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Abstract

This contribution, built on the companion paper [, is focused on the different mathematical
approaches available for the analysis of the quasilinear approximation in plasma physics.
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1 Introduction and notation

The origin of this contribution is the issue of the approximation of solutions of the Vlasov equation
Of+v-Vof+E-V, -f=0,

where f(t,z,v) is a probability density driven by a selfconsistent potential, given in terms of this
density by the Poisson equation

—AdD(t,x) = p(t,z) = /]Rd ft,z,v)dv—1, E(t,z)=-V®(t,x),

in the domain T¢ x RY, with T¢ = (R, /27Z)%, by a parabolic (linear or nonlinear) diffusion equation
for the space averaged density of particles, namely

atf(tv U) - vv : (D(tv ’U)vvf(tv U)) =0. (1)

Such equation carries the name of quasilinear approximation and is a very active subject of plasma
physics. Here, relying on a compagnon paper [I] (devoted to a more detailed physical analysis
and more focused on the interpretation of turbulence), we focus on the different mathematical ap-
proaches motivated by all the recent progress (for instance around the question of Landau damping)
on the analysis of the Vlasov equation.

Starting from the natural scaling derived for instance in [I], we propose a rescaled version of
the Vlasov equation and first show obstructions to the convergence to an equation of the type (1))
with a non zero diffusion. This leads to the introduction of a stochastic vector field, hence to a non
selfconsistent Liouville equation. There, a direct approach (as in the contributions of A. Vasseur
and coworkers [24], 26]) produces a complete positive answer.

A more classical analysis leads to the comparison with the present results on Landau damping
and to an alternate approach based on the spectral theory and at variance with the rescaled equation
valid only for short time. No complete proof is given but a natural road for convergence based on
some plasma physics computations is proposed.

As a short time correction, it may play in the subject the same role as was done by the
introduction of the diffusion in the macroscopic limit of the Boltzmann equation by Ellis and
Pinsky [10].

As a mathematical contribution to physics (however modest it may be) we dedicate this paper
to the memory of Alex Grossman. Besides being recognized for super scientific achievement in
particular with the introduction of wavelets, he will be remembered over many years with his
generous and charismatic influence on our community.

1.1 Notation and some hypotheses

The flow S(t) : f ~ f(t,x —vt,v), with s — x — vs denoting the free advection flow modulo (27)?
on T9, is the advection flow generated by the operator —v- V. In the same way, we also introduce
the flow S¢ generated by the operator —e~2v - V, and defined by

SffzS(g%)f:f(t,x—ve%,v).

These are unitary groups in any LP (']I‘d x RF), with 1 < p < oo, which preserve the positivity and
the total mass. Since this is not the relevant issue for our discussion, in presence of an € > 0, the
initial data f¢(0,z,v) is assumed to be independent of ¢ and as smooth as required (hence taking
in account existing regularity results [I3] for the Vlasov equation) to have global in time solutions



which will satisfy the relevant computations. On the other hand, emphasis has to be put on the
regularity estimates which are independent of €.

As observed in many previous publications starting from Landford [2I], limit can be obtained
not at the level of the equation but at the level of the solution itself. As a consequence, we will use
the first order Duhamel formula

t
f(t,!l?,’[)) = Stf(o) - /0 dO'l St—alE(Ul) : vvf(01)7

and in Section 2] an avatar of the second order Duhamel, to connect the value of f(oq) with the
value of f(o2) according to the Duhamel formula

o1
£00) = S (02) + |47 S0yoB(0) - Vuf (),

02

which finally gives
f(t) =S¢ f(0) + /Ot do1 Si—oy E(01) - ViSoi—oy f(02)
+ [dor [ 0SBl D1(Soi-aB(0) VS0
o2
Denoting by f dz the z-average on T?, one obtains

8t][f(t,x,v)da: +V,- ][E(t,a:)f(t,a:,v)dx =0. (2)

The second term of (2]) is the divergence of the averaged flux

J = ][E(t,x)f(t,x,v)da:.

Therefore almost all the rest of this contribution is devoted to the determination of such flux
(sometimes called a “Fick law”). Since weak convergence involves distributions and test functions,
such duality is denoted by the following bracket notation, (.,.). Using the fact that D(R; x T*xR%) =
D(R;) ® D(T4) @ D(RY), test functions depending on one or an other of these spaces will be used
according to convenience. Eventually the symbol T¢ will be used to denote any cluster point (in
the sense of distributions or under some other stronger topology) of a family {7} of bounded
distributions.

1.2 The rescaled Liouville equation

Both from plasma physics considerations (see [I]) and also because it is compatible with the scaling
invariance of the diffusion in the velocity variable (see equation (II), densities f¢(¢,x,v), solutions
of the following rescaled (with ¢ > 0) Liouville equation,

EE
8tf€+;)_2-vxf€+?-vvf620, with E° =-V®°©, (3)

are considered.

As it will soon appear below, the specific behavior of the solutions as ¢ — 0 (and/or as t — c0)
depends of the time singularities of the potential rather than the space regularity and properties
of the initial data. Then, unless otherwise specified, it is assumed below that the initial data



fo € S(T? x RY) is an e-independent smooth function and that E° = —V®° is, locally in time,
uniformly Lipschitz with respect to the variable . Under such hypotheses, solutions of equation (3))
are well and uniquely defined. On the other hand no assumption is made on the uniform regularity
of the solution f°(¢,x,v) either as ¢ — oo or as € — 0.

Hence, only e—independent estimates, which are in agreement with the classical results including
in particular those concerning the solution of the Vlasov equation, are based on the fact that the
Liouville equation preserves positivity and Lebesgue measure.

Vite R+7 0< fa(t,a;,”u) < sSup fO(xvv)v / fa(t,x,v)da:dv =1,
(z,v)€T? xRE TdxRE

Vi<p<oo, VteR", |[f*)lomaxrs)=1fO)lLr(rixrd)-

To use the scaling and the ergodicity of the d—dimensional torus the following proposition is
recalled.

Proposition 1 (Ergodicity)
1. Any g € LP(T? x R%), with 1 < p < oo, which satisfies the relation
v-Vg=0, in D' (T¢xRY), (4)
is an x-independent function.
2. The solutions f¢ of the equation
20, f 4+ v -Vofs =0, f50,z,0) = fo(x,v) € LP(T? x RY), (5)
converge in L (R} ;D' (RY)) to f folz,v)dz.

This proposition and its use in Landau damping are classical (see [4] [16]) and, for sake of complete-
ness, its proof is shortly recalled below.

