Wavelet analysis of X-ray spectroscopic data. I: the method

P. Bury^{a;d}, N. Ennode^b, J.-M. Petit^c, Ph. Bendjoya^{e;d}, J.-P. Martinez^b, H. Pinna^b, J. Jaud^b and J.-L. Balladore^b

a Laboratoire de la Physique de la Matière Condensée, Université de Nice Sophia–Antipolis, Avenue de Valrose, 06000 Nice Cedex, France b CNRS, CEMES/LOE, U.R.A. A8011, 29, rue Jeanne Marvig, B.P.4347, 31055 Toulouse Cedex c CNRS, U.R.A. 1362, Observatoire de la Côte d’Azur, B.P. 229, 06304 Nice Cedex 4, France d CNRS, U.R.A. 1360, Observatoire de la Côte d’Azur, B.P. 229, 06304 Nice Cedex 4, France e Département d’Astrophysique, Université de Nice Sophia–Antipolis, Avenue de Valrose, 06000 Nice Cedex, France

We present a new filtering method based on wavelet analysis. This method works without any assumption about the noise, and we show that it gives reliable results on X–ray spectroscopic data. The originality of this method consist in the wavelet analysis: the filtering is done both in frequency space and in the spatial space, thus avoiding artifacts due to fourier filtering. We also show the reliability of the method using test signals.

All the software developped following this method is freely available on the network.

Key words: Wavelet analysis, signal processing, spectroscopy, X-ray diffraction

PROOF. Send proofs to P. Bury, B.P. 229, 06304 Nice cedex 4, France

Preprint submitted to Elsevier Preprint 19 May 1998

1 Introduction

The knowledge of the matter chemical composition and its structure organisation in every scale and in every state, is a continuous quest. The X-ray diffraction allows us to own a precise matter structure image. To date, the technical ways to obtain these informations are photographs, position-sensitive proportional counters, and semiconductor detectors. The different methods present different advantages: good spatial resolution for the photographs, conviviality for the computer associated detector, fast acquisition for the diodes, . . . They also present different disadvantages: high operational cost for the positionsensitive proportional counters, long exposure time for photographs, rather low signal to noise ratio for the semiconductor detectors, . . . We tested four different devices (a photographic film, a proportional counter, a photodiode array and a silicon CCD imager) to define a processing method that avoid as much as possible the different disadvantage, while keeping as much as possible the adavantages. During test the need of a powerfull processing method appeared. This led us to develop a new signal processing method, where classical methods (fourier filtering, adaptative filtering) have shown their inability to reduce noise and to keep the relevant part of the signal (i.e. position and amplitude of diffraction peaks).

The purpose of this paper is to present this new signal processing method based on the wavelet transform. This method allows us to detect, count peaks with a drastic decrease of noise. It also allows to give a level of significance to the detected structures against noise fluctuations, and also to estimate the error on the detected features. Since this method is essentially local, the main limitation of this method occurs when one is trying to detect weak structures close to strong ones. An iterative process of analysis is then needed. The method is not based on any modelling of the noise (Gaussian, Poissonian ...), and gives, as it will be shown, satisfying results even for very low signal-to-noise ratio signals.

In section 2 we briefly describe the physical experiment used, and also the detectors in use. We will also compare these experiments to a classical one in the same field, and explain the need of such accurate and efficient postprocessing. In section 3 we briefly recall the principles of the wavelet transform. Then we describe the structure detection method and the reconstruction algorithm. In section 4 we apply this method on simulated signals. We show that human intervention is needed to split the signal in regions with large amplitude structures and regions with small amplitude structures. From the reconstructed signal, we extract some physically significant parameters such as the amplitude and location of peaks. In section 5, we apply this new technic to two different real signals obtained using photodiode arrays and CCD’s and compare them with more complex experiments.

2 Experiment description

Classical experimental conditions usually make use of a film which is exposed for more than one or two days to an X-ray beam in the range 5 keV to 20 keV. The precise energy of the X-ray beam is chosen depending on the physical properties of the crystal under study. In order to reduce drastically (factor of a few hundreds) the exposure time while keeping the same quality of the physical results, we have tested two new acquisition methods.

The first experimental device is composed of a Guinier–type powder camera emitting a 8 keV quasi-monochromatic beam (Copper anticathode), a reflexion dispersive crystal, a set of slots, a sample-support that moves perpendicularly to the beam, and a detector-support that allows to move it on the focus cylinder. This assembly allows to obtain a Bragg diffraction diagram.

The second experimental device is composed of an exafs (Extended X–ray Absorption Fine Structure) emitting a quasi-monochromatic X-ray beam in the range 5 keV to 20 keV (silver anticathode), a transmission dispersive crystal, a set of slots, a fixed sample-support and a detector-support that allows us to adjust the sample-detector distance. This source will be used at 9 keV, which is close to the Guinier–type powder camera beam energy. This source will not be used at lower energy, where it generates it’s own diffraction peaks. This device is useful to obtain absorption diagrams.

