim. (15)
4r (0" — 2

for—2(h) =

Thus, using the Markov property the transition prob-
ability is determined as follows

p((07 0)7 (07 '9,)) =

/oc dh /Oo AW’ G o(0, 1) K (b 1) for o). O
0 0
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Here K(h,h') is the probability density for the particle
starting at (h, 2) to get to (h’,2) after going several times
(or maybe not at all) around the periodicity domain with-
out being absorbed. Actually, in order to evaluate the
double integral in (16) we do not need to determine the
kernel K (h,h') directly. For this purpose it is suffucient
to calculate the integral

aor (1 / dn’ K (h, ) for (R (17)

As we shall see now, the evaluation of this integral can
be reduced to solving an integral equation.

To study the event that a particle starting at (h,2) is
stopped at (2,h') after making some numbers rounds of
the periodic domain we introduce the integral operator
T on C([0,00)) defined by

o0

= [ acgrmmsw.
0

Obviously, this operator T' describes the particle going

once around the periodicity domain without being ab-

sorbed.

Since the particle can be absorbed after making an
arbitrary number of turns, we are led to consider the
operator given by the absolutely convergent geoemtric
series > o2 T™. Then the kernel K (h, k') is defined by
the relation

/Khh’) F(R)di! = (ZT" ) . (19)

It follows immediately that K (h,h’) is the kernel of the
operator (1 —T)~! and
gor(h) = (1 =T)7" for—2) (). (20)

In other words, function ge/(h) on the right-hand side of
(20) is obtained by solving the integral equation

gor(h) — /0 - dh G2 (h, 1) ger (W) = for_o(R).  (21)

We first note that gg(h) is defined only for positive val-
ues of h. However, since fgr_2(—h) = —fp_2(h) and
G3P3(h, h') is an odd function of k' we can define gy (h)
for arbitrary values of h by go(—h) = —gg/(h).

Now, rewriting Equation (20) as

11 oo
421 Jo
0 dh/ef(hfh')Q/:sz

gor(h) — dh’ e~ (=h* 3200, (1)) 4

11

4+/2m
and using the above defined extension of gy (h) to negative
values we obtain the equation

(22)

9o (=h') = for—a(h)

11 [t e
gor (h) — 17 dh/ e~ (h=h)"/32 = for—a(h),

(23)

gor (1)

4
which is solved using the Fourier transform
1 [t ) ik —k2(0'—2)
gor(h) = 7/ dke ™ C (24
T J_o 1-— \/?6

By means of (16) the transition probability p(6,6’) can
be expressed as

p(0,0") =
1 [t +oo ike—k(0'—2)
7/ dh/ e Gy_(0), h)li_w.
™ Jo — 0o 1 ﬁ@

(25)

Both integrals being absolutely convergent we can inter-
change the order of integration and perform the integra-
tion with respect to h. This gives the following expression
for the transtition probability density
1 [t ike—k2(0'=0)
p(6,0') = / Ak ==z 1~ erf(ikv2 = 0)]
2 1-— 7ot

(26)

B. Transition times 70

The next step in specifying the process (X2, 72) con-
sists in determining the transition times 7. Here we can
use directly the results of [6] for the probability Pg*¢ of
escape into the cell interior

8 ')
P;M:/O/O hp((0,6), (h,8)) dhdd'  (27)

The transition times 70 are directly related to Pg*c,

whereas the sojourn times in the interior of the cell are
asymptotically determined by the Wentzell-Freidlin type
of analysis.

C. Childress cell problem

Actually, the process (XY, 70) represents an asympto-
tique boundary layer approximation of the process X¢(t).
It is well known that when we use the homogenization
methods, the cell problem (5) for the flow (3) can be

reduced to the so-called Childress cell problem:

d*p  Op
2 T ae T 0, (28)
with boundary conditions
dp
p(0,0) =0, 0<0<2, %(0,0):0, 2<0<4,
p(0,0) =m, 4<6<6, %(0,0)20, 6<6<8.

(29)
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The constant ¢* in (8) is then given by

L L2 8 rop\?

and his been determined explicitly in [5] by solving an
integral equation similar to (26).

III. DIFFUSION IN STEADY CELLULAR
FLOWS

If the periodic cellular flow is replaced by a nonperiodic
one the scaling of the diffusion coefficient changes. For
example, for random flows considered in [8], the scaling
law is €e* where o depends on the geometry of the random
flow.