Proof. From (@) one deduces the relation,
%g(az —ovt,v) =0,
which by Fourier transform gives
(1 — exp(ik - vt))g(k,v) =0, VkeZ% veR? teR.
This relation implies that the support of g is contained in the set
supp(g) := {(k,v) € Z¢ x R? | k - vt € 27Z, Vt € R}.

For any 4, T, r, R > 0, such that § < T, and r < R, the Lebesgue measure of the set supp(g) for
§ <t<Tandr < |v] <R is zero. Therefore, Since g belongs to LP(T? x R%), this forces § to be
equal to zero for all k£ # 0 and finally one obtains

g9=3(0,v) = ][g(:n,v)dx.

In the same way for the point 2, use the fact that the solution of (Bl is given by f&(t,z,v) =
fo(z — vt/e%,v) to write, for all k € Z¢ and for any ¢ € D(RY),

fe(t, k,v)p(v)do = /Rd dv][da;fa(t,x,v)e_ik'x¢(v)dv = Jos fo(kz,v)¢(v)eik'vsi2dv. (6)

RY
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Since fo(x,v) € LP(T¢ x RY), by the Riemann Lebesgue theorem the right-hand side of (B)) goes to
0 for k # 0 as € — 0. Hence completing the proof of the point 2. O

As a consequence, writing the rescaled Liouville equation in the following form,
V- Voff = —20,f° — eE° -V, f¢, (7)

one deduces from the uniform estimates that any cluster point f¢ = f¢(t,v) of the family {f¢}, in
the L®(RS x T¢ x R%) weak—x topology, is independent of 2 and is a solution of the equation

Ofe+V, - <][ EEfde) =0. (8)

€

In (®) the Fick law (relating the variation of the density to the divergence of the current) appears as
the ratio of two terms going at least formally to zero, because under the hypothesis F¢ f¢ = E¢ f¢
one has

][Eefedx =— ][ V&E(t,z)fe(t,v)dx = 0.

The justification of the quasilinear approximation would be the proof that

][ B e = pt,0)v,F, (9)

€

with D(¢,v) being a non negative diffusion matrix.

1.3 Obstruction to the convergence to a non degenerate diffusion matrix

The Liouville equation is the paradigm of an Hamiltonian system while the diffusion equation is
the model of an irreversible phenomena. Then a paradox comes from the comparison of the two
equations

2dt/Rgdv][dw’f‘ =0 and th/Rgd’U][dw!f! + Rgdv dx (D(t,v)V, f5, V,f5) =0.
(10)

This paradox has to be resolved to justify, in some cases, that the diffusion matrix DD is not
degenerate, taking in account for instance the following

Proposition 2 Assuming that E° = —V®° is uniformly bounded in L>(0,T; WH*°(T%)), and that
Je(t,v) is solution of {7 )with f2(0,z,v) = § f§(x,v)dz, one has the following facts.

1. The density f¢(t,z,v) converges strongly in L*([0,T] x T¢ x R%) if and only if
T _ _
/ dt/ dv (D(t, 0) Vo TE(t,0) . VuTE(t0)) = 0.
0 R

2. If 0,®%(t,x) is bounded in some distribution space L'(0,T; H=P(T%)) with some j finite and
if 0, ®° converges to 0 in L'([0,T] x T%) then one obtains

J— EEE
O fe=0 and v'][ gf dr=0 on [0,T]xRZ.




Proof. The point 1 is a direct consequence of the comparison between the classical Hilbertian
estimate

t t
e 1), [ TFO gt > [ 170 [aossds,

and the two equations appearing in the formula (I0]). For the point 2, multiply the rescaled Liouville
equation by e®¢ (¢, x)0(t)¢(v) to obtain after integration

/+ H(t)cb(v)][U'sza(tww)@(t@ﬂljdvdt
R R4

€

= /+/ 0(t)Vyo(v) - ][Ea(t,x)@a(t,x)fa(t,x,v)dxdvdt (11)
R} JRd
+€/Rr dt][dx [0 P 00009 @ 2)60).

Now, since €9,®¢(t,z) converges strongly to zero in L'([0,T] x T¢) as e — 0, the last term of the
right-hand side of (III) goes to 0 as ¢ — 0, while for the first term of the right-hand side of (L))
with the Aubin-Lions theorem (see for instance [28]) one obtains

/Rj /Rg )V (v) ][ Ee(t, 2)®5(t, 2) f2(t, @, v)dadvdt

- —/+ 0(t)Vuo(v) .][%vm|<1>e(t,x)|2fe(t,$,v)dxdvdt (12)
R JRY
_ .
- /Rj /]Rg O) (8 v)Vod(v) ][ 5 Vel®(t, 2)2dw = 0.

Eventually, using £ = —V®° and an integration by parts in the variable x, for the left-hand side

of [@) we obtain from (II)-(I2l),

/R . /R 0oy ][ B )7 2,0) o oa

3
_ v U‘Vx(pa(t?x)fa(t?x?v) rdv
_ /R;/Rge(t)d)( )][ : dxdvdt (13)
_ o £ UVl 0 )
_/R: Rge(t)¢()][ ! drdvdt = 0.

Then, one observes that any vector-valued function v 1 (v) € D(R%;RY), with 1(0) = 0, can be
written with the introduction of a function v + y(v) € D(RY) equal to 1 on the support of 1 (v) as

b(v) = (/01 Vvqp(sv)ds> v ="(v) </01 VM/’(SU)dS) v =p(v)v "

1
with ¢(v) := 7(1})/0 Vo(sv)ds.

From (I3)-([I4)) one concludes that for any such vector-valued function v — (v) with (0) = 0,

one obtains
€ £
/ 0(t) zp(v)-][E (27200 gt = 0.
Ry R¢ €




Therefore the support of 0 f€(t,v) is contained in [0,7] x {v = 0}. Hence for any 6(t) € D(R})
and for any ¢(v) € D(R?) with the point 0 not included in the support of ¢(v), one obtains

/ ][fada;(?tH(t)(b(v)dvdt =0. (15)
R} xRd

However, since f fedr € L®(R;" x R%) relation (I5]) remains valid for any test function ¢ € D(RY)
and this completes the proof of the point 2. O

Remark 1 For Viasov—-Poisson equations the “ergodic” convergence of f&(t,z,v) to f&(t,v),
which has already been proven, implies (using the Poisson equation) the weak convergence to zero
of the electric field E¢(t,x). This is in this scaling the “baby Landau damping”. Strong conver-
gence will be equivalent to the genuine Landau damping as proven in Theorem [3 of Section [3.3.
As a consequence for the electric field E° , time reqularity may prevent a limit described by a non
degenerate diffusion equation.

