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A B S T R A C T

The dynamically hot and cold populations of the Kuiper Belt probably formed from two distinct regions of the
Solar System. The former originated from a massive planetesimal disk extending from the primordial position of
Neptune to ∼30 AU and the latter from a light extension of the planetesimal disk, prolonging beyond 30 AU.
Previous studies on the dynamical evolution of the primordial cold population only accounted for the giant
planets and did not consider its evolution under the influence of the massive part of the planetesimal disk. The
latter affects it only indirectly through its interactions with the giant planets. Our goal is to introduce the
perturbation of the massive part of the planetesimal disk on the apsidal and nodal precessions of both the giant
planets and planetesimals, using the linear secular theory. We want to see how it affects the positions of the
secular resonances. In the first place, we look at the positions of the secular resonances after the disappearance of
the solar nebula, when the giant planets were locked in a multiresonant configuration. Because of this multi-
resonant configuration, the linear secular theory allows us to compute only the nodal part. The existence of a
massive disk of planetesimals makes the f5 frequency non-zero. We show that the associated secular resonance is
located in the region corresponding to the current cold Kuiper Belt in several multiresonant configurations of the
giant planets. The efficiency of this secular resonance in rising the inclinations of the objects depends on the
misalignment between the total angular momentum of the giant planets and the direction orthogonal to the
massive planetesimal disk. If both are aligned, the amplitude associated to the f5 frequency is null and the
resonance has no effect. We illustrate this with simple numerical integrations, where the nodal precessions
exerted by the massive disk is mimicked using fictitious forces. Then, we look at the positions of the apsidal and
nodal secular resonances just before the instability between the giant planets. We find that taking into account
the massive part of the disk only shifts the secular resonances by less than 1% compared with the case where we
do not account for it and the f5 secular resonance is located beyond 150 AU.

1. Introduction

The Kuiper Belt is the residual disk of a more massive primordial
planetesimal disk. The Kuiper Belt objects, in their orbital structure,
keep a trace of the past dynamical evolution of the giant planets.
Studying their dynamics is therefore important to acquire a better un-
derstanding of the dynamical evolution of the giant planets during the
life of the Solar System.

It has been shown that before the dissipation of the protoplanetary
gas disk, the giant planets should have followed an inward migration
until they got locked in a multiresonant configuration where each
planet is in mean motion resonance (MMR) with the others (Masset and
Snellgrove, 2001; Morbidelli et al., 2007), with a preference for the
configuration where Jupiter and Saturn are in a 3:2 MMR because it
allows their gaps in the protoplanetary gas disk to overlap. This overlap

of the gaps is needed to explain why our solar system does not contain a
hot Jupiter, because it refrains Jupiter from migrating close to the Sun.

From this multiresonant configuration, the giant planets, by inter-
acting with the planetesimal disk, were driven in a migration phase
until they reached their current positions and during which a dynamical
instability among them occurred. This instability, which has been
proposed in the framework of the Nice model (Tsiganis et al., 2005;
Morbidelli et al., 2005; Gomes et al., 2005), and the planetesimal-
driven migration allow to reproduce many of the orbital features of the
Kuiper Belt (Nesvorný, 2018).

In order to explain the difference in color, size distribution and
binary fraction between the dynamically hot and the dynamically cold
populations in the classical Kuiper Belt, it has been suggested that the
hot population formed in a region between Neptune and 30 AU, from a
primordial massive planetesimal disk of mass in the range ∼10−60
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M⊕ (Gomes, 2003; Levison et al., 2008; Nesvorný and Vokrouhlický,
2016). The outer edge of this disk is placed at 30 AU because it allows
to stop at this location the planetesimal-driven migration of Neptune
which corresponds to its current semi-major axis (Gomes et al., 2004).
In other respects, the cold classical population is probably the remnant
of a lighter planetesimal disk formed in-situ (Nesvorný, 2015b). Be-
sides, numerical integrations that tried to reproduce the cold Kuiper
Belt from a single massive disk extending from the primordial position
of Neptune to 50 AU did not succeed to reach a sufficient rate of mass
depletion in the region of the current cold Kuiper Belt (Gomes et al.,
2018). However, it is still unclear where the inner and the outer edge of
this last one were located and why there is this sharp transition between
the massive planetesimal disk and the light planetesimal disk.

In the rest of this paper, we will call themassive disk (MD) the part of
the planetesimal disk between Neptune and 30 AU, and the light disk
(LD) the part of the planetesimal disk beyond 30 AU.