However, the methods from the previous section can be
applied to the case of diffusion in bounded cellular flows.
Here, it is convenient to consider the following Dirichlet
problem (see [7])

eAPS — VL. V¢ =0, (31)

on  with Dirichlet boundary condition ¢°(x) = Ty(z)

for z € 0). We suppose that
0 C L={(z1,22) : H(z1,22) =0}, (32)

where L is also the a set of separatrices containing a finite

number of singular points of H.
Consider the process given by the solution of

dX; = VYH(X?)dt + V/2edW,, (33)

with absorbing boundary conditions at 0f2. Then the
solutions of the Dirichlet problem is given by

¢ (@) = Bq [To(X5)] - (34)

Note that in order to exit through the boundary 09 a
particle has to arrive there through the system of bound-
ary layers. Thus we first suppose that we have a process
starting a some x € £, and x € (i, 7) for some stagna-
tion points ¢ and j. Given y € 02 we have to calculate
the transition probability kernel peyit(z,y) that the pro-
cess starting at x will exit 2 at y.

If z and y lie on the connected edges (as in Fig. 5)
then we can calculate pexit (x, y) just by considering a one

Dr(irsj)vGim i) (V(E1591),01), (Y(in, n), On)) = /

15(ig,42)

cell problem, similar to the one-cell Childress problem.
However, in general x and y will not lie on connected
edges.

We introduce an auxiliary Markov chain as follows.
First we will construct the state space. Consider the
graph G(V, E)) whose vertices are identified with the sep-
aratrices y(i,j) C L connecting the stagnation points
(i,7). Two vertices v(¢',5’) and (", ") are connected
iff starting from ~(i’, j) we can reach ~(i”, ;") without
crossing any separatrix, see Fig 5. The vertices which

FIG. 5: Graph G(V, E) of the state space Xy for a domain
and stream function H(z1,z2).

correspond to the separatrices on the boundary 9Q will
be called exterior vertices.

To each vertex of the graph we attach a spin space, an
interval Iy ;) = [0,04( ;] Actually, I, ;) is nothing
else than the separatrix connecting the stagnation points
i and j. The state space will be denoted > with elements
(v(i,),6)

Given = € I,
that ~(i,j) ~

Pry(i,5)y(i5") ((’Y(lv .7)7 aw(i,j))a (W(Z’lajl)v 9;(1"7]"))> can be
calculated using the two cell problem as on Fig ?7.

Gj) and x’' € Ly y such
~(i',j') the transition probability

Now consider a path  {v(i1,51)s -, Y(in,Jn)}
on the graph G(V,E). The transition prob-
ability from  (y(¢1,41),01) to ~(in,jn) is cal-

culated by the convolution of the kernels
Pry(i1,51)7(i3,73) (('Y(Z.h].l).’ 91)7(’7/(7:27].2)’02)) o yeeey
Pry(in—1.9n-1)7(insjn) ((V(anl’jnfl)v 971/*1)7 (’y(lnv jn)’ 9"))

) / Dotis atinsiny (100, 1), 01), (4(i, 2), 63)) -

Y(in—1:dn—1)

Pry(in—1,dn—1)7(in,jn) ((’Y(in—lajn—l)v 971—1)7 (V(invjn)v 971)) dby...d0, 1.

(35)
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Observe that the one step probability kernels can be cal-
culated by solving a number of separated two-cells prob-
lems.

Using the process constructed above we can calculate
the probability density pexit(z,y) for the event that start-
ing at ¥ € I,;; we will exit at point y € L, C
0f). Namely, we have to take the sum over all paths
{v(2,7), ..., v(k, 1)} on the graph G(V, E) starting at the
vertex (i,7) and ending at y(k,l) such that v(k,1) is
the only exterior vertex in the path. This means that
the exterior vertices are absorbing. Thus

Dexit (iC, y) =

S e (1), 2), (v(k,1),y)  (36)
{7(@.5)5- v (kD) }

IV. CONCLUSIONS

In this paper we have given a description of the process
governing the behavior of solutions X¢ of the stochastic
differential equations (2) in the limit of vanishing molec-
ular viscosity € — 0. The limiting process is a continuous
time Markov process with jumps on a graph correspond-
ing to the flow given by the stream function H (1, z2).
In between the jumps, the particles are trapped in a cell

during the transition time 70. It is interesting to note

that this process resembles the one considered in the so
called trap model [9].