Remark 2 From the above observations one concludes that, as it is the case in many related
examples, proofs should rather involve the behavior of the solution itself rather than the asymptotic
structure of the equation. Therefore the use of the Duhamel expansion (up to convenient order)
appears to be a natural tool and it will appear in two very different approaches. The first one is
based on the introduction of stochasticity in the electric field (see Section[d). Hence it corresponds
to a situation where such electric field is non selfconsistent: it is a genwine Liouville equation. The
second approach, based on a short time asymptotic (see Section[3.4), deals with configurations where
the electric field is given selfconsistently (i.e. determined from the density of particles) through a
spectral analysis.

1.4 The first iteration of the Duhamel formula and the diffusion - Reynolds
electric stress tensor

From the previous section one deduces that the convergence to a genuine diffusion equation requires
that the vector field E° or the potential ®¢ becomes “turbulent” as ¢ — 0. This justifies at present
the introduction of the diffusion tensor D°. Using the Duhamel formula

1 t
PO = Sif5 =~ [ StoB5(@)- Vot (o). (16)

and the ergodicity (see Proposition [2)), the first term of the right-hand side of (L6l) is ignored, while
multiplying by a test function ¢(v), one obtains for the Fick term the following expression,

—][dx/Rd dv $(v)V, - <E€f> - —é/R devgb(v)-/Otds ][dee(t) < (B=(s) - Vufe(s)).
’ ’ (17)

Using the explicit formula,
Si_o(E5(5) - Vo f*(5)) = B (s,x —o(t — 8) /%) - (Vo) (5,2 — v(t — 8) /%, 0), (18)

the change of variable ¢ = (t — s)/e?, and the 2r—periodicity of the functions E° and f¢, one



obtains from ([I7))

][dx/Rddv(b <Eefe>

:/ dv (Vyo(v / ala][ala:E€ (t,z + ov) @ E5(t — e20,2)V, f6(t — 02, 2, v) (19)

/ dv ][ d:n/ dofe(t — oe?,2,0)V, - (E5(t — €20, 2) ® E*(t,x + ov)Vyo(v)) .
Rd

Observe that the above integrations by part are justified on the following ground:
i) All the arguments, E° and f¢, are assumed for € > 0 to be smooth enough.
ii) The smooth test function ¢ is independent of x and ¢.

Further analysis may be decomposed in four steps.

1. In ([9) replacing f¢ by an other smooth test function, one introduces the diffusion tensor
De(t,v) defined by

[ a0 (@ (0 V,00), V.00) = [ do(Vo0(0), Do) 9,0(0)
Rd R
:/Rd v (Votb(v ][da:/ do B¥(t — %0,2) @ E*(t,2 + 0v) )V, (v)

2. Eventually observe that under a decorrelation hypothesis and with

fe(t - 0-627:177,0) = F(t,’U) 9

one would obtain

/ alv][ala:/s_2 do fe(t — oe2,x,0)V, - (E*(t — €%0,3) ® E=(t,x 4+ ov) V0 (v))
RY 0

fE(t,v)Vy - (DE(t, v) T Vo (v))dv

R¢
3. With the notation
Es(t — 5‘20'7 x) ® _Ee(t7 x + O"U) = E(T, X) (= E(S, Y)T:t—E2O'7X::C,S=t7 Y=z+0v>

appears some type of average of the tensor which in the present field (”plasma turbulence”)
plays a role very similar to the Reynolds hydrodynamic stress tensor u(t,z) ® u(s,y) in fluid
turbulence.

4. Since the electric field is the gradient of a real z-periodic potential, i.e. E¢(t,x) = —V®&(t,x),
with the notation

Ef(t,k) = ][Ea(t,x)e_ik'xdx and ®°(t, k) = ][Cb(t,x)e_ik'xdx,

one has
= Y /<;®k:/5 D(t — 20, k) (D5 (t, k) e * v do
kezd\ {0}
with
Z |k|*|®°(t,k)|> < C independent of .
kezd



In order to compare deterministic results of this section with the stochastic ones of Section 2] we
state and prove the following

Proposition 3 We assume that the Fourier coefficients of the potential ®°(t,z) are given by the
ansatz

q)a(t7 k) — @a(t, k)e_iUJ(k)&*Bkt ,

where w(k)e™Px is a fast time frequency, while the amplitude ®°(t, k) is slowly varying with time
and more precisely satisfies the estimate

Z |k[*|®@°(t,k)|> < C independent of ¢. (20)
kezd

Then,

1. The diffusion tensor D° is given by
_é‘,
D*(t,v) = ][da:/E do E¢(t,z 4+ ov) @ E5(t — %0, 1)
0

= Z k®k /52 do |®°(t, k)‘2e—i(€2*3kw(k)—k-v)a
0

kezd
B . , sin ((62_ﬁkw(/€) — k- U)a%)
=) k®k[®°(t, k)] e2Breo(k) — kv
kezd

2. Using the definition of the following hyperplanes,
79 ={veR? such that k-v =0},
and

W%Z{UGRg such that w(k)_kvzo or k((ﬁ(k:)—v)zo with (Ij(k’) = L’Ej:)%}’

for any ¢, ¢ € D(Rff) one obtains the following behavior as e — 0 :
/ (Vb (@) D ) V() do =7 Y B / k- Voo(v) k- Voth(v) do
R{ k0, By <2 ™
1HE 2 . .
Y 5 /mi k- Voo(v) k - Vao(v) do

k#0, B=2

Proof. As above the proof uses the Fourier expansion of the vector field E¢(t,z) = —V®=(t, z),
the limit in the sense of distribution of the function sin(s/e), and finally the fact that for g > 2

one obtains
_sin ((e27Prw(k) v)%)
lim =

— k-
e—0 e2=Prw(k) — k- v

=0.



Remark 3 In point 2 of Proposition[3, one observes that under the decreasing condition (20), the
cluster point D¢ is the distribution

Df=n Y  k@k[Q(tLE)P6(k-v) + 7 Y k@k () o(wk) — k- v).
kEZ4, B <2 kEZ, Br,=2

In the next section, the introduction of stochasticity in the vector field (or in the potential) has in
particular the effect of smoothing the diffusion kernel by the introduction of reqularized densities of

S(w(k) — k-v) = 5(k - (@ - v)),

as it appears in Section 4.4 of [1] for the “resonance broadening”like approzimation of the “phase
velocity” w(k)/|k| (in terms of amplitude) or &(k) (in terms of vector).

This is, besides physical observations concerning turbulence effects in plasma, a complete justi-
fication to consider in the rescaled Liouville equation stochastic vector fields or potentials as it is
done in the next section.