The cold classical Kuiper Belt allows us to put strong constraints on
the dynamical evolution of the giant planets and in particular Neptune
(Batygin et al., 2011; Dawson and Murray-Clay, 2012), because the
latter must migrate in such a way that the hot population forms from
the MD while keeping the LD located in the region corresponding to the
current classical Kuiper Belt cold enough by not exciting it. Given that
the MD has a mass comparable to that of an ice giant planet, it can have
a significant influence on the dynamics of an object in the LD and in
particular, it will bring a perturbation on the apsidal and nodal pre-
cessions of the orbits of the planets and of the small bodies. This can
have an important effect in determining the positions of the secular
resonances. The latter occur where the frequency of the free apsidal or
nodal precessions of a small body, depending on its semi-major axis,
equals one of the eigenfrequencies of the apsidal or nodal precessions of
the planetary system, respectively. Batygin et al. (2011) did numerical
integrations where they follow the evolution of the MD and of the LD.
In their paper, it is said that the presence of the massive Kuiper Belt
enhanced the free precession of the Kuiper Belt objects, so it suggests
that the MD objects act on the LD objects. However, they did their
numerical integrations by using the Mercury6 integration software
package. Yet, in the standard version of Mercury6 the planetesimals of
the disk do not interact with each other. Therefore, it is likely that in
their numerical integrations the MD does not directly perturb the LD
objects but that the latter see only the indirect effect through the action
of the planets. On the other hand, Dawson and Murray-Clay (2012)
analytically explored the excitation of the eccentricities of the LD ob-
jects caused by Neptune alone but where the other giant planets in-
directly act on the LD objects through their influence on the apsidal
precession of Neptune. However, they did not include the contributions
of the other giant planets and of the MD to the apsidal precession of the
LD objects. In their numerical study, where only Neptune is present,
they included fictitious forces on the ice giant so as to reproduce its
radial migration and its eccentricity damping under the effect of the
interactions with the planetesimal disk as well as its apsidal precession.
The MD itself is represented by a set of massless particles and does not
act on the LD objects. Nesvorný (2015b) included fictitious forces on
the giant planets so as to reproduce their radial migrations and their
eccentricity and inclination damping but the MD is not present so it
does not directly affect the apsidal and nodal precessions of the giant
planets and of the LD objects.

Thus, in this work we investigate the positions of the secular re-
sonances by considering both the effects of the MD on the giant planets
and on the LD objects. In order to do so, we represent the MD by an
axisymmetric continuous thick disk and we take into account its con-
tribution to the apsidal and nodal precession frequencies in the linear
secular theory.

Studies of the positions of the secular resonances and of their effects

in the Kuiper Belt under the perturbation of the gravitational potential
of a disk have already been made by Nagasawa and Ida (2000) and Li
et al. (2008). They showed that the locations of the secular resonances
due to the giant planets are shifted when they account for the solar
nebula. They modeled the latter based on the minimum mass solar
nebula of Hayashi (1981). Then, the depletion of the nebula causes the
sweeping of the secular resonances in the Kuiper Belt. With the current
orbital architecture of the giant planets, they showed that if the ex-
ponential depletion timescale is 107 yr, the sweeping secular resonances
are efficient in exciting the eccentricities and inclinations of the Kuiper
Belt objects at the observational level, provided that the inclination
between the invariant plane of the planets and the midplane of the solar
nebula is high enough. Moreover, with a more compact orbital archi-
tecture of the giant planets, they showed that the exponential depletion
timescale has to be 108 yr. However, the lifetime of gas nebulae around
stars is of the order of 106− 107 yr (Haisch et al., 2001; Mamajek,
2009). Thus, with a compact orbital configuration, this mechanism
cannot be sufficient to rise the eccentricities and inclinations of the
Kuiper Belt objects. Besides, the mass distribution of the primordial
planetesimal disk is not the same as the mass distribution of the solar
nebula and the former is much less massive than the latter, while still as
massive as the ice giant planets. Hence, we think that it is worthwhile to
explore the positions of the secular resonances caused by the gravita-
tional effects of the primordial planetesimal disk.

We present the method used in the next section. In Section 3, we
explore the positions of the secular resonances during the period when
the giant planets were placed in a multiresonant configuration and the
timescale needed to excite an object located in it. As it will be explained
in the concerned section, we can only look at the nodal secular re-
sonances in such multiresonant configurations. In Section 4, we explore
the positions of the secular resonances just before the dynamical in-
stability. We conclude in Section 5.

2. Method

We base our approach on the linear secular theory (see for example
Murray and Dermott (2000), chapter 7, for details). Given the grav-
itational potential of a disk, the secular theory allows us to determine
its contribution to the apsidal and nodal precessions of bodies. We
model the MD as an axisymmetric continuous thick disk with a planar
symmetry and centered on the Sun. We arbitrarily choose the reference
frame such that its origin is also centered on the Sun and such that the
plane (Oxy) corresponds to the plane of symmetry of the MD. Conse-
quently, the MD has a radial density profile symmetric around the z-axis
and a vertical density profile symmetric in regards to the plane z=0. In
the following, the inclinations of the bodies are referred with respect to
the latter plane. With the help of the numerical method developed by
Fukushima (2016), we calculate the gravitational potential induced by
the MD from its density profile. In the linear secular theory, the dis-
turbing function developed to the second order in eccentricities and in
inclinations is the gravitational potential averaged on one orbital period
along a fixed ellipse. Therefore, in order to include the dynamical effect
of the MD in the linear secular theory, we calculate its contribution to
the second order disturbing functions of the giant planets and of a LD
object, which is considered as a massless particle. For that, in the first
place, for each of the giant planets, let us consider its total disturbing
function R j

tot where the subscript j denotes the jth giant planet, from the
closest to the Sun to the outermost. We can write = +R R Rj

tot
j
P

j
MD,

where the superscript P denotes that this is the part of the disturbing
function due to the giant planets only and the superscript MD denotes
that this is the part of the disturbing function due to the MD. They are
expressed as:
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where N is the number of giant planets, the coefficients {} and
{B j N k N, 1 , 1jk