In the situation which we have considered the stream
function is such that there exists a single unbounded level
line, or, in the case of bounded flows, the level line con-
necting different cells coincides with the boundary of the
flow. For flows with a different topology, for example such
as the ones considered in [2, 8, 10] the limiting process
may not even exist.

For flows with a topology such that every level line
of the stream function is bounded (for example quasi-
regular flows in [11]) the limiting process can be described
by a process on the Reeb graph of the stream function
[12]. The construction is similar to the limiting processes
considered in [13, 14].

We finally note that recently dispersion of inertial par-
ticles in cellular flows of the type (3) has been studied by
homogenization techniques [15]. It would be interesting
to consider this problem from the probabilistic point of
view.
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Appendix A

Algebraic study of the two-dimensional
Euler equation

Consider the two-dimensional Euler equation with the initial condition
Wo(21,22) = F(p)e 7= + F(q)e™ T + F*(p)e'?= + F*(q)e! 9=, (A.1)
The solution can be written in a way which is analogous to the representation (5.11) used in

the case of the Burgers equation

o0

Yz t)=> [F(;)q)(t, 2)+ ") o (42) + By ot 2)+ )
n=0 .

FMo(62) + B 2) + FU (8 2) + FV(, 2) + FU) (4, 2)

—

Here the functions F((p )q) (t,z) and F,§”) (t,z) and Fén) (t, z) have the following representa-

tions: F((p )q) (t, z) is the function defined so that its Fourier coeffficients are inside the sector
defined by the vectors p and q

(p q) Z Z (p q k k2 tk]_tk2 —1k1pz —1k2qz (A?))

whereas Fé (t,z) (F(n)(t, z)) is supported by the border lines between the sectors defined

by p, g and p, —q (p, q and —p, q, respectively)

Rt 2) = 5 B (k) the kv,
o (A4)
Fy(t,2) = 3 By (ka) 26 R0,
ka=1
For consistency the following must hold
B (B1,0) = B (k) = B (K, 0), (A5)
for k1 > 1, and
B (0,k2) = B () = BT 1 (0,k2), (A6)

for kg 2 1.
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In the next step we insert representation (A.2) into the two-dimensional Euler equa-
tion. For z — 00 in the asymptotic direction given by p and q the terms containing negative
powers of e '#* and e *9# vanish. Ordering the remaining terms with respect to ¢ and
e iPZ e~ 192 where % is defined through (6.3), we obtain an infinite sequence of recursion

relations for ﬁ'((;)q), forn=20,1,2,...

- ﬁ(@n —1)+k +k’2) (klp + kgq) A(Eq) ki,k2) = Z Z Z (k. ko — k1kb) ((kl CR)p + (ks — k;)q)z

m=0 k=0 k=0

m kg 9
BOm (k) B o™ (kg — K Ry — k) + > D S {((n—m)k2+k1(k2 — k) (~(n— mp + (k2 — Ky)a)
B (0= m ot by BB D (n = ok — k) — (0= m)ks + kiR ) (0 —m 4 )b + (ks — K5)a)
o) (= m kL k) F_y g (n—m,ky —k3) — ((n —m)ka + kiky ) ((n —m + ky)p 2~ K2)q
k1

! !
F(()p a(n—m kl)F((;nq))( —m+ki ks - kl)}—

{(kl(n )+ (k1 — KDk (ks — KDp — (2~ m)a
F((é)q)(k'l,n -m+ kz)F((;n é))(k —k,n—m)— (kl(n —m)+ k’lkz) ((kl —k)p+(n-—m+ kzg)q)2
_i_

m=0[=0 k=1

~ m 2
B (kn—m) D (ke — Kyyn—m o+ k2)} + (kk2 —Ei(n—m— k)) { (kp Y (n—m~— k)q)

. Mo 2,
B (k4 ka, (n—m— k) + B) B D (kn—m — k) — ((k+ E)p+ (n—m —k + kQ)q) O

(_p’_q)(k,n —m—k)

n—m—1
plm-b

(pq) (k+ki,n—m— k+k2)} ZZ Z

La Ly La ((kl + ks + ki(n —m — k)) { (—k’P +(n-m-k+ kz)q)