2 The non selfconsistent stochastic approach

Following the above remark, in this section, we consider situations where vector field £ = —V ®°
(or its potential) is a random variable as such being defined on a probability space (2, F,P) with
P a o-finite probability measure. The expectation of a random variable f is given by

E[f] = /Q f(w)dP(w). (21)

First standard hypotheses well adapted to our presentation are assumed on the vector field E°.

e H1. Stochastic average of E¢ set equal to 0, i.e.

V(t,z), E[E*(t,z)]=0. (22)

e H2. Finite time decorrelation: there exists a finite positive number T such that

It —s| >1e? = E[E°(t,z) @ E°(s,y)] =0, Y(z,y). (23)

e H3. Time and space homogeneity. To emphasize the interplay between time oscillations and
randomness one assumes, for the Fourier coefficients of the vector field (then also for the
potential) the following form,

Lwpt Lwpt

EE(t, k) = ][Ea(t, v)e Wy = B(t, k)e " = —ik®S(t, k)e (24)

Potentials ®°(¢, k) are complex random variables, while frequencies wy are real and (¢, ¢)-
independent. We have also the following parity properties,

VE €24, @°(t,—k) = (®°(t,k))* and w_jp = —wg.

Moreover, one assumes the following time and space homogeneity properties. For any k €
Z\{0}, there exists a function ¢ — Ay (o) such that one has

t—s

E[QF(t, k)27 (s, k)] = A (= ) ok + k). (25)

€2

10



with the following properties:
o+ Ag(o) iseven, V]o|>T1= Ai(c) =0, and Z / |k[’| Ay (0)|do < Cy, (26)
kezd '’
with C being independent of ¢.

In the right-hand side of (Z5]) the term A ((t — s)/e?) stands for the time homogeneity assump-
tion, while the term &(k + k') represents the hypothesis of space homogeneity. Observe that the
functions o — Ag(0) can be extended by parity as functions defined on R and with their Fourier
transforms given by

Ap(s) = /R Ap(0)e=*dor (27)

As a consequence of the above hypotheses one obtains, for € small enough,

t

D (t,v) = /62 do E[E*(t,z + ov) @ E*(t — 20, x)]
0

t
= )
= E k® k/ Ak(a)e_l(wk_k'”)oda
kezd\ {0} 0

1 )
. —i(wg—k-v)o
5 E /<;®k/RAk(U)e do .
kezd\ {0}

2.1 Properties of the Reynolds electric stress tensor

Properties of the Reynolds electric stress tensor D¢ and of its limit as € — 0 are collected in

Proposition 4 Under assumptions H2 et H3 (see (23)-(23)),

1. The functions s — Ak(s) are real non negative, analytic and satisfy the estimate

sup »  |k[*|Ak(s)| < Cy . (28)
seR kezd

2. The limit of the Reynolds electric stress tensor

_t
D°(t,v) = /52 do E[ES(t,x + ov) @ E°(t — 20, )]
0

s a real non negative symmetric diffusion matriz, which is analytic in the variable v and
given by

]D)(v) :]DE(t,v) = % Z kR k flk(wk—k‘-v). (29)
kezZ4\{0}

3. For any 1, ¢ € D(RY), one has

| (Foto) Do e odude = = [ 6609, - (BT 0) v (30)

R} xRd

11



Proof. The reality of Ay, follows from the parity of the function o — Ag(c). Then for any
continuous and compactly supported function R 3 s — ¢(s), using (28) and obvious changes of
variables in time, one obtains

//Ak (t — s)p(s)p(t)dsdt = e // o(t/e2)D5(t, k) (¢(s/e?) @ (s, k) ]dsdt.  (31)

Observe that the left-hand side of (31]) is independent of €, while the right-hand side is non negative.

As a consequence one obtains
//Akt—s s)p(t)dsdt > 0,

and the positivity of A follows from the Bochner theorem (see [30]). Eventually the fact that
functions Ag(s) are analytic (an elementary version of the Paley-Wiener theorem) and satisfy
estimate (28)) is a direct consequence of (26). In the same way the rest of the proof also follows

directly from (24])-(25]). O

2.2 Decorrelation

Assuming that the electric field is a stochastic function and introducing the expectation in the
formula (I9) one obtains

][dx/Rddvgb <Ef>

/ dfu][ala:/62 dofe(t — oe?,z,v)V, - (E5(t — e%0,2) @ E5(t,x + UU)VU¢(U))] ,
Rd 0

(32)

=E

which leads to a "smooth” well defined diffusion matrix but which also requires a decorrelation
formula more or less of the following type,

E [ dv(V,p(v) T ][ dx /62 do E¢(t,x 4 ov) @ Ef(t — %0, 1)V, f5(t — 0, z, v)]
R¢ 0

~

/Rddv(ng ][da;/ do E[ES(t,x + ov) ® ES(t — 20, x)] B[V, f(t — 0c?,z,v)],

and this is the object of the following lemma and proposition.

Lemma 1 (Time decorrelation property between f€ and E°.) Assume H1 and H2 (see (22)-(23)).
Suppose that the random initial data f§ and the electric field E° are independent. Then the operator
E#(s) -V, is independent of f¢(t) as soon as s >t + €*T.

Proof. From the Duhamel formula

1 t
£ = Si5 = [ do St B 0)Vur (o). (33)
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we observe that f(t) depends only of f§ and E®(c) for o < t. Since f§ is independent of E*(t),
Vt € R, and since the electric fields E°(s) and E°(t) are independent as soon as s > t + 2T
(assumption H2 or (23))), Lemma [I] follows directly from (33]). O

In the Duhamel formula connecting the solution from the time ¢ — £2T to the time t,

f@%—e%f@—eT-—j/ do SEES(t — 0) - Vo f*(t — o). (34)

we insert for f¢(t — o) the Duhamel formula connecting the solution from the time ¢ — 22T to the
time ¢ — o to obtain

o) = Seafo(t — 20) ——/ do SEE=(t — 0) - Vo (S° e f5(t — 25%7))

2e21—0
E2/ do—/ ds SSES(t — 0, )V (SS(ES(t — 0 —5) - Vo f5(t —0 —5))), (35)

which provides the essential tool for the needed decorrelation property according to the following

Proposition 5 Assume that the vector field E° satisfies Hypotheses H1 or (22) and H2 or (23),
then for the expectation of the Fick term one obtains

v [fas EOLO)

EzT
-5 / do ][ A E[E=(t) - V,SSE(t — 0) - VoS° JELf(¢ — 260)] + E[ud],
0
with
1 et 2e21—0
%:_E/ “/ “f“ﬂwwwxﬁwﬁwW$ﬁwﬁ—@VJ%—mw»
0 0

Proof. Applying operator E¢(t)-V, to ([B5]), and then applying successively the average in space
and the expectation value, we obtain

—VU-E[][dxw] i][de[EE() VoS fo(t — £77)]
/ da][deE [B¥(t) - VoSEES(t — 0) - VoS S50 f7( — 2°0)] + E[], (36)
with
e = _Eig/o Tdo/(]2€ " ds][dg;Ee(t).vvngE(t—a).vvngf(t—a— §)-Vof(t—o—s).