P } are frequencies associated to the apsidal
and nodal precessions, respectively, of the giant planets without the MD
and from which the eigenfrequencies gi

P and fi
P , respectively describing

the apsidal and nodal evolutions of the planetary system, are de-
termined. The coefficients Ajj

MD and Bjj
MD are frequencies associated to

the apsidal and nodal precessions of the jth giant planet with the pre-
sence of the MD only. We can see that in Eq. (2), there are no coupling
terms between the eccentricities of the giant planets and the “eccen-
tricity” of the MD and between the inclinations of the giant planets and
the “inclination” of the MD because of the axisymmetry and the planar
symmetry of the MD. We can determine R j

P analytically (see
Appendix A). To determine the MD contribution to the apsidal pre-
cession frequency Ajj

MD, we calculate the gravitational potential nu-
merically, and we averaged it on one period of the orbit of the planet,
keeping its inclination fixed to zero, for values of the eccentricity
starting from zero until emax=0.002 and by increasing the eccentricity
of 0.0001 at each step. We obtain the averaged gravitational potential
as a function of the eccentricity, corresponding to the disk contribution
of the apsidal part of the disturbing function which is of the form

= n a A eR j
MD

j j jj
MD

j
1
2

2 2 (see Appendix A, Fig. 6, top panel). Second, we use
the same method to determine the MD contribution to the nodal pre-
cession frequency Bjj

MD. We fix the eccentricity equal to zero and
starting with an inclination equal to zero, we increase it with a step of
0.0001 rad until it reaches the value Imax=0.002 rad. At each step, we
calculate the gravitational potential averaged on one period of its orbit.
We obtain the disk contribution to the nodal part of the disturbing
function which is of the form = n a B IR j

MD
j j jj

MD
j

1
2

2 2 (see Appendix A,
Fig. 6, bottom panel). Then, using a linear regression we obtain the
values of the apsidal precession frequency Ajj

MD and of the nodal pre-
cession frequency Bjj

MD. By using the frequencies = +A A Ajj
tot

jj
P

jj
MD and

= +B B Bjj
tot

jj
P

jj
MD, we can determine the eigenfrequencies gi

tot and fi
tot

respectively describing the nodal and apsidal evolutions of the giant
planets which account for the effect of the MD. To calculate the MD
contribution to the free frequencies Atot=AP+AMD and
Btot= BP+ BMD of the apsidal and nodal free oscillations of a LD object,
we can operate in the same way as previously for the giant planets. The
apsidal and nodal secular resonances are localized at semi-major axes
where =A gtot

i
tot and =B ftot

i
tot respectively.

3. Positions of the nodal secular resonances in the primordial
orbital configuration of the giant planets

3.1. Model

In the first part, we look at the positions of the secular resonances in
the initial conditions of the models proposed by Deienno et al. (2017).
They studied the dynamical evolution of the giant planets, interacting
with the MD, from several multiresonant configurations. In their
models, there are initially Jupiter, Saturn, Uranus and Neptune as well
as an extra ice giant. This additional planet is ejected during the dy-
namical instability. They found that only four multiresonant config-
urations can lead to the current orbital architecture of the outer solar
system. These configurations are the following: (a) 3:2, 3:2, 4:3, 4:3; (b)
3:2, 3:2, 3:2, 3:2; (c) 3:2, 3:2, 2:1, 3:2; (d) 3:2, 3:2, 2:1, 2:1, with the
semi-major axis of Jupiter initially at ∼5.4 AU. We use those four

multiresonant configurations. We place the semi-major axis of Jupiter
at 5.4 AU, the inner edge of the MD at 1 AU from Neptune and its outer
edge at 30 AU from the Sun. The radial density profile of the MD is of
the form =r( ) r

r0
0 . Its vertical density profile follows a Gaussian law

with = r tan( )z i where σi=2°. We choose to fix the mass of the extra
ice giant to 15 M⊕ and we place it between Saturn and Uranus. The
giant planets being in a chain of first order resonances, in their dis-
turbing functions the apsidal and nodal parts of the resonant part
contain terms of orders e( ) and eI( )2 respectively whereas in the
secular part, the apsidal and nodal terms are of orders e( )2 and I( )2 .
Thus, for the apsidal part, the resonant effects are stronger than the
secular ones so the computation of the apsidal eigenfrequencies of the
planetary system by using the linear secular theory would be wrong and
it would not give the correct positions of the secular resonances. Hence,
we cannot use the secular theory to look at the positions of the apsidal
secular resonances. For the nodal part, the secular effects are more
important than the resonant ones, so we are allowed to use the secular
theory. However, for the configurations (c) and (d), some giant planets
have a ratio between their semi-major axes corresponding to a 3:1
MMR. In such a resonance, the nodal part of the resonant part of the
disturbing function is of order I( )2 and it is as high as in the secular
part. Depending on the libration or circulation of the resonant angles
involved in this resonance, it can have the effect of slightly moving the
positions of the secular resonances from the original ones.