= (1 m—l 2 A0
B _ (ke kyn—m - k)ET pq))(kl,n—m—k—l—kg)—((k+k1)p—(n—m—k)q) EO

(k,n—m —k+ k)
Fm l)(k—i-k n—m—k)
(p,—a) b '

(A7)

The initial conditions are as follows

FO(1,0) = F(p), Fé,,)q)(o 1) = F(q)

(p)
(_prq) ) ) ( Pq)
By (1,0) = F(p), F((pf,q)(o, 1) = £*(q)
BO, 10 =F ), B, (0,1)=F*(a)

In the case n = 0 we obtain the well-known nonlinear recursion relation

k1
k1+k2—1) (k1p+k2q) B (k1 ka) == > Z (Kl — kikb)
K, =0k,=0 (A.8)

(Ckr — K)o + (k2 — K5)a) B, (k) B (s — K,z — )

el

As noted in 6.1 the coefficients ﬁ'((;: )q) (k1, ko) can be simplified by putting

By (1, k2) = (2 A q>k1+k271 (F(P))kl (F(q)>k2€?§p)q)(k1, k). (A.9)
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The first few coefficients are

N qz_pz
o) = -

2 2 2 2
é(z)(l):1|q| lp|* Ip + 4 Ipl;

2 |[p+qf? 12p + q|?

GO (2= L lal® = [p]® |p + > — |af*.
2 [p+al2  |p+2q2

A CllgP = lpP lp+al> = Ipl> 2p +a* —|p.

(3) —
¢ =5 lp+al>  [2p+q|? 3p+4q)2
C;,(a)(z)zllqlz—hal2 p+al>—laf [p+2q —[p]*>  |p+a —|p]® 2p +q]>—|q ;
3 [p+aqf? lp +2q/? 12p + 2q|2 12p + q|? |2p + 2q|2
Oz - L 1a = Ibl* b+ al* ~|al* |p+2a —|a]*
6 p+al? [p+2q] lp + 3q]2

(A.10)

The higher order coefficients quickly become quite involved. We list them here just for the
sake of illustrating this point

G@ ()= L 1aC =P [p+af" — [pl* 2p +af" — |p[* [3p + al* — |p[*

24 |p+aq? 2p+gqf? 3p + qf? |4p + qf?
GO (g = L a]* — [p[? {2 lp+al® =g |p+2q° = |p]> [2p + 29" — [p|
4 |p+al [3 [p+2q 12p + 292 13p + 2q|?

2p+af’—[pl? [2p+a®—|a” [2p +2q° —[p]®  1[p+af>—[p® |2p+4q° —|p[> 3p +q]> - |g)?
3 [2p+q)? |2p + 2q/? 13p + 2q|2 2 [2p+qf? 13p + q/? 13p + 2q|2

g —|pl® [p+af>—[pf 2p+a —|p+ qlz} .

2 lp+al*  [2p+qf? 13p + 2q|? '
GO (3) = L la]® - |p[? {2 lp+al* —[p 12p +q> — [q]? [2p +2q|* —|q|?

4 |p+al [3 2p+aqf 12p + 2q|? 12p + 342

2p+alf —|af [p+2a]° —[p® |2p +29° —|a* 1 |p+al’—l|af [p+2a]° —|al” p+3a]” — [p]°
3 |p+2q? 12p + 2q]2 |2p + 3q/? 2 |p+2q? |p + 3q/? |2p + 3q|2
llgP=1Ipl? lp+al*—1a]* [p+29]° —|p+ qlz] .