2.1 Detectors (principle and environnment)

The detectors used in our experiments are off–the–shelves ones. Each of these two detectors, which have their own electronic acquisition system, is controled by a computer. They both have, in front of their sensitive zone, a Beryllium window that does not absorb these X-ray radiations. The sensor used with the exafs spectrometer, is a linear position gaz ionization detector, producted by Braun. Its sensitive area is 50 mm × 1 mm, and its spatial resolution 0.1 mm. The manufacturer gives an efficiency of 50 % at 9 keV.

Photodiodes, manufactured by Hamamatsu, are solid sensors using NMOS technology. The array, composed by 1024 pixels, has a 2.5 mm × 25.6 mm sensitive area, i.e., for each diode, a 2.5 mm × 25 μm × 300 μm active zone (300 μm is roughly the depletion region depth). The distance between diodes, hence the resolution, is 25 μm.

The charge-coupled device (CCD), manufactured by Thomson, is an other kind of MOS capacity, and has a 9.73 mm × 9.73 mm sensitive imaging area. The array is composed by 512 × 512 pixels, about 19 μm ×19 μm each. As we use it in spectrometry, we only need to operate in vertical binning mode, with 512 columns each of 9.73 mm height.

These two detectors are used in the same experimental conditions. They are cooled, at −39^∘C, in order to reduce thermic dark current. Moreover, the sensor case is vacuum-kept in order to avoid any loss by convection and freeze deposits on the active part of the detector. Finally their eletronic wiring was produced and optimised in our laboratory (CEMES) in order to operate swiftly and with little noise.

2.2 Need of post-treatment

Nevertheless, experiments operating with semiconductors are put through statistical fluctuations which introduce difficulties to interpret the results. Recorded spectra are pretreated, in order to remove the offset (dark current removing) and the non-uniform pixel response (flat fielding). Dark current removing just removes the mean but not the fluctuations and this noise is further amplified by flat fielding. Other sources of noise include: the photon random emission from a source, an acquisition noise, due to capacities, resistors and transistors, and a quantification noise, due to the information coding by means of a analogical-numerical converter. The detector cooling and the acquisition circuitry optimisation allow to decrease all these noises, without however making their contributions unsignificant. Therefore, we need a signal processing method that can extract a signal from the remaining noise.

3 Processing Method

This section is divided in four parts. The first part gives a brief summary of the principles of the wavelet transform. More details can be found in Daubechies [4], Mallat [8] and Meyer [9]. The second part describes the à Trous algorithm [6,5], a fast numerical method, that will be used in this paper. The third part deals with the detection of significant information in the raw data [1]. Finally, we explain how to reconstruct a signal from which as much noise as possible has been removed.

3.1 The wavelet transform

We want to study a non–periodic signal S(x) and obtain information on both the location and the size of the characteristic features (later on called structures). The usual way of dealing with a signal is to decompose it on an orthogonal basis. This gives a unique set of coefficients, and if the basis is correctly chosen, one can easily distinguish between “relevant” signal and noise. Extracting the information is therefore just a matter of summing the contribution of the coefficients corresponding to “relevant” signal.

The wavelet transform of S(x) is the decomposition on a basis of functions ψ_{a,b}(x), all derived, by translation and scaling, from a unique function ψ(x), called the “mother wavelet”: ψ_{a,b}(x) = a^{−1/2}ψ( x − b a ) (1)

The “a” parameter is related to the scale, “b” to the translation. The coefficient a^{−1/2} is a normalisation and is not mandatory. One can choose any other exponent for a, depending on the kind of normalization one is interested in. The exponent 1/2 is useful for normalizing the energy (the square of the modulus of the coefficients).

In order to be a wavelet, the function ψ(x) must satisfy a “admissibility condition”, i.e. it must belongs to L^2(R): ∞∫ 0 |ψ̂(ω)|^2 |ω| dω < ∞, (2)

where ψ̂(ω) is the Fourier transform of ψ(x). This means, in particular, that the integral of the wavelet should vanish. It must also be well localized both in space and scale. In order for the transform to be useful, a diadic appraoch is well suited and the collection 2^{j/2}ψ(2^jx − k), j ∈ Z, k ∈ Z (3)

must be an orthonormal basis of L^2(R). Daubechies [4] and Mallat [8] give a precise mathematical description of the properties needed for ψ(x) to be a wavelet. Daubechies [4] showed that there exist compactly supported functions ψ(x) satisfying those conditions. Mallat [8] discovered a systematic approach to find ψ(x).