3.2. Positions of the nodal secular resonances

In the secular theory, if we do not consider the MD but only the five
giant planets, one of the eigenfrequencies fi associated to the inclina-
tions and to the nodal precessions is null. The reason is that the choice
of the reference plane being arbitrary, the inclination of a planet in
regards to the reference plane evolves as a function of its inclination
with respect to the other planets. In other words, there is an invariant
plane, corresponding to the plane orthogonal to the total angular mo-
mentum vector of the planetary system (hereafter called the planetary
plane), that does not precess because of the invariance of the total
angular momentum. The frequency in question (usually denoted f5 for
the Solar System) is associated to the precession rate of the planetary
plane relative to the arbitrary reference plane, and therefore it is zero.
Now, if we add the MD, the total angular momentum of the giant
planets is not conserved anymore and the planetary plane precesses
with the frequency f5 which is no longer equal to zero. However, the
MD being static in our model, if we put the constraint that the ortho-
gonal direction to the plane of symmetry of the MD is aligned with the
total angular momentum of the planets, the amplitude of the oscillation
corresponding to the f5 frequency is null. Nevertheless, if the MD is in
such a way that its orthogonal direction is misaligned with the total
angular momentum of the planets, the amplitude associated to the f5
frequency is not null anymore.

Fig. 1 shows the positions of the nodal secular resonances for the
orbital configuration 3:2, 3:2, 3:2, 3:2. The frequencies are negative
because the nodal precessions are retrograde. We arbitrarily choose the
subscripts of the eigenfrequencies according to their values: the lower is
the absolute value of the frequency the higher is the subscript, except
for the f5 frequency corresponding to the frequency of the precession of
the planetary plane of the giant planets. We represent three different
cases: (a) in the first case, only the giant planets are present (top panel).
All the secular resonances are located below 20 AU. (b) In the second
case, we add the MD, with a mass Mdisk=40M⊕, in the model but it
affects only the giant planets. It has for effect to increase the absolute
values of the eigenfrequencies but the nodal free frequency of the LD
object remains the same as in the case where only the giant planets are
present (bottom panel, the horizontal lines represent the values of the
eigenfrequencies of the planetary system affected by the MD and the
dashed curve represents the nodal free frequency of the LD object not
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affected by the MD). It corresponds to the case of numerical integra-
tions where the MD is represented by a set of massive planetesimals
acting on the planets but not on the other planetesimals. The f6, f7, f8
and f9 secular resonances are still located below 20 AU. However, the
secular resonance associated to the f5 frequency, which is not null
anymore, is located in the LD near 33 AU. (c) Finally, in the third case,
the MD also affects the LD objects and increases their nodal free fre-
quencies (bottom panel, the full black curve represents the nodal free
frequency of the LD object affected by the MD). The positions of the f6
and f7 secular resonances remain nearly the same as in the other two
cases but the f8 and f9 secular resonances are pushed toward ∼30 AU
and the f5 secular resonance is located near 44 AU which is inside the
region of the current cold classical Kuiper Belt. This highlights that the
consideration of the direct effect of the MD on the LD objects shifts
significantly the positions of three secular resonances. The fact that a
secular resonance was primordially located in the region corresponding
to the current classical Kuiper Belt, which is a stable region populated
with objects whose orbits only have had a slight evolution, is important
because it can let a dynamical signature which can be observable today.
The migration of the giant planets, the evolution of the shape of the disk
and its loss of mass, cause the migration of the secular resonances. If the
excitation timescale of the f5 secular resonance is short enough with
respect to its migration timescale, the resonance can remove the cold
population objects from the swept region by rising their inclinations to
values higher than 5°, which roughly corresponds to the inclination
border beyond which the objects are not considered as cold anymore,
and it creates a local population of objects with excited inclinations but
with eccentricities staying low, which are on stable orbits. Otherwise, if
the excitation timescale of the f5 secular resonance is too long compared

with its migration timescale, its passage preserves the cold population
while slightly exciting it. In this configuration, the f8 and f9 secular
resonances are located just below 30 AU whereas the 2:1 MMR with
Neptune is located near 26 AU. Thus, the two secular resonances must
excite the inclinations of the objects before the passage of the sweeping
2:1 MMR during the migration of Neptune. This could have affected the
inclination distribution of the objects captured by the 2:1 MMR.

Hence, we will now look at the positions of the f5 secular resonance
in the different orbital configurations proposed by Deienno et al. (2017)
and with several masses of the MD. The results are shown in Table 1.
The f5 secular resonance is located in the current cold Kuiper Belt for
the configuration 3:2, 3:2, 4:3, 4:3 with Mdisk=20M⊕ and for the
configuration 3:2, 3:2, 3:2, 3:2 for the three different masses of the disk.
In the configuration 3:2, 3:2, 2:1, 3:2, with Mdisk=40M⊕ and
Mdisk=60M⊕, the resonance is located at the outer border of the cur-
rent cold Kuiper Belt, near the 2:1 MMR. With Mdisk=20M⊕, it is lo-
cated in a region where an extension of the cold population beyond the
2:1 MMR has been discovered (Bannister et al., 2018). In the config-
uration 3:2, 3:2, 2:1, 2:1, the resonance is located in a region where
cold Kuiper Belt objects have still not been observed so far. Finally, in
the configuration 3:2, 3:2, 4:3, 4:3, with Mdisk=40M⊕ and
Mdisk=60M⊕ the resonance is located in a region where the current
cold Kuiper Belt does not exist anymore because the lifetime of an
object on an orbit in that region is short, in particular because of the
presence of the current g8 secular resonance. The other secular re-
sonances remain below 33 AU in all the configurations and never reach
the region of the current classical Kuiper Belt.