2 [p+al2  |p+2q 12p + 3q|? ’

(A.11)

Actually, these formulae give us an impression of the algebraic complexity involved in
solving recursion relation (A.8). We did calculate some still higher order terms, however,
we do not list them here. For the moment it seems that there is no simple way of representing
the algebraic solutions of (A.8)

The higher order recursion relations n > 1 are actually linear, corresponding to
inhomogeneous linear partial differential equations. For example, the first order equation
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has the form

1 2
(k1 + ko o+ 1) (kb + ka2 B (B ka) = > > (Kika — kikf)

ANq
]J k{=0k,=0

2| .
(CEEATENCEAL) {F((,??q)< JERVES (ke — kY, ko — k) + ) (KL, KD)

Aot 35 (it ) (e 20

ky=0

2
((p)q)(kl +1,k5) ((0),;,0,)(1, ks — k) — <k2 + klklz) ((kl +1)p + (k2 — kl2)¢l>
k1

#)%1M#&MH&M—%%—}:“h+%fﬂﬂa«h—%m—ﬂz

k=0

B (ko + DES) (b — k1) — (b kiks ) (s — Kb + (k> +1)a)
(p,g)\ 11 2 (p-g)\*1 P 1+ K1R2 1= k)b 2 q

FO 4, DB (ks — Kk + 1>}-
(A.12)

Note that in the case k; = 0 or ko = 0 the contribution of the advection term is vanishing.
Thus, in this case the coefficients are completely determined by the source terms (which are
the second and the third term on the right-hand side of the equation above). The first few
coefficients are

L L waar(al - e 2- 9 - 19T e Ay B ().

£ (1)
Y (1,0)=2

(10 =3 p[? p+a> |p—gqf
(A.13)

(p,q
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Appendix B

Perturbative expansion of the 2D
similarity equation

We begin by writing the similarity equation for the short-time Euler flow in the form'
(86(OH) = J(H, (84(Q)H)), (B.1)

with (Ag(¢)) given by

(84(0)) = . Jlr c 82 +2cos8,0; + (1 + ¢) 62 (B.2)

The modified stream function H(z1, 22;() can be represented by using the Taylor series
expansion

H(z1,22;¢) =  Hn(21,22) ™ (B.3)
n=0

Upon inserting (B.3) into Equation (B.1) and arranging the terms according to the powers
of ( we obtain an infinite system of homogeneous linear partial differential equations for
the functions Hy, (21, 22). It has the following form: for Hy(z1, z2) we get

(1—e™2)81ApHy + (1 + €12 ApHy + e*28, Hy — e*1 8, Hy + 2”722 = AyHy, (B.4)
for H2(21,22)

A¢H2 + (622 — 6]2_)H1 = (1 — ez2)81A¢H2 + (1 + 821)62A¢H2 4 %201 Hy—
e”1 0o Hy + J(Hy, ApHy) + (1 — €72)81(02 — 87)Hy + (1 + €°1)82(85 — 87)Hy+
e??01Hy +e**0,H; — ezl+zz,

(B.5)

for H3(Z1, 22)

ApHs + (82 — 82)Hy + 82H) = (1 — €72)8,ApHs + (1 + e)8a Ay Hs + €28, Hz —
€18, Hy + J(Hy, ApHo) + J(Hay ApHy) + (1 — €72)81(82 — 82)Ho+
(14 e)8,(82 — 82)Hy + €20, Hy + €18, Hy + J(H1, (82 — 82)Hy )+
(1 —e™)83H, + (1 + €*)820,Hy — e 8, Hy + e*+ 172,
(B.6)

'For simplicity we denote the space variables (21, Z2) as (21, 22).
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and for Hp(21,22),n > 4

AyH, + (82 — 1+ Z )8R H, = (1 — e®)81ApHy, + (1 + €71)8 A Hp+

€28, H,, — "8, H, + Z J(Hnnty ApHp) + (1 — €)1 (82 — 82)Hp 1+

n'=1
n—1
(1+ezl)62(62 61) 1+e 261H 1+e 162H 1+ Z J n— 77.7(62 61) n/— 1)+
n'=2
n—2 n—1
o (=1yn [(1 —e*)83Hy + (1 + en)a%amn,} — > (-1)Ve 8 Hy it
n'=1 n'=2

n—1 n—-2

Z Z n —n' J e n;al ) (_1)77,—16214—22'

n'=3n''=1

B.7)

For numerical purposes it is convenient to write H (21, 22; () as the triple series
H(z,z0() =21 — 22+ »_ > > Gk, ky;n)eFs eF222(™, (B.3)

The coefficients G’(kl, k2;n) can be determined from an infinite system of linear recursion
relations. The recursion relation for G(k1, k2; 1) is given by