Given ψ(x), the wavelet coefficients of S(x) are simply:

C_{j,k} = ∞∫ −∞ S(x)ψ_{j,k}(x)dx, (4) and the unique way of recovering S(x) from the coefficients is: S(x) = ∑ j ∑ k C_{j,k}ψ_{j,k}(x). (5)

The previous formula gives S(x) as a sum of details from the finest scale to the largest one. One can also choose another orthonormal basis consisting of the collection ψ_{j,k}(x), j ∈ N, k ∈ Z (set of relative integers), together with the collection ϕ(x − k), k ∈ Z, where ϕ(x) is a new smooth function with a rapid decay at infinity. Obviously, the two functions ϕ(x) and ψ(x) cannot be chosen independently. We choose ψ in such a way that: ψ( x 2 ) = ϕ(x) − 1 2 ϕ( x 2 ) (6)

In this basis, S(x) can uniquely be written as: S(x) = ∑ k∈Z f_kϕ(x − k) + ∑ j∈N ∑ k∈Z C_{j,k}ψ_{j,k}(x) = E_0(S) + ∑ j∈N D_j(S) (7)

where f_k = ∫ ∞ −∞ S(x)ϕ_k(x)dx = ∫ ∞ −∞ S(x)ϕ(x − k)dx. This means that S(x) is the sum of a smooth part E_0(S) and a sequence of finer and finer fluctuations D_j(S). The function ϕ(x) is a smoothing function that allows us to cut the doubly infinite sum of eq. (5). The ϕ(x − k)’s account for the large scale fluctuations, the ψ_{j,k}’s for the small ones. Obviously, the resolution corresponding to the smooth part can be chosen arbitrarily.

3.2 The à Trous Algorithm

Consider now a real sampled signal. The ranges of variation of j and k are now finite. The scale range is defined by the sampling step for the smallest one (finest resolution) and the length of the signal for the largest (coarsest resolution). The range of variation of k is also defined by the length of the signal. Among the many possibilities for the two functions ϕ(x) and ψ(x), we choose: ϕ(x) = 1 − |x| for |x| ≤ 1, (8) = 0 otherwise,

and:

ψ(x) = |x| 4 − 1 2 for 1 < |x| ≤ 2,

= 1 2 − 3|x| 4 for |x| ≤ 1, (9)

= 0 otherwise,

Figure 1 shows the shape of ϕ(x) (long dashes),^1_2 ϕ(x/2) (short dashes) and ψ(x) (solid line).

The process of computing the wavelet coefficients can be done iteratively. The first trivial step is to take the function ϕ(x) with the same resolution as the sampled signal. We only have to compute the f^0_k ’s (the superscript refers to the number of the step in the iterative process, the subscript refers to the position). From the formula for ϕ(x), one can see that the f^0_k ’s are simply the sampled values of S(x) (the integrals are changed into summations since we are dealing with a discrete set of points). Then we consider a resolution twice as large. We choose the normalizing coefficients such that we replace ϕ(x) by 1 2 ϕ(x/2). There is only one level of fine fluctuations to add to the smoothed part f^1_k to recover the signal, and it is defined by the set of C^1_k . We can now repeat the same procedure to the smoothed part of level 1. This will give us two new sets of coefficients f^2_k and C^2_k . With our choice of ϕ(x) and ψ(x), the formulae to obtain the f^j_k ’s and the C^j_k’s are very simple:

f^j_k = 1∑ n=−1 h_1(n)f^{j−1}_{k+n2j}�_1 (10) = 1 2 f^{j−1}_k + 1 4 ( f^{j−1}_{k−2j}�_1 + f^{j−1}_{k+2j}�_1 ) , j ≥ 1, (11)

and:

C^j_k = f^{j−1}_k − f^j_k . (12)

One can see that the f^j_k ’s are obtained by applying a low–pass filter h_1(n) to the f^{j−1}_k ’s. The C^j_k’s being obtained by a difference between two levels of f^j_k ’s are in fact the result of a band–pass filter applied to the signal. Figure 2 illustrates the whole procedure. Due to the shape of the function ϕ(x), the associated wavelet ψ(x) is called the B-spline of order 1.

In operator notation, the smoothing part corresponds to the use of the lowpass filter H_j and the difference to the band-pass filter G_j defined by:

f^j = H_j(f^{j−1}), (13) G_j(f^{j−1}) = f^{j−1} − H_j(f^{j−1}), (14) (15)

where f^j represents the set of f^j_k .

For the reconstruction formula, things are quite simple. We are interested in reconstructing the sampled values, not the signal S(x). When adding the f^j_k ’s and the C^j_k’s, we get the f^{j−1}_k . Hence, the reconstruction formula is: S(x_k) = f^{jmax}_k + jmax∑ j=1 C^j_k, (16)

where j_{max} is the maximum scale compatible with the length of the signal.

3.3 Structure Detection

Our aim is to use the wavelet transform as a signal processing tool to extract the behavior of the signal while removing the noise. We also want to have the possibility to compute the statistical significance of detections. The main philosophy of the procedure consists in isolating, in the space–scale plane where the wavelet transform of the signal is unfolded, the patterns made by coefficients which are significant compared to noise fluctuations. These coefficients point out the structures in the signal. Then the signal is reconstructed from the selected coefficients.