3.3. Efficiency of the f5 secular resonance

We performed simple numerical integrations in order to illustrate
the efficiency of the f5 secular resonance. We cannot include directly
the massive disk and compute the forces it exerts on the bodies because
it is computationally too heavy. Therefore, we only include the nodal
precession it exerts. To do so, we proceed as follow: as a first step, for a
given shape and mass of the disk, we use the method described in
Section 2 in order to sample the values of the nodal precession fre-
quency as a function of the semi-major axis. We sample the frequency
every 0.1 AU in a range from 1 AU to 60 AU. It is illustrated in Fig. 2.
Then, we use a linear interpolation in order to have a continuous
function of the frequency. In a second step, to allow the variation of the
longitude of the node of a body, we use the method of Lee and Peale
(2002) implemented in the same way as Wolff et al. (2012) in the
Mercury6 N-body integrator package (Chambers, 1999), adding accel-
eration and velocity perturbation terms corresponding to the variation
of the longitude of the node, as described in Appendix B.

Here, the goal of our numerical integrations is not to include the
effect of the f5 secular resonance in a complete model of dynamical
evolution of the giant planets and of the Kuiper Belt and then to
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Fig. 1. Nodal free frequency of a LD object as a function of its semi-major axis
in the configuration 3:2, 3:2, 3:2, 3:2, in a model without the MD (top panel)
and in a model with a MD of massMdisk=40M⊕ (bottom panel). The horizontal
lines are the nodal eigenfrequencies. In the bottom panel, the dashed curve is
the nodal free frequency in the case where the MD does not act on the LD object
and the full black curve is the nodal free frequency but in the case where the
MD acts on the LD object. The nodal secular resonances occur at the semi-major
axes where the nodal free frequency crosses one of the nodal eigenfrequencies.

Table 1
Position of the f5 secular resonance for four orbital configurations and for
several masses of the MD.

Orbital configuration Mdisk (M⊕) Position of f5 (AU)

3:2, 3:2, 4:3, 4:3 20 42.7
40 41.0
60 40.5

3:2, 3:2, 3:2, 3:2 20 45.0
40 43.5
60 43.3

3:2, 3:2, 2:1, 3:2 20 48.3
40 47.5
60 47.7

3:2, 3:2, 2:1, 2:1 20 55.1
40 54.7
60 54.7
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compare the Kuiper Belt obtained with the observations. It would de-
mand to construct a strong model where the evolution of the shape and
of the mass of the disk is coherent with the migration of the giant
planets. The construction of such a model is beyond the scope of this
study and is left for future work. The aim of the present study is qua-
litative and is to illustrate how efficient the f5 secular resonance can be
in a numerical integration. Therefore, in the present model, the giant
planets remain unrealistically at their initial semi-major axes during the
whole numerical integration and the shape of the MD does not evolve
but we allow its mass to decrease exponentially with time, simulating
the migration of the f5 secular resonance. We do not allow the giant
planets to migrate because, as we can see in Fig. 2, there is a strong
variation of the nodal precession frequency in the region of the MD.
However, as Neptune follows its outward migration, the inner border of
the MD moves back and Neptune never reaches the region where this
strong variation takes place. So, if we allow Neptune to migrate but we
do not adapt the shape of the disk to it, the nodal precession frequency
of Neptune would be more enhanced than it is in a more realistic model.
We do not explore the effect of the f8 and f9 secular resonances either
because the decaying disk would cause them to move inward whereas
the migration of the giant planets would make the resonances to mi-
grate outward. Therefore, if the effect of the outward migration is
stronger than that of the inward migration, a model that accounts for
the two effects would see the outward migration of the resonances
whereas in our model we only see an inward migration, thus the re-
presentation would be wrong.

We illustrate our numerical integrations with the example of the
multiresonant configuration 3:2, 3:2, 2:1, 3:2 which is evaluated as the
most probable by Deienno et al. (2017). We choose the initial mass of
the massive disk to beMdisk=20M⊕. We use fictitious forces of Lee and
Peale (2002) to keep the semi-major axes of the giant planets in the
multiresonant configuration and to damp their eccentricities. Given
that the efficiency of the f5 secular resonance depends on the inclination
of the planetary plane with respect to the mean plane of the disk, we did
numerical integrations with different initial inclinations of the plane-
tary plane. We place the giant planets initially on coplanar orbits. We
put massless particles from 45 AU to 55 AU, with one particle every
0.1 AU. We generate the eccentricities and the inclinations of the par-
ticles with a Rayleigh distribution with a mode of 0.01 and 0.01 radians
respectively. The other angles of the giant planets and of the particles
are uniformly distributed over 360°. Given that in the linear secular
theory, the precession frequency is linearly proportional to the mass of
the disk, we can account for the depletion of the disk directly by
modifying the precession frequency. We represent the depletion of the
mass of the disk by an exponential decay with a timescale τ. In a first set
of numerical integrations, we explore the effect of the inclination of the
planetary plane. We choose a disk depletion timescale τ =50 Myr and

we run three numerical integrations over 10Myr with a timestep of
100 days and with three different initial inclinations of the planetary
plane: 0°, 1° and 2°. Fig. 3 presents the results and shows that the higher
the inclination of the planetary plane, the higher the efficiency of the f5
secular resonance.