Using Lemma [, we obtain that f¢(¢) is independent of E(s) -V, as soon as s > t + 2. Then,
using hypothesis H1, we obtain

E[E*(t) - VoS f(t — 1) = E[ES(t) - Vo] % E[f5(t — £%1)] =0,
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anf the first term of the right-hand side of (36]) vanishes. Since Proposition [[limplies that E¢(t)-V,
and E¢(t — o) - V,, are independent of f(t — 2c27), for 0 < o < &1, we obtain from (36,

1 E°T
- /0 da][d:nE [B=(t) - VoSS ES(t — 0) - VoS, S5 fo(t — 2°0)]

1 E°T
=3 ; dJ][de[Ea(t)'VngEE(t—a)-VvSiJ]E[ ;e%fa(t—z;%)} .

2.3 Weak limits

The asymptotic behavior of the error term uf has ¢ — 0 is given by

Proposition 6 For any ¢ € D(RS x R%) one obtains
(15, )1 < e COE [I1BI g ey |

Proof. First changing (o, s) into (e20,e%s), with any ¢ € D(R; x RY), one obtains

wa@=4+wwwmwa

2e21—0
Ei?’ da/ alsfd:EEa VuSeE S (t —0) - Vy,SSES(t —0 —s5) - Vuf(t—o—5s)

2T1—0o
—6/ dthQStv/da/ ds][da:
R} x R4

VS5, B (t— 220) - VS5 E5(t — £2(0 + 5)) - Vo f5(t — £2(0 + 5)).

Then, with several integrations by part and using the fact that S¢,* = S, one obtains (see [1])

2T—0o
(ug , @) = —6/ dt/ dv/ da/ dS][dl‘
R+ R

FEt = 2(0+ 8))E(t — €20 +5)) - Vo(SZ 2 B (t — £%0) - Vo (S22, B°(1) - Vo)) . (37)

€2

In the last line of ([B7) appears the term
Ef(t — (0 +5)) - V(5% 2, E5(t — €%0) - V(5% 2, E5(t) - Vouo)),

which contains at most second order derivatives with respect to v of expressions of the form E¢ (s, z+
&v). With T finite, 2 € T¢ and the with the introduction of a test function ¢ € D(R;” x RY), the
support of the integrand is bounded in Rf x T? x }Rf}l. Then, with a crude estimate (that could be
improved) one obtains

(1, @) < T C(O)IE|] (RF 32,00 (T4 (38)
(T4))

Finally, taking the expectation of (38 one concludes the proof of Lemma [6l O

The diffusion limit is given by

14



Proposition 7 For any ¢ € D(R} x Rg), one obtains

Jgugtteover|[farZEER) = [ a0, Gsie). @

Proof. Knowing already from Proposition [f] that the reminder pu$ goes to 0 in D’ (]RZr x R%), one

obtains E
/ dtdv ¢V, - E {][ dz M] = I, (40)
R} xRd

__/R+dt/Rddv_/ da][dxqsm [E°(t) - VuS5E*(t — 0) - V,5%,]
t B[S f5(t — 2¢%1)] .

After expanding the integrand of I¢, using an integration by parts in v, and changing o into €20,
one obtains

/[Wdt/Rddv/ da][deqb E[ES(t,z) ® E°(t — e%0, 2 — vo)]
E[(o — 2T)(Vaof)(t — 26*t, 2 — 2vT,v) + (V, f)(t — 2627, 2 — 2vT,v)].

with

Using the change of variables (¢, z, v) — (' =t — 221, 2’ = ¥ — 2vT, v/ = v) and integration by
parts in (z,v) one obtains

1 T
I = ——/ dt/ dv/ da/ deE[fe(t,z,v)|Ve(t, 0,2,0),
@ Jo, o, y [f( )Jw( )

UE(t,0,2,0) = Lge2g, oo () Lmd 20 (£) (Vi - + (0 = 2T) V)
E[ES(t — (0 — 21),2 — v(0 — 27)) @ E(t + 26°T, x + 207)|V,o(t + 27T, 0) .

with
(41)

The domain of integration of the integral I is a compact set K of Ry x RZ x [0, 7], x T?. We already
know that E[f*(¢,z,v)] — fe(t,v) in L°°(K) weak—x*. It remains to show the strong convergence
in L'(K) of ¢ to a suitable cluster point W¢. For this, using (24)), one obtains

WE(t, 0, 2,0) = L_gerr, ool (D) L ma—2pr} (2) (Vo - +(0 = 2T) V1)
Z kK ei(k—i—k’)-xei2(k+k’)-vTe—i2(wk+wk/)Te—i(wk—i-wk/)fge—i(wk—k-v)a
k.k'ezd
E[®F(t — e2(0 — 27), k)®°(t 4 227, K|V, o (t + 26%T,0) .
Without space homogeneity, we observe that the term exp(—i(wy + wps)t/e?) does not converge

pointwise almost everywhere in time, which prevents strong convergence in L'(K) of the function
Ve, By constrast, using the spatio-temporal homogeneity property (25 ) one obtains

WE(t, 0,2, 0) = Li_ger, oo (D) Lra—gpr} (2) (Vo - + (0 = 20)V,-)

D Ap(o)e TR @ BV, $(t + 2671, v) .
kezd
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Using regularity properties (26 Jand Lebesgue dominated convergence theorem, one obtains that
¢ converges in L'(K) strong towards the cluster point W€, which is defined by

Ve (t,0,2,0) = I+ ()L iga_syey (2) (Vo - + (0 = 20)Ve) Y Ag(o)e " F7k @ kV,¢(t, v) |
kezd
Using properties (26]) for Ay, and passing to the limit € — 0 in /¢, one obtains
/ dt / dv FZ(t,v) ( Y kek / daAk(a)e_i(“k_k'”)avvtb(t,v)).
Ry R4 hezd R

Using this last equation, definitions (27) and (29]), and passing to the limit ¢ — 0 in (40), ones
obtains ([B9]), which ends the proof of the Proposition [7. O

2.4 The basic stochastic theorem

From the above derivation one deduces

Theorem 1 Let {E°(t,z;w)}weq = {—VO(t,z;w)}weq be a family of stochastic (with respect to
the random wvariable w € Q) gradient vector fields. Assume that such vector fields satisfy the e-
independent local in time reqularity hypothesis

Ve>0 and VT >0, sup [|E°(¢)|ly2eme) < CO(T),
0<t<T

and the following detailed ergodicity hypotheses. With

wi.t Lwpt

Vi € ZN\{0}, E°(t,k) = ][ E5(t,x)e " ody = B5(t, k)e "2 = —ik®°(t,k)e "

there exist a constant T € (0, +00) and functions o v Ax(c), k € ZN\{0}, such that

B (1K) (5, 1) = Ay (5 )k + K

o Ag(o) is even, |o| >1T= Ax(c) =0, and Z / k]3| Ay (0)|do < Cy,
kezd

with C being independent of ¢.
Then,

1. For all k € Z3\{0} the Fourier transform of the function o — Ay(c) is non negative and the
bounded diffusion matrix

1 .
D(v) = 5 > k@k Aylwp—k-v) (42)
kezd4\{0}

is symmetric non negative and analytic in the variable v.