The patterns of significant wavelet coefficients are exhibited by means of a double thresholding. A first one is very restrictive, leading to the detection of very significant structures within the signal, with a drastic decrease of the noise, and a second one which allows the addition of more and more local details as it is chosen more and more permissive. These thresholdings are made scale by scale by comparing the wavelet coefficients derived from the studied signal to the distribution of coefficients computed from a pseudo–random signal. The pseudo–random signal is generated from the signal. For each point x_k of the signal, we draw at random a value S_{ps}(x_k) of the pseudo–random signal, according to the probability distribution computed from the real signal. This strategy has already been applied in asteroid family detection (Bendjoya et al. [2]) and allows us to take into account the intrinsic distribution of the noise instead of having to model it.

The wavelet transform of a white noise signal gives fluctuating coefficients, with no noticeable pattern in the space–scale plane (see fig. 3). Also of importance is the fact that almost no coefficients deviate greatly from the mean. Figure 3b displays a representation by a gray scale coding of the wavelet transform coefficients of the signal performed by means of the linear wavelet. For a noiseless signal, there is a definite pattern in the space–scale plane (see fig. 4b). Particularly, some coefficients deviate by a large amount from the mean, and they tend to the mean on each side of the maximum for each scale (this is due to the absence of structures on each side), with a width proportional to the scale. For a noisy signal, we can still see definite patterns in the spacescale plane (see fig. 5b). In the following, in order to determine the mean and quantify a “large deviation”, we evaluate the mean and standard deviation, for each scale, of the coefficients of the wavelet transform of a pseudo–signal S_{ps}(x). As mentioned above, this pseudo–signal is a random data set having the same cumulative distribution as the signal under study S(x).

We use a pattern–recognition algorithm in order to isolate the significant patterns in the space–scale plane. This is done by a double thresholding. First, we search for points in the space–scale plane with a very high level of significance (the seeds). Those seeds are the points where the coefficients deviate by a large amount, i.e. by more than a given number times the standard deviation, from the mean. This defines a first threshold, the seed–threshold T_{se}(a_j). Usually we take T_{se}(a_j) = 4σ_{Sps} (a_j), where σ_{Sps} (a_j) is the standard deviation of the coefficients of scale a_j of the pseudo–random signal. The thresholding is done by retaining the points where the coefficients minus the mean, defined above, are larger (resp. smaller) than T_{se} (resp. −T_{se}) for a bump (resp. hole) detection. The seeds give a rough estimate of the size, position and shape of significant structures in S(x). In order to add details to these detected structures, we need to take into account some coefficients in the vicinity of the seeds.

We define a second threshold, the skeleton–threshold T_{sk} which determines the points that might be associated with the seeds. Usually 1.0σ_{Sps} (a_j) ≤ T_{sk}(a_j) ≤ 2.5σ_{Sps} (a_j). Among the points that are selected by this second weaker threshold, those that are connected by nearest neighbor relation to a seed actually belong to a pattern. In other words, a wavelet coefficient is included if the absolute value of its difference from the mean value is above the threshold, and if it is adjacent to a “seed” either in the location index or the scale index direction. These new points are new seeds. The procedure of extension is iterated until no new point is added. As seen before (Fig. 4b) a structure in S(x) gives significant coefficients on a range of scales. The most significant ones, corresponding to the seeds, belong to a restricted range of scales (see Fig. 6a). Therefore we have to extent the seed along the scale axis. Furthermore, at a given scale, only the coefficients in the middle of the structure are selected by the seed–threshold. However the structure contributes to coefficients that are not selected by T_{se} but are significant according to T_{sk} (see Fig. 6b). Then we must consider them. At this stage of the procedure we have a set of coefficients, with a level of significance defined by T_{sk} but the cores of the patterns thus defined are significant at the level defined by T_{se}. In all the situations presented here, we use T_{sk}(a_j) = 2.5σ_{Sps} (a_j). For a description of an automated scheme to select the second threshold, see Bendjoya et al. [1].

In the following, we denote A the operator acting on a signal S and giving the wavelet transform coefficients in the skeleton as defined above, and zero outside the skeleton. We also note ν = A(S).

3.4 Reconstruction

The argument underlying the thresholding procedure is that the so–called significant coefficients correspond to the “real” signal. The coefficients outside the skeleton represent noise. So we are looking for a signal whose wavelet transform coefficients equal those of the experimental data set on the skeleton. However, due to the over sampling, if we consider the set of coefficients of the skeleton surrounded by zeros, we do not have the wavelet transform of a signal. In other words, if we reconstruct the signal from the skeleton using equation (16), we get a signal whose wavelet transform is not the set of coefficients we used. In particular, coefficients outside the skeleton will not vanish.

Hence, we want to find the signal whose wavelet transform is as close as possible to the original one on the skeleton, and as small as possible outside the skeleton. This is a typical inverse problem. Several authors [10,12,3] have shown that iterative methods are well suited to solve this problem. After many trials, we choose to use the reconstruction method proposed by Rué et al. [11]: the conjugate gradient.