In a second set of numerical integrations, we fix the initial in-
clination of the planetary plane at 1° but we try three values of the
depletion timescale: τ =50 Myr, τ =30 Myr and τ =10 Myr. We run
our numerical integrations for 200Myr. The time step is kept at
100 days. Fig. 4 shows the results, with the semi-major axes averaged
over the last 50Myr and the proper inclinations. In the case τ =50 Myr
the resonance sweeps from ∼48 AU to ∼55 AU in ∼100 Myr. The
rising of the proper inclinations after 54 AU is associated to a dephasing
effect. In the case τ =30 Myr it sweeps in ∼60 Myr and for τ =10 Myr
it sweeps in ∼30 Myr.

We remind that those numerical integrations are not autocoherent
and it would demand to do stronger effort in order to perform nu-
merical integrations including the effect of the massive disk with the
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Fig. 2. The frequency of the nodal precession caused by the MD as a function of
the semi-major axis. The mass of the MD is Mdisk=20M⊕, its inner edge is at
21 AU and its outer edge at 30 AU.
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Fig. 3. Inclinations of the particles after 10Myr. The multiresonant config-
uration of the giant planets is 3:2, 3:2, 2:1, 3:2. The initial mass of the MD is
Mdisk=20M⊕, its inner edge is at 21 AU, its outer edge at 30 AU and its de-
pletion timescale is 50Myr. The three colors of the particles represent the re-
sults of three different numerical integrations, for which the initial inclination
of the planetary plane with respect to the mean plane of the disk is i=0° (blue
dots), i=1° (green dots) and i=2° (red dots).
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Fig. 4. Proper inclinations of the particles after 200Myr numerical integrations.
The multiresonant configuration of the giant planets is 3:2, 3:2, 2:1, 3:2 and the
initial inclination of the planetary plane with respect to the mean plane of the
disk is i=1°. The initial mass of the MD is Mdisk=20M⊕, its inner edge is at
21 AU and its outer edge at 30 AU. The blue dots represent the results of the
particles for a numerical integration where the nodal precession due to the MD
is not included. The other colors represent the results for numerical integrations
with different depletion timescales τ of the mass of the MD. The green dots are
for τ =10 Myr, the orange dots for τ =30 Myr and the red dots for τ =50 Myr.
The semi-major axes are averaged over the last 50Myr of the numerical in-
tegrations.
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latter evolving with respect to the migration of Neptune in a consistent
way. Besides, there is an uncertainty of the time of the triggering of the
instability. It has a consequence on the timescale during which the f5
secular resonance is efficient. During the pre-instability period, the
mass of the disk is slowly depleted and remains high enough, so the
resonance slowly moves from its initial location. Then, during the in-
stability, the mass of the disk is quickly depleted and the secular re-
sonance migrates very rapidly toward higher semi-major axes.

4. Positions of the secular resonances just before the planetary
instability

During the migration of the giant planets, they interact with the
planetesimals of the MD and some of the latter get ejected. Therefore,
the MD is gradually depleted. The aim of this section is to check whe-
ther the shift of the secular resonances remains important or not and to
check the position of the f5 secular resonance, just before the planetary
instability. For that purpose, we use the results of a numerical in-
tegration for a Neptune migration scenario developed by Nesvorný
(2015a). It also includes the planetary instability, represented via a
jumping Neptune, which occurred when the ice giant is near 28 AU in
order to explain the kernel in the cold population (Nesvorný, 2015b).
The context of this numerical integration is different than that of nu-
merical integrations of Deienno et al. (2017). The aim of the study of
Nesvorný (2015a) was to reproduce the inclination distribution of the
hot Kuiper Belt population from a set of massless particles initially lo-
cated between Neptune and 30 AU with a slow radial migration of
Neptune. Here, there are only the four giant planets and they are not in
a multiresonant configuration anymore. Thus, it is possible to look at
the positions of the apsidal secular resonances. The initial positions of
Jupiter, Saturn and Uranus correspond to their current ones and Nep-
tune was placed with an initial semi-major axis lower than 25 AU. Its
radial migration and its eccentricity and inclination damping were
driven by fictitious forces.