2. Define by V C Lz(Rg) the closure of the space of functions ¢ € D(Rg) for the norm

6l = 101y + | (B)Vu, V).

v
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Then for any fo(v) € L*(RY) there exists a unique solution of the following problem: find
f(t.v) € (R L2RY) NLA(RS; V) with  f(0,v) = fo(v), (43)
such that f is the solution (in the sense of D'(RS x R%)) of the diffusion equation

8tf -V, - (D(U)va) =0. (44)

3. Since v — D(v) is reqular (analytic) the time derivative of the solution of (44) is well defined
(say in L®°(R;; H=2(R%))), hence the initial condition f(0,v) = fo(v) is well defined and
with such initial data this solution coincides with the unique solution of the problem (43)-(44)

4. Any cluster point f¢, in the Lﬁf’c(Rzr x RY) weak—~ topology, of the family E[f¢] with f¢
solution of the stochastic Liouville equation

528tf€+v'vmf€+5E€vmf€:0y fe(O,x,v) :f(](!E,’U),

is a function f¢(t,v) independent of x and solution of (74)) with initial data given by
fe(0,2) = ][fo(a;,v)dx.

5. Eventually by a uniqueness argument it is not a subquence of B[f¢] but the whole family that
converges to the solution of the diffusion equation.

Proof. The point 1 follows directly from the points 1 and 2 of the Proposition @ The point
2 is a classical result of variational theory (see [23]). The purpose of the point 3 is to prove the
regularity (43]) for solutions in the sense of distribution. This is easily done by considering standard
regularizations of f in velocity such that f. = g.*, f. For the point 4, the limit equation results
from relation (B9) of Proposition [l Then, to prove the time continuity in H~2(R%) one considers

the equation o
o [far 0] + 9u-w [ f TS0 Ly

and from estimate (B8] and equation (40]) one deduces that

s [faero)

is uniformly bounded in L= (R;"; H~2(R%)) and this gives a uniform estimate on the time continuity,
which is enough to complete the proof of the point 5. ([l

3 Returning to the Vlasov—Poisson equations

3.1 Classical stability results for nonlinear and linearized Vlasov—Poisson equa-
tions

As above, solutions of the Vlasov—Poisson equations are considered on ]R;r x T4 x Rff and, before
any rescaling, involve a probability density f, which is solution of the Liouville equation,

Of+v -Vof +E-V,f=0.
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The electric field E is given by a selfconsistent potential, given in terms of the density p by
—AdD(t,x) = p(t,z) = / ft,z,v)dv—1, E(t,x) =—-Vo(t,x).
R

Existence, uniqueness and persistence of regularity (with regular initial data) are classical (see [13])
and in particular for propagation of analyticity see [2]). However these regularity properties may
not be uniform with respect to time and scaling parameters. Moreover, as Fourier transform with
respect to the velocity and Laplace transform with respect to time are used. They are denoted as
follows,

Lh(\,v) = /OO e h(s,v)ds,
0
h(k,v) = ][h(:n,v)e_ik'xdzn, (45)

FoG(&) = y Gv)e 4 dy .

Properties which are independent of time are recalled below. With f(0,z,v) € L%°(T¢ x R%) being
a positive density of mass 1 one has

VteRT, flt,v)20, 1<p<oo, /T o) Pdvde = / |F(t,,v)Pdvda,
X’U

TdxR%
n d |v]? 1 9
Vte RT, — — f(t,z,v)dvdz + = 1 |E(t,x)|*dx | =0.
dt R4 2 2

With the above estimates one deduces also the following time uniform regularity:

In any dimension d, HE|’L°°(Rt+;W171+2/d(Td)) < ¢p < 00,

3.2 Spectral properties of linearized Vlasov—Poisson equations

Below, to use in short time quasilinear approximation some very classical facts are recorded. Any
density v — G(v) > 0 with [, G(v)dv = 1 is a stationary solution of the Vlasov-Poisson equations

(with E(t,xz) = 0). Hence, for f(t,z,v) = G(v) + €h(t,z,v), the € first-order term is solution of
the following linearized equation

Oth+v-Vyh+ E[h]-V,G=0,
][da:/ h(t,z,v)dv =0, E[h](t,z) = VA_l/ h(t,z,v)dv.
R

R$

(46)

By standard perturbation (See [17]) the operator Tg : h — Tgh = —(v -V h + E[h] - V,G) is the
generator of a strongly continuous group e!’¢ (particularly in L?(T? x R%)). Next one observes that
in this space, the map h — E[h] - V,G is a compact operator. Hence, with the Duhamel formula,

e!Té hg = Sih(0) — / t do Si_oE[h)(0) - V,G(v),
0

one deduces that for any o > 1, the spectra of ¢!7¢ contained in the region {u € C||u| > o > 1}, is
a finite sum of eigenvalues with finite multiplicity, which are the images of the poles of the resolvent
of the generator —7¢g, i.e. complex numbers A, , R\, > 0, such that the equation

Amh +v-Vih+ E[R]-V,G=0, heL*T¢xRY,
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has a non trivial solution. Using Fourier series on T? this means that there exists at least one
h(km,v) € L*(RY) (may be more than one if the multiplicity of ), is greater than one) such
that, taking in account the relation between the Fourier components of the electric field and of the
density, namely

ik,

Elh](kn) = —Wﬂ

[h](km) ,

one has the ”dispersion equation”,

ik, V.,G(v)
/Rg TP o+ kim0 =0 (47)

Since G(v) is real, one observes that if (A, k) is a solution, then the same same is true for
((An)*, —km) and that in this case one obtains for the Fourier component of h,