We want to find the signal F that minimizes ||ν − A(F )|| for F . For a set of wavelet coefficients W , the distance ||W || is defined by: ||W || = √∑ j ∑ k (C^j_k)^2 (17)

The distance is minimum if F is solution of:

Ã(ν) = (Ã ∘ A)(F ) (18)

The operator Ã is the join operator associated with A (A is the thresholding operator defined in section 3.3). A is the union of the vector operators A_j giving the wavelet transform coefficients of scale j. We have:

A_j = G_j.H_{j−1}...H_1 (19)

Hence the join operator Ã_j is simply:

Ã_j = H̃_1...H̃_{j−1}.G̃_j (20)

And Ã is the sum of the Ã_j’s. Since

G_j = Id − H_j (21) the join operator is

G̃_j = Id − H̃_j (22)

H_j is the correlation of the signal with the filter coefficients h(n). Therefore, H̃_j is simply the convolution of the signal with the same coefficients. And h(n) being symmetric, it turns out that H̃_j = H_j.

The operator Ã is applied to the thresholded wavelet coefficients C and gives a signal F̃ :

Ã_j = (H_1...H_{j−1}).G_j (23) F̃ = Ã(C) = ∑ j Ã_j(C^j_k) (24)

Since we have a symmetric operator, Ã∘A, the gradient method can be applied [7].

We introduce at this stage two new quantities: the residual wavelet C_r = C − A(F ), which corresponds to the difference between the original wavelet coefficients and the wavelet coefficients of the reconstructed signal on the skeleton; the residual signal F_r which introduced in the conjugate gradient scheme and is related to Ã(C_r).

We now detail the steps of the conjugate gradient method. F^{(n)} indicates the estimation of F at step n.

(i) Initialization step. The estimated signal F^{(0)}, the residual wavelet C^{(0)}_r and residual signal F^{(0)}_r are initialized :

F^{(0)} = Ã(C) + f^{jmax}

C^{(0)}_r = C − A(F^{(0)})

F^{(0)}_r = Ã(C^{(0)}_r )

(25)

Since Ã operator acts only on the wavelet coefficients, Ã(C) does not contain the information of the last smoothed signal f^{jmax} . In order to recover this information, we add it at initialization.

(ii) Computation of the convergence parameter α^{(n)}:

α^{(n)} = ||Ã(C^{(n)}_r )||^2 ||A(F^{(n)}r )||^2 (26)

(iii) An iterative correction is applied to F^{(n)}:

F^{(n+1)} = F^{(n)} + α^{(n)}F^{(n)}_r (27)

(iv) Computation of the residual wavelet, inside the skeleton support:

C^{(n+1)}_r = C − A(F^{(n+1)}) (28)

(v) End of iteration criterium. We compute the distance between the reconstructed signalwavelet ceofficients and the skeleton, inside the skeleton support. Outside of it, we compute the amplitude of the reconstructed signal wavelet coefficients. These two distances are weighted with the number of points in each domain. When this function reaches its minimum, we stop iterations. In other terms, at this minimum, the wavelet coefficients are as close as we can expect to be to the skeleton, without too much noise outide of it.

(vi) Computation of the convergence parameter β^{(n+1)}:

β^{(n+1)} =

||Ã(C^{(n+1)}_r )||^2 ||Ã(C^{(n)}r )||^2 (29)

(vii) Residual signal computation:

F^{(n+1)} r = Ã(C^{(n+1)}_r ) + β^{(n+1)}F^{(n)}_r (30)

(viii) Go to step (ii)

3.5 Complete algorithm

We now summarize the different steps of the complete procedure:

(i) We generate a pseudo–signal whose cumulative distribution function matches those of the real data set;

(ii) we compute the wavelet transform of both signals;

(iii) we apply a first restrictive thresholding T_{se} to localize the strongly significant structures within the signal, and eliminate nearly all noise;

(iv) the seeds formed by the coefficients selected by T_{se} are then enriched along both the scale and the space axis by related coefficients coming from a second more permissive thresholding T_{sk};

(v) using the skeleton (which is actually a mask), and the smoothed signal, we get a first estimate of the reconstructed signal from equation (16);

(vi) Using the previous initial estimate and the coefficients of the skeleton, we reconstruct the signal with the conjugate gradient method described above.

4 Tests on a simulated signal

In order to test the method, we use a synthetic signal, computer generated from the knowledge of the location, height and width of the peaks in a real signal (fig. 4a). The signal was generated assuming gaussian peaks. Positions and amplitudes of the peaks are those corresponding to the 16 most intense peaks of Norethisterone detected using an automatic diffractometer Siefert θ–2θ experiment). We add a gaussian noise (Fig. 3a) whose amplitude (RMS fluctuation of 5.3 ADU) is comparable to the amplitude of noise obtained in a real signal sampled from a photodiode array (fig. 12).

4.1 Reconstruction

Figure 7 shows the reconstruction of the noisy synthetic signal (fig. 5a) as a whole. One can see that we miss the fine structures in the weak peaks. On the other hand, the intense peaks are correctly reconstructed with a good restitution of the fine structures. This effect is due to the generation of the pseudo– signal. The pseudo–signal has the same cumulative distribution function as the real signal. Hence there are many points with a large value (same amplitude as the intense peaks). Therefore, the standard deviation of the wavelet coefficients of the pseudo–signal will be large. It will eventually exceed the value achievable by the wavelet coefficients of the real signal in the region of weak peaks.