4.1. Model

From the orbital elements of the particles provided by the numerical
integration of Nesvorný (2015a) we estimate the distribution of the MD
at t=3 Myr before the instability between the giant planets. Let (r,θ,z)
be the heliocentric coordinates. We assume that the MD distribution is
axisymmetric and uncoupled in r and z. We construct histograms of the
r and z distributions from which we obtain the following density pro-
files:
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where r and z are expressed in AU, σr(r) is the radial surface density in
kg.AU−2 and λz(z) is the vertical linear density in kg.AU−1. Here, those
two last quantities are not normalized. The density profile of the MD is:
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in kg.AU−3, where the denominator is used to normalize the function.
The mass of the MD is chosen with an initial value of 20 M⊕, because
the migration timescale of Neptune in that numerical integration is

typical of that with such a mass. It has the value 5.9604 M⊕ at the time
t=3 Myr before the planetary instability.

4.2. Results

We apply the method described in Section 2 to evaluate the apsidal
and nodal eigenfrequencies of the planetary system and the free fre-
quencies of the LD object.

Table 2 shows the semi-major axes and eccentricities of the giant
planets 3Myr before the planetary instability. The f5 secular resonance
is located beyond 150 AU, because the mass of the MD is low and the
radial distance of the f5 secular resonance increases as the disk loses
mass.

Fig. 5 presents the results that we obtained for the positions of the g8
secular resonance, exhibited by the dashed vertical lines, according to
several perspectives. AP (red curve) and g P

8 (red dashed horizontal line)
are the frequencies in the case where the apsidal precessions are only
driven by the giant planets, whereas Atot (blue curve) and g tot

8 (blue
dashed horizontal line) are the frequencies in the case where the apsidal
precessions are driven by the giant planets but also by the MD. The red
dashed vertical line shows the position of the resonance in the case
where the MD does not act neither on the giant planets nor the LD
objects and then is located where =A gP P

8 , at 37.21 AU. The purple
dashed vertical line corresponds to the case where the MD acts on the
giant planets but not on the LD objects and is located where =A gP tot

8 ,
at 37.59 AU. Finally, the blue vertical line is the ideal case where the
MD acts both on the giant planets and on the LD objects. It is located
where =A gtot tot

8 , at 37.44 AU. It makes a shift of 0.6% compared to the
case where the MD is neglected. The other resonances are also shifted
by less than 1%. We conclude that the shifts imposed by the MD are
negligible.

We also check the positions of the secular resonances 50Myr after
the planetary instability. In this case, the mass of the disk is 2.9006M⊕,

Table 2
Semi-major axes and eccentricities of the giant planets 3Myr before the pla-
netary instability.

Orbital elements

a (AU) e

Jupiter 5.201731 0.01824838
Saturn 9.578610 0.05086522
Uranus 18.16524 0.03557539
Neptune 27.80457 0.01387243
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Fig. 5. Position of the g8 secular resonance in the case without the MD (red
curve) and with it (blue curve), 3Myr before the instability between the giant
planets. Horizontal dashed lines represent the value of g8. We exhibit the in-
tersection of the curves with the horizontal dashed lines by dashed vertical lines
which is the position of the g8 secular resonance. The purple dashed vertical line
shows the position of g8 in the case where the MD acts on the giant planets but
not on the LD object.
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two times lower than at 3Myr before the instability, but the peak of the
mass distribution is located at 30∼AU, which is closer from the Kuiper
Belt than in the previous case. However, we find that the f5 secular
resonance remains located beyond 150 AU and the shift of the other
secular resonances is even smaller than in the previous case.

5. Discussion and conclusion

Studies of the primordial dynamical evolution of the giant planets
and of the primordial planetesimal disk have shown that the latter must
have a sharp edge near 30 AU in its mass distribution. The part of the
disk beyond this sharp edge is a light extension of the disk so as to make
unefficient the planetesimal-driven migration of Neptune beyond this
edge and to stop the ice giant at its current position. Besides, current
models starting with initial conditions presenting a continuous mass
distribution in the planetesimal disk between Neptune and 50 AU do
not succeed in sufficiently depleting the mass of the cold Kuiper Belt
region. The cold Kuiper Belt population is supposed to be formed from
this light extension.

That being said, dynamical studies of the objects of the light part of
the disk have so far always been restricted to the dynamical evolution
of those objects under the effect of the gravitational interactions with
the giant planets only. However, given the important mass of the disk
between Neptune and 30 AU (∼10−60 M⊕), it can have a non-neg-
ligible influence. This is what we wanted to check in this paper. We
have called the massive disk (MD) the part of the planetesimal disk
between Neptune and 30 AU, and the light disk (LD) the part of the
planetesimal disk beyond 30 AU. We have studied the different posi-
tions that the secular resonances can have in three different situations:
(a) a case where the MD is not included, (b) a case where the MD
modifies the apsidal and nodal precessions of the giant planets but not
those of the LD objects and (c) a case where the MD also acts on the
apsidal and nodal precessions of the LD objects.

In Section 3, we have investigated on the positions of the secular
resonances once the solar nebula vanished and the giant planets were
still locked in a multiresonant configuration. We could only look at the
positions of the nodal secular resonances because the resonant dy-
namics is dominant in the evolution of the longitudes of the perihelion
of the giant planets. We have found that the f5 secular resonance, driven
by the precession of the total angular momentum of the giant planets, is
located in the region of the LD in several configurations. It can have an
effect in exciting the inclinations of the LD objects. Consequently, it can
create a population of objects with high inclinations but low eccentri-
cities. Its efficiency in rising their inclinations mainly depends on the

angle between the planetary and the MD planes. While revising this
manuscript we became aware of the work of Toliou and Tsiganis
(2019), performed independently, that find results similar to ours on
the existence and the role of a non-zero f5 frequency during the disk
phase.