1
hy, (km,v) = ———————F)\ (kn) - V,G(v).
)\m( m U) (>\m +ka "U) )\m( m) v (U)
As a consequence (assuming for sake of simplicity that \,, = 7, + iwy, is a simple root of the
analytic equation (7)) one observes that h,,(t,x,v), the solution of the equation (46]), and the
electric field '
Em(t7 ':U) = elkmx—‘r)\mtE)\m(km)

are binded by the relation, for any time ¢,
eikmm—l—)\mt

B (t, 2, 0) = O ik 0)

E),, (kn) - V,G.
On the other hand for any )\, , introduce the Kato projector (see [17] page 178), on the eigenspace
corresponding to the eigenvalue A,,, defined by

1T

Prholr,v) = - / (AL — Ta) " hodA

where I'), is a “small” oriented contour of the complex half plane A > 0 containing only A, in its
interior. Since for any § > 0 there is a finite number of eigenvalues in the region

0<d <A< A=supRi,,

one obtains, (assuming that these eigenvalues are simple) for any real density h(t,z,v) solution of
the linearized equation (46]), the following asymptotic expansion,

h(t7 T, 1)) = Z e("/m-i-iwm)teikmmpmho + O(eét) ) (48)
0<0<Rym <A

Using an explicit Laplace transform (which is the forerunner of the Dunford—Kato calculus used
above) one tries to move the integration contour to the left-half plane, i.e. on the interval A4ic with
RA < 0and —oco < 0 < +00. In doing so, one generates a singularity at the point w = —k-v and by
the Plemelj formula a term of the form i f(—ik - v) which makes sense only under the hypothesis
that the function f is analytic (see [19] chapter 8). These are standard methods in linear scattering
theory (see [I7, 22]) which in the absence of more specific information are based on analyticity
hypotheses and convergence in ultra distributions (dual of analytic functions). These tools were
introduced by Case and Zweifel [3] [6], extended by Sebastiao e Silva [27], and later systematized
by Degond [7].
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3.3 Remark about the Landau damping. Comparison with the behavior of the
vector field in the rescaled equation

In 1946, Landau [20] observed that in the absence of unstable modes (no solutions A of the equation
7)) with X > 0) the electric field goes exponentially fast to zero as t — oo . Following the recent
version of Grenier, Nguyen and Rodniansky [I5], we assume that the profile v — G(v) and the
initial data (z,v) — ho(x,v) are analytic functions. Using notation (45]), Laplace transform with
respect to time, Fourier transform with respect to x and Fourier transform with respect to v are
used. They are denoted as in Section B.Il We first focus on the behavior of the density p[h|, of the
solution h of the linearized equation (4@l), given by

plhl(t.0) = [ hita o),
R¢
Using Fourier-Laplace transformations we obtain, for ®RA > 0, the relation,

ho(k,v) ) / ik V,G(v)
1+ K Lplh = — 7 with K = — v
( (N k) Lplh|(N k) /Rg By z'k:-vdv it a(\ k) e WE Atik-v v

Then, following [25], one observes that

BO(kav)

_ o —As
Kg()\,k‘)—/o e s(FpG)(ks)ds and it N ik

dv:/ e (Fyho)(k, ks)ds .
0

Therefore, as in [25], one proposes a stronger criterion for the absence of solution \,, with ®\,,, > 0
for the equation (47)), which is

dkg > 0, such that inf

> Ko > 0.
kEZERA>0

1+/ e s F,G(ks)ds
0

Then, we obtain for ®A > 0 the solution

Lplh)(\ k) = m /0 h e~ NFo)ho(k, ks)ds .

With the hypothesis of analyticity, by the Paley~Wiener Theorem, there exist C' and 6y such that
one has:
|FoG(ks)| < Ce—eo\k|s’ and  |Foho(k, ks)| < Ce—olkl

As a consequence, using (3.3) for any k € Z\{0}, the functions
Ko\ k) = / e sG(ks)ds and S\ k) = / e Fyho(k, ks)ds
0 0

can be extended (for the density p[h], the integration with respect to v leads to an extension behind
the imaginary axis without extra singularity) as analytic functions in the region R\ > —0l|k|.
Eventually one obtains (see [15]) that there exists 1 > 0 such that

Cq

f > — < .
or RN\ > 91|k|7 |£,O[h]()\,k‘)| =1+ ’kP n ‘%)\‘2

(49)

This gives the exponential decay for p[h| and E[h] when G is analytic. This is sufficient for the
present discussion (extension to an initial data fy belonging only to a Gevrey space with Gevrey
index v € (%, 1] uses the presence of the term |k|? in ([@3)). Of course, the nonlinearity requires
more sophisticated analysis in particular in the interaction of modes, which is the classical problem
of the echoes. Details can be found in [15] where the following theorem is obtained.
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Theorem 2 Assume for the initial data,
folz,v) = G(v) + eho(x,v), (50)

that G(v) and ho(z,v) are analytic, while the basic profile G(v) satisfies the stability estimate (3.3).
Then, for € small enough, the corresponding solution exhibits the Landau damping effect i.e. as
t — oo, the electric field E(t,x) goes exponentially fast to 0.

As observed in the introduction, the ergodicity of the torus T? implies that for any 0 < T' < oo
the solution f°(t,x,v), of the rescaled equation, converges in L>®([0,T] x T¢ x R%) weak—x to
an z-independent function. Hence, with the Poisson equation the electric field converges also
in L>(0,T; L?(T%)) weak—* to 0. Therefore, this property would justify the term ”baby Landau
damping”. In the above situation genuine Landau damping would correspond to strong convergence
(for any § > 0 and 6§ < T < oo) in L>(68, T; L?(T¢)). Strong convergence will be the counterpart,
in the present situation, of Theorem 2l In fact one has

Theorem 3 For solutions of the rescaled Vlasov—Poisson equations,
20, fF +v-Vof +eE°-V,fs =0, V, E°=p(t,z)= / flt,z,v)dv —1, (51)
R¢
near an equilibrium

fo(z,v) = G(v) + ho(z,v),

with analytic data and profile satisfying the stability estimate (3.3), and no restriction on the “size”
of the analytic perturbation hy, on 0 < § < T < oo the electric field E*(t,x) converges exponentially
fast to 0 in L>(6,T; L*(T9)) as e — 0.

Proof. For strong convergence one follows [15] . First introduce the function F<(7, z,v) solution
of the equation
0 F° +v -V, F* + Ef[ep®] - V, F©,

with
fe(t,x,v) = FE(t/e?, x,v) and eE°[p°] = E[pf].