In order to avoid this “contamination” of the pseudo–signal in the regions of weak amplitude structures by the intense ones, we split the signal into pieces where the structures are of comparable amplitudes. Figure 9 shows the cumulative probability distribution function of values for both the complete signal (solid line) and the right most part (x ∈ [23.5; 35], dashed line). There is no large value in the second one. Hence the wavelet coefficients of the corresponding pseudo–signal will be smaller as well as their standard deviation. Using a splitting into 5 pieces we reconstruct both the intense peaks and the weak ones.

When using directly this method on the different parts of the signal, we have problems at the limits of the sub-signals. The different samples do not match exactly together, due to edge effects. To suppress these artifacts, we modify slightly the analysing method. At first, we compute the skeleton for the whole signal. Then we define three sub-signals (x ∈ [10; 14], x ∈ [17.5; 19], x ∈ [23.5; 35]) corresponding to the regions with weak peaks. We compute the thresholding for all the sub-signals and the corresponding skeletons. Then we add all the sub-sample skeletons to the complete skeleton, and this new skeleton is used to reconstruct the real signal (Fig. 8).

4.2 Detection of peaks

We now want to test the quality of this reconstruction. The reconstructed signal is good if we can perform the measurement we want on it: actually, recover the information needed to generate the noiseless signal. Here we want to mesure the location and the amplitude of the peaks.

On a given reconstructed signal a peak is a local maximum. But there can be small fluctuations at the top of the peaks, yielding multiple detections. A point source gives a signal that has a non vanishing width due to imperfections of the instrument. So we do not expect to find peaks (or actually resolve peaks) that are closer than the width of the point spread function (PSF). So we select only the peaks that are isolated by at least the width of the PSF.

Next we drop all peaks with an amplitude too small compared to the amplitude of noise. Experimentally, we have verified that our method is reliably able to detect and reconstruct structures with amplitude equal to the standard deviation of the noise. For smaller amplitudes, the detection is more speculative. So we estimate the standard deviation of noise from the standard deviation of first scale of the wavelet coefficients of the real signal and drop all peaks with amplitude less than this standard deviation, corresponding roughly to a signal to noise ratio of 0.7.

The exact shape of the reconstructed signal vary with the pseudo–signal used. Hence the detected peaks may also vary. But the “real” peaks should all be detected in every reconstruction and they should be within a distance equal to the width of the PSF from each other. So we keep only these peaks that are grouped in a range less than the width of the PSF and appear at least in half the reconstructed signals. We use this rather soft criterium (half of the reconstructions showing the peaks) in order to detect peaks with a signal to noise ratio close to 1. Obviously, this increases the chance of false detections. Fig. 10 displays the peaks detected using 9 realizations of the pseudo–signal with error bars at 1σ of the distribution of amplitudes of the detected peaks. The dashed line represents the synthetic signal. One can note that the second peak from the right is not detected, and that the five right most peaks are slightly, but consistently too weak. This is due to background removal. The background is a significant signal as well as the peaks. the only difference is the scale on which is lies. In the region x ∈ [23.5; 30] the signal can be viewed as peaks superimposed on a large scale structure. This large scale structure is the “background” in that region and we remove it when automatically determining the peaks; using a manual detection of peaks, this effect can easily be suppressed.

In summary there are three criteria to select peaks: a PSF criterion (narrow peaks are rejected), an amplitude criterion (weak peaks are rejected) and a statistical criterion (peaks that are spurious against noise fluctuation are rejected).

5 Real data

Applying this method on real data allows us, after their classical pretreatment (dark current and diode non-uniform response removal), to take the remaining random noise off, which might hide the weakest peaks. Here are showed the results obtained with each experiment, a Guinier–type camera and an exafs spectrometer respectively.

The first experiment used is the Guinier–type camera, associated with the photodiode array. A pharmaceutical compound, the Norethisterone, presenting a lot of different intensity peaks, is used. The spatial resolution deduced from these mesurements should only depend on our detector resolution.

In the case of an absorption study of a Copper sample, we test this method on a signal where peaks are superimposed on a large step background. The important informations lying near the step, we put in a prominent position the fact that the wavelet treatment can distinguish peaks with weak intensity close to peaks with strong one. This test is made using the exafs experiment, and the CCD camera.

5.1 Norethisterone

Figure 12 shows a 600 s acquisition using a Norethisterone sample. Actually, this signal is not really a single one, but the sum of two 300 s frames, in order to limit noise amplitude. These data are those corresponding to the pre-processed data, after dark current removal and flat-field corrections. The mean dark signal level is around 5000 ADU (Analog Digital Unit), while the relative amplitude of the peaks varies from 10 to 160. So we are looking for pretty low intensity peaks.

One can see nine strong peaks, and two weak ones, lying at intensity levels close to the noise level. Our estimate of the noise standard deviation is 5.3 ADU.

Figure 13 shows the reconstructed signal, after removal of the background

(dashed line). The open diamonds represent the location and intensity of the detected peaks, with error bars corresponding to ±σ of the distribution of intensities for the different pseuso–signals.