In planetary formation models, the planets and the planetesimal
disk formed from the same protoplanetary disk in the plane of the solar
equator. In the current Solar System, we observe an inclination of ∼6°
between the solar equator and the invariant plane. It has been shown
that the presence of a ninth planet located in the outer Solar System can
explain this tilt (Bailey et al., 2016; Gomes et al., 2017; Lai, 2016).
Another possibility, as suggested by Batygin (2012), is that the tilt can
be produced by the passage of a star in the birth cluster. The passage of
a star can warp the protoplanetary disk, making its outer part inclined
with respect to the inner part where the planets are formed. Moreover,
Izidoro et al. (2015) have shown that during the accretion of Uranus
and Neptune, ejections of planetary embryos caused by close en-
counters were common. As ejected objects take away with them a part
of the total angular momentum, the ones remaining in the Solar System
have an angular momentum different from the total one and that is not
conserved. Therefore, the orientation of the plane orthogonal to the
angular momentum of the remaining objects varies with time, until the
Solar System reaches its current architecture and the ejections of ob-
jects stopped, leaving what is currently called the invariant plane. All of
these elements give weight to the conception that the invariant plane of
the planets got misaligned with the plane of the disk.

In Section 4, we have looked at the positions of the secular re-
sonances during the migration of Neptune just before the instability
between the giant planets occurred, when Neptune is near 28 AU, from
data provided by the works of Nesvorný (2015a). We have found that
during this phase of the planetary evolution, the mass of the MD is not
high enough anymore and that consequently the positions of the secular
resonances are only shifted by less than 1% with respect to the case
where the MD is neglected. In this case, if numerical integrations omit
the effects of the MD, the evolution of the LD objects will be qualita-
tively the same as if they do not.
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Appendix A

In a planetary system with N giant planets, the secular part of the disturbing functions Rj
P of the jth giant planet and RP of a LD object are (Murray

and Dermott, 2000):
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where the terms with the superscript P denotes that they are due to the planetary system only and the variables with the subscript j and without it
respectively relate to the jth giant planet and to the LD object. n is the mean motion, a the semi-major axis, e the eccentricity, I the inclination, the
longitude of the perihelion and Ω the longitude of the node. The coefficients Ajj

P, Ajk
P , Bjj

P, Bjk
P , AP, Aj

P, BP and Bj
P are frequencies, which depend on the

masses and semi-major axes of the bodies such that:
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where mc is the mass of the Sun, mj is the mass of the jth giant planet,
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is called the Laplace coefficient.
We write AP and BP the matrices of dimension N×N containing the elements {A j N k N, 1 , 1jk

P } and {B j N k N, 1 , 1jk
P }

respectively. By introducing h e sinP , k e cosP , p I sinP and q I cosP , then by using the Lagrange planetary equations with the
disturbing functions Rj

P and RP, we obtain the solutions:
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where the frequencies gi
P and fi

P are the eigenvalues (which we will call eigenfrequencies in the following) of the matrices AP and BP respectively. We
also have = = A ei
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P , Iji

P, i
P and i

P are constants depending on the eigenvectors associated to the eigen-
frquencies and on the initial conditions of the giant planets. These equations bring out the existence of resonances when the secular frequency AP and
BP of the LD object, which depends on its semi-major axis, are equal to one of the eigenfrequencies gi

P and fi
P respectively. The resonances involving

the frequencies AP and gi
P are called apsidal secular resonances whereas those involving the frequencies BP and fi

P are called nodal secular re-
sonances.

Now, if we consider the disturbing function Rj
MD of the jth giant planet due to the MD and the disturbing function RMD of the LD object due to the

MD, we have:
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where the terms with the superscript MD denotes that they are due to the MD. As described in Section 2, we can determine Rj
MD and RMD com-

putationally. For example, Fig. 6 shows the apsidal part (top panel) and the nodal part (bottom panel) of the disturbing function of Jupiter due to the
MD as a function of the eccentricity and the inclination of the planet respectively.
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Fig. 6. The disturbing function (or equivalently, the gravitational potential averaged on one orbital period along a fixed ellipse) of Jupiter (subscript j=1) due to the
MD as a function of the eccentricity (top panel) and of the inclination (bottom panel). The dots are the values for which we have computed the averaged gravitational
potential. The curves are the best fit functions of the form =R eMD

1
2 (top panel) and =R IMD
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Appendix B

Here we describe the terms that we need to add to the user-defined acceleration and to the user-defined velocity in order to allow the longitudes
of the node of the bodies to evolve as defined by the user in addition of the mutual interactions between the bodies. The components of the position
vector (x,y,z) and the components of the velocity vector x y( , , ) can be expressed as a function of the osculating elements:
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where r is the heliocentric distance, f the true anomaly, i the inclination, ω the argument of the perihelion and Ω the longitude of the ascending node.
Using the notations and the method of Lee and Peale (2002), we can obtain the terms needed to update the acceleration and the velocity:
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