For € < gg small enough, apply Theorem 2] to the solution (F.(7,x,v), E-(T,z)) of

0.F+v-V,F+ E(r)-V,F =0,
F.(0,z,v) = G(v) + eho(z,v),

which coincide with the solution (f¢(t, z,v), E¢(t,z)) of (&1 through the relation (f¢(t,z,v), E°(t,z,v)) =
(Fg(t/€2,:17,v),Ee(t/€2,33)). [

3.4 Road map for the short time quasilinear approximation

In this section, we present a prospective method to proof the validity of a short time quasilinear
approximation in the presence of unstable eigenvalues. Observe that for any time ¢t > 0 with,

fe(t,z,v) = G(t,v) + eh(t, z,v), ][h(t,a:,v)dx =0,
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the Vlasov—Poisson equations are equivalent to the system,
9,G + 2V, - (][E[h]hdx) =0, E[h= VA—l/ h(t,z,v)dv,
R¢

(52)
Bh +v-Voh + Eh] - VoG = —€V, - (E[h]h - ][E[h]hdx) .

Next, assume the existence of a simple non degenerated root (RA(0) > 0,%) of the dispersion
equation
1 [ ik V,G(0,v)
1-— —dv =
\k;?/m Ntk 0= (53)
with G(0,v) = Go(v), and consider solutions f¢(¢,z,v) of the Vlasov equation with initial data

E(07 k) : VUGO(U)
At ik -v

ik-x

15(0,2,v) = Go(v) + ehg(z,v) = Go(v) + ¢

Assuming that f°(0,z,v) is analytic, one observes (as proven by Benachour in [2]) that the corre-
sponding solution of the Vlasov equation is also analytic. Hence (see [17] Chapter 2, Section 1) the
root can be extended on a finite time interval as simple solution of the equation

1 [ ik-V,G(tv)
1_W/Rg NOER I R

and then one introduces the approximate solution

= E(O, k) . VUG(t, 'U) /‘t ds\ L.
3 _ Jo dsA(s)+ik-x ]
(t,2,v) O

(54)

The function i will be used to construct an approximate diffusion ]13)5(1)) such that, for short time
one has

8iG(t,v) — V, - (D (v)V,G(t,v)) = O(3),

while what follows from equations (52)) is the estimate
XG(t,v) = O(?). (55)
Since A(t) and of course G(t) itself are analytic functions, from (55]) and (54]), one deduces
Oh+v-Vyah+ E[R] - V,G(t) = O(e?).

Hence, one has also
O(h—h)+v-Vu(h—h)+E[h—h]-V,G=—V, - (E[h]h - ][E[h]hdx) +0(e?).
Then, with (h — h)(0,,v) = 0, one has also h(t) — h(t) = O(e) , which eventually implies
0,G + 22V, (fE[ﬁ]ﬁdx) _ 2y, ][ (Elldz — B[R d2 = O().

As pointed above, if (A, k) are solutions of the dispersion equation, then the same is true for (A\*, —k)
and one can extend the above comparison between genuine solutions with initial data

f50,z,v) = G(v) + eR(h(0,2,v)), (56)
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and the approximate solutions given by
fe(t, z,v) = G(t,v) + eRh(t, z,v) .
Since the functions h satisfy the relation
(A + ik - v)h(t, k,v) + E[h(t, k,v)] - V,G(t,v) =0, (57)

one obtains, for solutions with initial data given by (B6),

E(0, k) ®E(0,k)me2ﬁf‘$dsx<s>v Gt
(k-v—SA)2+ (RN)? oth

atG(t,U) — €2vv . (

= 0;G(t,v) + £V, - §R( ][ E[E]de) =0().

The above construction can be combined with the Dunford—Kato formula (48]). Assuming again,
that the roots of the dispersion relation (A, k(\)) are simple one obtains, for any initial data and
any d > 0, summing with respect to the solutions of the dispersion equation (B3] with R\ > § the
equation

B,G(t,v) — Y €V,
RA>I

62%‘13 ds\(s)
(E(Q k%{@ f(_o skx()? T(Aw)z V.Gt U>) = 0(e%) + O(*)e™ |

which is the standard quasilinear approximation.

4 Remarks and Conclusion

As said in the introduction, the thread in this contribution is the comparison from a genuine math-
ematical point of view of different approaches leading to the quasilinear diffusion approximation.

Remark 4 The most natural one was with the introduction of the rescaled equation. However in
such configuration it was shown that the stochastic scenario, which implies that the electric field is
independent of the density, was almost compulsory. As such, one could also start directly from a
stochastic flow solution of the ODFEs
d 1
—X(t) = 5Ve(),
SXE(t) = V(1)
GVl = B (1, X(1)
dt 5 ’ ’
with a convenient correlation function A leading directly at the macroscopic level, without the

kinetic step in between, to a diffusion equation
81&F -V, (D(U)VUF) =0.

Comparison with the diffusion matriz given also in terms of Ar by [{23) leads in such cases to a
closed formula for the determination of such diffusion. For an interpretation at the level of plasma
physics for such relation see reference [1] and the original ones [8, [29]. Complete proofs may be
obtained following the contributions [18,19, [11, [12],

Weak convergence and introduction of randomness imply that analysis should be made on the
solution rather than on the equation. This leads to the introduction of the Duhamel series which
may be considered as an avatar of other BBGKY hierarchies. However in [26, [2]|], the authors
have introduced some decorrelation properties valid at any time, which close the Duhamel series at
second order. This is the road which was followed in this contribution.
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Remark 5 The short allusion to the Landau damping was motivated on one hand by the compar-
ison with issue of strong, versus weak convergence, to 0 of the electric field in the rescaled equation
and on the other hand to underline the role of estimates on the charge density p[h] under the
stability condition (3.3), which allows to extend the resolvent beyond the imaginary axis.

Remark 6 The short time validity of the quasilinear approximation is based on even much more
formal presentations that can be found in basic plasma physics textbooks (see for instance [19] pages
514-517). Here, the symbol O(e) is used everywhere and for a complete proof this should be clarified.
For short time, systematic use of the Nash—Moser theorem should balance the loss derivative (of
order 1 with respect to v) in Section[3.4. One should keep in mind the striking difference between
the rescaled diffusion scemario with an independent and non-selfconsistent stochastic vector field,
which is the typical model for long time dynamics, and the short time diffusion scenario, where the
selfconsistent electric field is slaved to the solution by the Poisson equation. In fact this two diffusion
regimes are present in the nonlinear relaxation of the weak warm beam-plasma instability problem.
Selfconsistent numerical simulations of such problem [3] confirm the existence of this two diffusion
regimes, plus a third regime between the two. In this third regime, dubbed the “trapping turbulent
regime” in plasma physics literature, nonlinear wave-wave coupling plays an important role. Until
now and up to our knowledge there is no even a roadmap for a full mathematical description of
such regime.
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