Table 1 shows position and intensity of the peaks detected using our method, and the results of a θ − 2θ experiment (used in section 4 to generate the test signal). The intensities are relative to that of the largest peak in each case. Lines denoted with † correspond to undetected peaks. Line denoted with †† corresponds to a false detection in the reconstruction of the real signal. Lines denoted with ‡ correspond to peaks that lie beyond the end of the phodiode array used for this frame. The relative amplitudes of the 2^{nd} and 4rd (from the left) are not preserved, but this is expected from the signal we used. We observe a similar behaviour between the weak peaks on the right side of the signal. But here, the peaks have roughtly the same amplitude (error bars overlap). The relative amplitude have in general the correct order of magnitude.

5.2 Copper

Figure 14 shows a 2400 s acquisition of a copper sample’s absorption spectrum (exafs). Two problems are present here: first, the low angular resolution (only 430 points for the whole signal; the width of a peak is typically 10 pixels); second, a very large step occuring right in the middle of the signal.

Figure 15a shows the reconstructed signal using the whole data set, defining two sub–regions, one for the lower–left part, the other for the top–right part. When we reconstruct the large step, there appear artefacts just at the bottom and the top of the step, with amplitude as large as the amplitude of the peaks located there. Hence the structures we see at the bottom and the top of the step are not actual peaks (this can be seen by comparing the reconstructed signal to the real one). Figure 15b shows the reconstruction using two separate data sets. Here, we do not have the step. We find a significant peak just at the top of the step, but nothing significant at the bottom. Clearly the CCD signal suffers from a lack of spatial resolution (too little points to represent a peak). Moreover the weakness of some peaks with respect to the amplitude of the feature of the large scale background results in difficulties to get physical parameters.

6 Conclusions

In this paper we have described a new filtering method, for a mono-dimensional signal, based on wavelet analysis.

Using wavelet analysis, a well chosen thresholding scheme and an efficient reconstruction method, we can detect and analyse relevant features at very low (less than one) signal-to-noise ratio. This method also preserve shapes of detected structures.

We applied successfully this method to X-ray diffraction data, and results are in good agreement with other known results (obtained with much more expensive and accurate experiment). Even if this method have been developed for this peculiar use, it can be applied to any mono dimensionnal signal of that kind.

In a forthcoming paper the method is applied to a large set of data.

All the software developped and used for this analysis is freely available by anonymous ftp at location holst.obs-nice.fr:/pub/wavelet.tar.gz.

Acknowledgement

We wish to thank F. Rué for all the very usefull discussions about the choice of an appropriate reconstruction method.

Part of this work (N. Ennode) has been supported by a CIFRE grant number 614/92, supported by EDF.

We also wish to thank l”Observatoire de la Côte d’Azur for providing facilities to P. Bury.

Real signal Theoretical signal Location Intensity Location Intensity 13.406 6.21 13.406 10.35 14.488 37.31 14.495 40.26 14.906 100.00 14.936 100.00 15.257 48.49 15.243 36.62 16.573 64.73 16.557 47.44 18.271 8.61 18.298 10.14 † 18.533 7.49 19.854 13.26 19.809 16.54 20.850 42.78 20.843 38.56 21.486 2.64 †† 22.419 27.18 22.453 23.32 † 24.542 6.22 25.746 9.10 25.731 9.32 26.267 10.82 26.277 8.23 ‡ 26.925 8.83 ‡ 28.008 4.49 ‡ 29.251 5.13 Table 1 Position and relative amplitude of peaks. †: undetected peaks. ‡: theoretical peaks outside the range of the photodiode array. ††: false detection: the peak detected in the real signal correspond to no peak in the theoretical signal.

References

[1] Ph. Bendjoya, J.M.. Petit, and F. Spahn. Wavelet analysis of the voyager data on planetary rings. i. description of the method. Icarus, 105:385–399, 1993.

[2] Ph. Bendjoya, E. Slezak, and Cl. Froeschlé. The wavelet transform: a new tool for asteroid family determination. Astronomy & Astrophysics, 251:312–330, 1991.

[3] A. Bijaoui and F. Rué. Accepted by Signal Processing.

[4] I. Daubechies. Orthogonal bases of compactly supported wavelets. Comm.

Pure Appl. Math., 41:909–996, 1988.

[5] M. Holdschneider, R. Kronland-Martinet, J. Morlet, and P. Tchamitchian.

Wavelets: Time-Frequency Methods and Phase-Space, chapter A Real-Time Algorithm for Signal Analysis with the Help of the Wavelet Transform, pages 286–297. Springer Berlin, 1989.

[6] M. Holschneider, R. Kronland-Martinet, J. Morlet, and Ph. Tchamitchian. The Algorithme à trous. Technical Report CPT-88/P.2215, 1988. Pages 1-22.

[7] P. Lascaux and R. Théodor. Analyse numérique matricielle appliquée à l’art de l’ingénieur. 2 Méthodes itératives, chapter 8, page 207. Masson, 1994.