(k1 + k2 — 1)P(p) (K1, k2)G(k1, k2; 1) — k1 [P(¢)(k1, ka —1) — 1] G(ky, k2 — 1;1)+

k2 [P(¢)(k1 —1,k2) — 1|G(k1 — 1,k2; 1) + 20k,10%,1 = 0;
(B.9)

for G(k1, ko; 2) we get

(s + ko — 1)P(9) k1, k2)Gk, i 2) — b [ P(6) (b, b — 1) — 1| Gl ko — 1;2)+

ko [P(¢)(k1 —1,k2) — 1|G(k1 — 1, k2; 2)+

k1 ko
>0 (kika — kbky) Gk, ky; 1) P(¢)(ky — kY, ko — K5) Gk — ki, ks — kb; 1)+
k} =0 kj,=0

(k1 + ko — 1)Q(k1, k2)G(k1, k23 1) — Ky [Q(kl, ko —1)—1|G(k1, k2 — 1;1)+

ks [Q(kl ~ 1, ko) + 1} Glkr — 1,k; 1) — Gp,108,1 = 0,
(B.10)
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for G’(kl, kg; 3)
(s + 2 — 1)P(9) k1, k2)Gk, i 3) — b [P(6) (b, b — 1) — 1) G, s — 1;3)+

ko [P(¢)(k1 —1,ko) — 1|G(k1 — 1,k2;3)+

k1 ko

>0 (kiks — khky) Gk, ky; 1) P(¢)(ky — kY, ke — k5) Gk — ki, Ky — kb; 2)+
k}=0k,=0

k1 ko

>0 (kiky — khky) Gk, ky; 2) P(¢)(ky — kY, ke — k5) Gk — ki, ka — kj; 1)+
K} =0 k=0

(k1 + ka — 1)Q(ky, k2) Gk, k23 2) — ki [Q(kl, ky — 1) — 1]G(k1, ky — 1;2)+

ks [Q(k;1 ~1ko) + 1] Glkr — 1, ks; 2)+
k1 ko

> (Ko — khky) GRS, Kb 1) Q(ky — ki, ko — kb) Gky — ki, Ky — K; 1)+
K} =0 k=0

(k1 + ko — kIG(k1, ko; 1) — k3G (k1, k2 — 1; 1)+
Ba|(k1 = 1) = 1]G(k1 — 1, k1) + 64,1601 = O,
B.11)

and for G(ky, ko;n), n > 4
(k]_ + kz — 1)P(¢)(k1, kg)G(kl, kg,n) — k]_ P(¢)(k1, kg — 1) — 1] G(kl,kz — 1,n)+

ko [P(¢)(k1 C1,ks) — 1} Gk — 1, ko; )+
n—1 ki ko

D7D (ks — kbky) G(kG, kbin — n') P(¢)(ky — ki, k2 — kb) G(ky — K, ko — k;n')+
n'=1 k1 =0 k,=0

(k]_ + kz — 1)Q(k1,k2)G(k1, kg;’n — 1) — k]_ Q(kl, kg — 1) — 1] G(kl,kg — 1;n — 1)—|—

ks [Q(k1 “1,ks) + 1} Glkr — 1, ko;n — 1)+
n—1 ki ko

D7 D (Kika — koky) G(KG, kin — n') Q(ky — Ky, ko — k5) G(ky — kY, k2 — kb;n' — 1)+
n'=2 ki =0 k,=0
n—2

S (- [(kz1 + kg — D)E2G(ky, koyn') — k3G (K1, ks — 1;n/)+
n'=1

ka((ky — 1)2 — 1)G(ky — 1, kg;n')}—i-

n—1 n—2 k1 ko

YOS (Rike — oka) Gk, By n — 1) (By — K Gk — Ky, Ky — Kb n”)+

n'=3n'"=1 k’l =0 klzzo
(—1)n_15k11(5k21 =0.
(B.12)

Here we have used the following notation

P(@)(k1,k2) = kI + 2 cos p kiks + k3, (B.13)
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and
Q(k1,k2) = k3 — k7. (B.14)

Finally, the initialization of the recursion relations is given by

G(k1,0;n) =0, k1>1, n >0,

G(0, ko;n) =0, ko > 1, n >0,

G(0,0;n) =0, n >0, (B.15)
G(0,1;n) =0, n > 1,

G(1,0;n) =0, n > 1,

and, of course G(0, 1;0) = 1, G(1,0;0) = 1.
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