[8] S.G. Mallat. A theory for multiresolution signal decomposition: The wavelet representation. IEEE Transactions on Pattern Analysis and Machine Intelligence, 11(7):674–693, 1989.

[9] Y. Meyer. Orthogonal wavelets. In Grossmann A. Combes J.M. and Tchamitchian Ph., editors, Wavelets, Time-Frequency Methods in Phase Space, pages 21–37. Springer-Verlag, 1989.

[10] Starck J.-L. Murtagh, F. and A. Bijaoui. Image restoration with noise suppression using a multiresolution support. Astronomy & Astrophysics Supplement Series, 1995.

[11] F. Rué and A. Bijaoui. A multiscale vision model to analyse field astronomical images. submited to Experimental Astronomy, ( ): , 1995.

[12] J.-L. Starck and F. Murtagh. Image restauration with noise suppression using the wavelet transform. Astronomy & Astrophysics, 1994.

Fig. 1. Shape of the smoothing functions ϕ(x) (long dashes) and^1_2 ϕ(x/2) (short dashes), and the wavelet function ψ(x) (solid line).

Fig. 2. Principle of the wavelet transform. The signal is smoothed using a low-pass filter. Then, in order to get the first wavelet plane, we compute the difference between the smoothed signal and the original one. We iterate this algorithm on the smoothed datas, using a larger and larger filter (by a factor of 2 at each step) as the scale increase. To reconstruct the signal, one can see that we just have to sum all the wavelet plane (details data) and the last smoothed function.

Fig. 3. (a) The noise signal, issued from 2000 drawn, with a gaussian distribution. The x-axis is the position, ans the y-axis is the signal intensity S(x).(b) Gray scale representation of the wavelet transform coefficients of the noise signal (a) using a linear B-spline wavelet. The x-axis is the position, the y-axis is the scale number. Large scales are on the top of the figure, and small ones at the bottom. For a given scale, the value of the coefficient is coded by a gray level which varies linearly from black to white. The black color correspond to the lower negative value, while the white correspond to the higher positive value. This correspondance is made scale by scale.

Fig. 4. (a) A simulated signal artificially generated with 16 peaks. Positions and intensity are issued from a θ–2θ analysis of the Norethisterone sample. The peaks are gaussian shaped with σ estimated from the same analysis. (b) Same representation as 3b for the simulated signal (a).

Fig. 5. (a) Addition of the simulated signal (Fig. 4a) and the noise (Fig. 3a). The amplitude of the noise is choosen to be similar to the amplitude of noise in real photodiode array spectra (σ = 5.3 in this case). (b) Same as Fig. 3b for the signal of (a).

Fig. 6. (a)The seeds obtained after a thresholding of the noise signal at a 4σ significance level. The threshold is estimated separetly for each scale. (b) The skeleton, we select all the point in all wavelet planes that are higher in intensity than 2.5σ and that are connected (in terms of spatial position and scale) to the 4σ seeds.

Fig. 7. Solid line: the signal reconstructed using a seed of 4 σ and a skeleton at 2.5 σ of the signal showed Fig. 5. Dahsed line: the initial simuilated signal. One can see that we miss the weaker peaks, wich are detected as grouped into a large one. We also miss double peaks that are very close and of small amplitude.

Fig. 8. Reconstruction of the signal by parts. The skeleton has been computed separatly for each of the three regions with low amplitude peaks (10 to 14, 17.5 to 19 and 23.5 to 35). We then applied the reconstruction algorithm to this composite skeleton.

Fig. 9. Solid line: cumulative probability distribution function (PDF) of the whole signal. Dashed line: PDF of the right most part (23.5 to 35) of the signal.

Fig. 10. Dashed line: the simulated signal. The symbols indicates the mean peak position for the noisy signal and 9 realisations of the pseudo signal. The errors bars (at σ) are issued from the data sets.

Fig. 11. Scan of a photographic image of norethisterone spectra obtained using a Guinier–type camera and Kodak HP5 film. The negative is scanned at a resolution of 2540 dpi (10 μm pixel size). One can see that the weak peaks on the right part of the spectrum are not precisely defined, even with this 64 hour exposure.

Fig. 12. Norethisterone 600 seconds exposure, pre-processed data. The X-axis corresponds to an angular position, and the Y-axis to intensity, expressed in ADU.

Fig. 13. Dashed line: Norethisterone 600 seconds, after treatment. The symbols indicates the mean peak positions. The errors bars (at 1 σ) are issued from the data sets.

Fig. 14. Copper spectrum obtained with the exafs experiment, with six 300 s co-added frames. Note the importance of the step occuring at the middle of the spectra, and the poor resolution of the image.

Fig. 15. (a) Spectrum after filtering, using the whole data set and two sub-regions (x ∈ [1; 201] and x ∈ [218; 400]). Weak peaks near the step are due to reconstruction artifacts. In order to avoid this, we processed separatly the left and right parts of the signal. (b) shows the results in that case, and present a much better agreement with the original (noisy) sample.